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Luders theorem states that two observables commute if measuring one of them
does not disturb the measurement outcomes of the other. We study measurements
which are described by continuous positive operator-valued measureffoents
POVMs) associated with coherent states on Lie groups. In general, operators turn
out to be invariant under thieliders map if their P- and Q-symbols coincide. For

a spin corresponding to §P), the identity is shown to be the only operator with
this property. For a particle, a countable family of linearly independent operators is
identified which are invariant under tHaiders map generated by the coherent
states of the Heisenberg—Weyl groiip,. The Ludersmap is also shown to imple-
ment the anti-normal ordering of creation and annihilation operators of a
particle. © 2003 American Institute of Physic§DOI: 10.1063/1.1623001

[. INTRODUCTION

In this article we determine operatdBswhich are invariant under a generalizedders map
BHA(B):f du(Q) E(Q)BE(Q), D
X

where eaclE(()) is a projection operator labeled by a pofatof a manifoldX. These operators
constitute a continuous positive operator-valued measure, or POVM, with a resolution of unity:

Ldﬂ(m E(Q)=1. 2)

Any operatorB, bounded or not, will be calletludersif it is invariant underLuders map,
A(B)=B. (3

The operatoB acts on a complex separable Hilbert spateand the operatde(()) is a member
of a (over) complete family of projectors on coherent staf@$ associated with an irreducible,
unitary representation of a Lie group in the spaceH.

This setting generalizes the traditional approach to minimally disturtonddeal) Luders
measurements. Given a self-adjoint operator with spectral decompo&itidi'a,E;, N<oo, the
projectorsk; are complete and orthogonal,

N
ZlEi=|, EiE;=Ei&;, i,j=1,..N<o. (4)
i=
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If a nonselective, ideal measurementofs performed on a quantum system with density operator
p, its state undergoeslaiderstransformation:

N
IHA<p>=i§1 EipE;, (5)

which extends to a linear, completely positive map. If, for some opeBtame has
Tr[pB]=Tr[A(p)B], forallp, (6)

then theLuders measurement of does not disturb the measurementBofIn other words, the
expectation value oB with respect toany density operatop is not affected by measuring.
Introduce thedual Lidersmap AP, acting on operators defined 64, by

Tr[A(p)B]=Tr[pA°(B)]. (7
Since Eq.(6) is supposed to hold for any, one must have
AP(B)=B, 8

which, after dropping the superscript, is the discrete counterpart ofZtgNow we can state
Luders theorem:

A(B)=B << [B,Ej]=0, foralli=12,..., 9

i.e., it is necessary and sufficient fér= Ei’\'aiEi to commute with abounded operatorB if the
measurement oA should not disturb any measurementBf

Originally, this theorem has been shown to hold for orthogonal projectiafter generaliza-
tions to some discrete POVMs had been obtaftra theorem was expected to hold under very
general conditions. However, the existence of a nonintuitive counterexample has been proved
nonconstructively in Ref. 3. It is our purpose to extend the validityaders theorem tocon-
tinuousPOVMs which are associated with coherent states on Lie groups.

A. Outline and summary

In the following, we will consider POVMs which consist of continuous families of one-
dimensional projections onto coherent states, or CS-POVMs, for short. The CS-POVMs for a spin
and for a particle provide well-known examples, being associated with the gro(®) Sht the
Heisenberg—Weyl groul 5, respectively. However, coherent states can be defined for general Lie
groupsG while retaining many of their properties. We will begin to discuss lthders map in
general terms and specialize to particular groups only later.

When considering_lders map generated by coherent states of an arbit@ignple and
simple connectedLie groupG, a first general observation is that

« the P- and theQ-symbol of al.udersoperator coincide for the CS-POVM associated with a
Lie groupG.

Subsequently, we will derive a simple form of this constraint by expanding the symbol of the
operator in terms of harmonic functions associated with the gfauphe resulting condition on
the expansion coefficients will be shown to imply that

« for the CS-POVM of aspin only multiples of the identity operator ataiders

 for the CS-POVM of aparticle a countable family of linearly independent, unbounded
Ludersoperators exists, none of which commutes with the elements of the POVM.
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Thus, for both the groups SP) and H;, multiples of the identity are found to be the only
bounded Ldersoperator, and they commute with the elements of the corresponding CS-POVM:
consequentlyl_tders theorem also applies to these CS-POVMs.

Finally, it will be shown that the_tuders map implements antinormal ordering for operators
which can be written as power series of particle annihilation and creation operators.

Il. LUDERS THEOREM FOR POVMS OF COHERENT STATES
A. Coherent states on Lie groups and harmonic functions

Given any finite-dimensiondkimple and simply connectgtie groupG, there is a canonical
way to introduce coherent statg3) labeled by the point§) of a well-defined manifoldX. To do
so, consider a unitary irreducible representafiqig) on a Hilbert space{ of the elementgy
e G. Following closely the presentation given in Ref. 4, we choose a refefendiglucia) state
| o) and define the set of coherent states by

|4 =T(D[o), 9eG. (10)
Up to a phase, the reference state is left invariant by the elenhenfsthe isotropy subgroup
HCG,
T(h)lo)=€"*®|y), heHCG. (1D

Therefore, each group element can be written as as product
g=0h, QeX=G/H, heH, (12

whereX is the coset space obtained from dividi@doy its subgrougH. As the phase of a state has

no physical relevance, the set of coherent states is in a one-to-one correspondence with the points
Q(g) of the manifoldX. This suggests to denote coherent state$(by=|#). A fundamental
property of the coherent stati3) is their completeness in Hilbert spagg

f\ du(Q) [Q)(Q]=1, (13

where integration is over the coset spacevith (approximately normalizednvariant measure
du(Q), andl is the identity inH.

Coherent statel§)) can be used to define symbolic representations of operatorg-namber
valued functions on the manifold which can be understood as the phase space of a classical
system associated with the Lie groGp® The Q-symbol of an operatoB acting in Hilbert space
‘H is given by its expectation value in coherent states,

Qe(M)=(Q[B|Q), QeX; (14

due to analyticity properties 0Qg({2), these “diagonal” matrix elements are sufficient to
uniquely determine the operatBr The P-symbol ofB (Refs. 6 and Yarises if one expressés
as a linear combination of projection operat{as(()|:

8- | du() Po() [0)(01]. 1s)

The existence of the symbao@z((2) andPg({)) depends in a subtle way on the properties of the
operatorB (Ref. 5 but they are unique whenever they exist. Furthermore, one can think of the
symbolsQA(Q) and P,({2) as being dual to each othéef. Ref. 5, and, at least for particle
coherent-states, they are related to normal and anti-normal ordering of creation and annihilation
operators:®
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It is useful to introduce the harmonic functio's({}) associated with the manifold and,
hence, with the grou. Consider the Hilbert spade€®(X, 1) of square integrable functiong ()
on the manifoldX, with integration measurdw (). The eigenfunction¥ () of the Laplace—
Beltrami operator orX (Ref. 9 constitute a complete orthonormal set of functiond fifX, )
since they satisfy

2 YHQ)Y,(Q)=80-0"), (16)
the right-hand side being a delta function with respect to the meagiilg as well as
f du(Q) Y3 ()Y, (Q)=6,, . (17)
X

Depending on the manifold being compact or not, the right-hand side(@¥) must be under-
stood as a Kronecker-delta or a Dirac-delta functionsuitable combinations thergofrhere is a
simple expression for thémodulus of the overlap of two coherent states in terms of harmonic
functions:

(QIQ)2=2> 7,Y,(Q)Y*(Q), 7,eR, (189)

where the numbers or functions depend on the actual group.

B. Luders map for CS-POVMs

It is straightforward to generalize theidersmap(1) to POVMs which can be written in terms
of integrals of an operator valued density with respect to a positive measagefollows. Let
(Q0,3,1) be a measure space. Assume that, for the Hilbert spaed ?(Q,,u), there is a
family of positive linear operatorg, e L(H), w € Qq, Which provide a resolution of unity,

f du(w) E,=1. (19
Qg

Then the operators
E(0')=fd,u,(w) E,, oceX, (20

define a POVM which is of the required form.
It is natural to associate with the POVM {R0) a Luders map A(B) of an operatoB by
defining

A(B)= fﬂ du(w) EY?B EX?, (21)

which is a unital, completely positive linear map b(f+). Due to the completeness relati8),
the self-adjoint coherent-state projectors
Eo=|Q)Q|=E}?, QeX, (22)

are seen to define a POVM in the sense just described.
Any operatorB defined onL?(X,«) is Luderswith respect to the CS-POVM, ,Q € X, if it
satisfies the relatioB= A (B) with E,, in (21) replaced byE ,
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3= | a0y l)alsiox0l= [ du) Qu@)j0xal. 2
X X

Upon comparing this equation witfi5), we observe that theuders property has, for any CS-
POVM, the following general interpretation: an operaBiis Ludersif and only if its P- and
Q-symbols coincide,

Pe(2)=Qp({}) . (29)

To the best of our knowledge, this set of operators—which we will w&lll-ordered—has not
been introduced before.

The constrain{23) takes a particularly simple form upon expanding @eymbol of B in
harmonic functions,

Qe(0)=2 B,Y,(Q), (25
which is possible according td.6). The expansion coefficients are given by
8.~ | du(®) Qu)VI(@). (26

Take the expectation value ¢23) in the coherent statf)’) and use the relatiol8) for the
overlap|(Q'|Q)|2. This leads to

QB<Q'>=2V 7, fxdmeB(mY;*(m

Y, (Q)=2 7,B,Y,(Q"), (27)

where (26) has been used. Uniqueness of the expan&&h implies that the coefficients of a
Ludersoperator must satisfy the condition

B,=7,B,, forallwv. (28

As mentioned above, the actual form of the quantitigslepend on the grou@ under consider-

ation. To proceed, we therefore need to specify the system of coherent states we work with, that is,
the groupG. Explicit conclusions aboutudersoperators for CS-POVMs will be derived now for

the groups S(2) andHj.

Ill. LUDERS OPERATORS FOR THE CS-POVM OF A SPIN

Consider a Hilbert spack of dimension (3+1), carrying an irreducible representation of
the groupG=SU(2). Each spacé, is associated with a spin of lengs {3,1,3,...}. To intro-
duce spin-coherent states, it is convenient to select states of higbess) weight |£s) as
reference state&f. Refs. 5 and 10 These states are invariant under a change of phase, hence the
isotropy group is given byH=U(1). Therefore, the coset space is the surface of a sphere:
=SU(2)/U(1)=S2, which corresponds to the phase space of a classical spin.

The resolution of unityl in , using spin-coherent staté® reads

2s+1
I:de,u(n)|n><n|, du(n)= . sinddd de, (29

where each unit vectare R3 denotes a point with spherical coordinatése), located on the unit
sphereS?2. The continuous family of operators
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E,=|n)(n|, with I=f du(n) E,, (30
52

defines the CS-POVM of SW). Being a projector, the positive square root of each opeiias
equal to itself:Eﬁ’2=|n)(n|. Therefore, a self-adjoint operatBre L (H,) is Luderswith respect to
the POVM (30) if

B= f du(n)[n)(n[Bn)(n|= f Ldu(n)Qg(mn)(n]. (31)
S S

Following the strategy outlined earlier, we will show now that any opeftsatisfying(31) must
be a real multiple of unityB=\1, so thatB commutes with all elements of the CS-POVM for a
spin,

[B,E,]=0, neS2. (32

Consider the expectation value of E§1) in the coherent statg’),

QB<n')=j52du<n> Qa(m(n[n")[2. (33

The functionQg(n), the Q-symbol of the operatoB, is smooth on the sphet®?, and it can be
written as a linear combination of §21)? spherical harmonic¥,,(n),

2s

A !
s+1 IZO mZE—I BImYIm(n) ) (34)

Qg(n)= 2

with expansion coefficients

4
Bin= \/ g | .2(M) Qo Vi) @)

Note that these expressions are connected to the general formulas through identifying
Y, (Q)— 4w/ (2s+1)Y,,(n). Rewrite the scalar produ¢83) by means of the addition theorem
for spherical harmonics,

1\ 2
nlnye=( 00
2
2 o141 /s 1]s\2 ,
=2 2s+1\s o|s/ DY)
4 B L s 1]s\? . ,
_25+1|:0 mee1 \Ss O]s Ylm(n)Ylm(n ); (36)

where the function®,(x) are the Legendre polynomials. Upon insert{3g) and(36), integration
of the right-hand side of Eq33) gives (after replacingn’ by n)

Ao 2s | s
Qg(n)= > > <

28+1i=om=-1\s O

s\ 2
S> BImYIm(n)- (37)

This expansion and Ed34) can only hold simultaneously if the coefficients of the harmonics

satisfy
s 1]s\2
Bin={¢ o Bm: (38)
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which is(28) for the group SW2). Them-independent Clebsch—Gordan coefficients correspond to
the numbers, introduced in(18), and they take values

s 1s\?2  (29)1(2s+1)!
s 0ls/ (2s—D!(2s+1+)!" (39
Since
s 0O]s B s ||s B
s ol = L 0< s ols/ <L 1=1,2,..,%, (40)

the coefficientsB,,, with 10 in (38) must vanish; thus, the expansi(8¥) of a Ludersoperator
satisfying(31) contains only one nonzero terBy,, andB is proportional toYy(n), i.e., the
identity. Hence, it commutes with any operator, including theEsgtso that Eq(32) follows. At
the same time we have shown that the identity is the only operatdf;isuch that itsQ- and
P-symbols coincide.

IV. LUDERS OPERATORS FOR THE CS-POVM OF A PARTICLE

The kinematics of a quantum particle on the real lid@s described by the creation and
annihilation operatora and its adjoina’ which satisfy[a,a’]=1. The operators, a', and the
identity | generate the Heisenberg—Weyl algebsa finite transformations, that is, elements of the
group H;, are given by the phase-space displacement or shift operators

D(a)=exgfaa'—a*a], aeC. (41)

In fact, they provide an irreducible projective representation of the gkbym L,(R),
i
D(a)D(a’)IeX[{E(aa'*—a*a')l D(a+a’). (42

The (overcompletg family of coherent statesx) in the Hilbert spacel,(R) is obtained by
displacing the fiducial stat), say, witha|0)=0, by arbitrary amounts € C:

|a)=D(a)|0). (43
The isotropy subgroup dfl; is again isomorphic to U(Xyexdiyl],ye[0,2m), so that the mani-
fold labeling coherent states is given by the complex plareH;/U(1)=C, corresponding

indeed to the phase space of a classical particle on the real line.
The completeness relation for the particle-coherent states reads

1
lZJ'{,dM(a) |a)(al, d,u,(a)ZEdza, (44)

and it can be understood as defining a POVM for the continuous family of projection operators
E,=|a)(a|=EY?, aeC. (45)

The operatoB on L,(R) is Luderswith respect to the POVME,, ,a € C, if it is invariant under
the LudersmapB—A(B), i.e.,

8- [ du(e) |e(elBlar(al = [ du(e Qotela(al @9
G C
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where(a|B|a)=Qg(a) is theQ-symbol of the operatoB. As shown earlier, this relation forces
the Q-symbol of alLudersoperator to coincide with it®-symbol,

1
8= [ dut@Pala)al, (@)

if it exists.

We will now search fobounded LdersoperatorsB which commute the membeEs, of the
CS-POVM(44) for a particle. We begin to look at simple exampled_aflersoperators, followed
by a systematic construction of all well-orderedders operators. In addition to the identity, a
countable family ofinboundedlinearly independeritidersoperators will emerge, none of which
commutes with the elements of the CS-POVM. Finally, an unexpected relation biitdlees map
to operator orderings is established for particle coherent states.

A. Examples of unbounded Luders operators

It is straightforward to apply the majA to unbounded operators such as posit@s (a
+a')/2 and momentunP=(a—a')/2i. Using the equatiom|a)=a|«) and its adjoint implies
that

1
M@= | du(@) la)alQla)(al = | du(a 5 (et ala)a

1 1
:EJCdM(a) a|a><a|+§fcdﬂ(a)|a)<a|aT=Q, (48)

and similarly
A(P)=P. (49

While being invariant undeA, the operator§) andP are neither positive nor bounded, and they
do not commute with the projectois, since the expectation value of the commutator in the
coherent stat¢g) is, in general, different from zero:

(BIIQ.ELIB) =z ((a—a*)=(B=B*))(alB)I?. (50

Using the relatioD(«)aD(a)=a— «, its adjoint, and the commutation relationsaanda’,
one shows thatiiders map acts on the operatof3? and P? according to

A(Q*)=Q%+2(0|Q%|0)I =Q%+ 31,
(59
A(P?)=P?+2(0[P?|0)l =P?+ 31 .

Consequently, appropriate quadratic combinations of position and momentum turn outiid-be
ers

Ar(Q*—P?)=Q*-P2. (52)
However, this indefinite, unbounded operator does not commute with all proje&joas follows

from (0|[Q%—PZ%E,]|0)=(a?—a*?) |(0|a)|?, for example. In the next section a family of
similar Ludersoperators will be constructed.
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B. Construction of Ltiders operators

Let us turn now to the problem of finding all operators which laderswith respect to the
CS-POVME, of a particle, i.e, all well-ordered operators. The argument will resemble the one
given in the case of a spin.

Expand theQ-symbol of an operatoB as

Qe(e)= [ du(&)B;exifae —a*e], (53

where the coefficient8, are given by

B,= Ldﬂ(a) Qe(a)exf —(ag* —a*§)]. (59

Here, the functions eXp&* —o* £] are the complete orthonormal set of harmonic functions in the
complex plane, corresponding ¥,(€2). Since theQ-symbol of a Hermitian operator is real,
Qg(a)=(«a|B|a)* =Qf(«a), the coefficients must satisfy the relation

B = | du(a) Qf(a)exd — (o é—at*)]
C

=Ld,u(a) Qu(@)ex — (a(— &) —a* (— £))]=B_;. (55

We will turn (46) into a condition for the expansion coefficietits of a Ludersoperator which can
be solved explicitly. Take the expectation value of the opertr (46) in the coherent stats),
and use the identity

|<a|,3>|2=eXF{—|a—B|2]=Ldu(é) et exf BEF - prélexid —at +a*E],  (56)

leading to

Qe(B)= Ldu(f) efﬁ*[ fﬁdmm Qe(@ex —(aé* - a* &)] |exd BE* - B* ],

- f du(e)e B e B - 58], (57

where(54) has been used. Due to the uniqueness of the expa(@3nrthe expansion coefficients
of any Luders operators must satisfy
B‘f:eigg*Bg, (58)

which is the equivalent of38) for continuous variables. Consequently, the coefficidysare
necessarily zero for all values @fexcepté=0, and there are no solutions in terms of ordinary
functions. If allowing for generalized functionB, is necessarily a distribution of finite order,
that is, a linear combination of &distribution and finite derivatives of it,

N
B§=n+%:0bnm&2&gl5(§), bameC, n,m=012.., N=012,.... (59)

The functionB, must satisfy(55) leading to

bym=(—)"""by n,m=0,1.2,..., (60)

mn?
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and thed(é)-function is real,

5(§>=fcdm)exp[ag*—a*§]=5<—§>=5*<§>. (61

Only some of the distribution&9) will satisfy (58) since one must have

Qp(a) = fﬁdn(&)[DN5<§>]e—§f*e“§*—a*f= f[wdu(g)[DNa(@]eaf*—“*f, (62

where

N
Dy= X bumdfdp . (63)
n+m=0
Partial integrations if62) lead to the requirement

— * * _ % * _ %
[Dlie ¢ e ~@ 8], _o=[Dle*t "9 €], o, (64)

where the adjoinDL of Dy is obtained from replacing,, by (—)"*™b,,, in (63). It is shown in
the Appendix that this condition is satisfied if and only if

byn=0, 1=m,n=<N, (65

i.e., only termsh,,,, with at least one indexthat is,m or n or both equal to zero will contribute
to the symbol of a well-ordered operator. Therefore, only coefficients of the form

N
Be= 2 (Bnod+(=)"Dfodg) o(6) (66)

occur which, upon partial integration i®3), give rise toQ-symbols ofLuders operators,

N
QB(a>=n§0 (boa* "+ bloa") . (67)

The operators corresponding to these symbols are given by

N
B=bol+ >, (b%BI+bPBP), (68)
n=1

i.e., a linear combination of the identity andNZHermitian operators
1 1
Bﬁ=§(a“+a“‘) and Bﬁ:E(a”—aT“), n=1,2,..N, (69)
which satisfy(46), and (2N+1) real coefficients
q * p 1 *
b0:2b00, bn:bn0+bnO' bn:i_(bno_bno) y n:1,2,...,N . (70)

If N=2, for example, it follows that not only the operat@sP, andQ?— P? areLudersbut also
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1 2 t2
BS=>-(a*~a'?)*xQP+PQ. (71)

Every bounded Ldersoperator is necessarily a multiple of the identity.

C. Liiders map and operator ordering

It is easy to understand why the operatBfsn=1,2,..,N, in (70) areLuders Consider any
Hermitian operatoB given as a finite polynomial ia anda’. Using their commutation relation,
one can bring the annihilation operators either to the right or to the left,

B(aah=2 pna'"a"=2 BaraTal", (72

corresponding to normal and antinormal orderingBof respectively? It is straightforward to
calculate the_uderstransform ofB if it is written in normal order:

A(B(a,a")=2> pa A(a’mam=> gNaat™, (73)

since
A(a'ma") = J‘(‘ du(a) |a)(ala’ ™" a)(a|= f(wd,u,(a) a"|a)(ala* ™

alm=a"a™™, (74)

| dute e

=a"

Thus, the effect of\ is to push each creation operatdrto the right as if it would commute with
the annihilation operata. In other words, the map provides an explicit form of the operatgt
which generates antinormal order of an oper&t®his operator and its twit\, which brings a
given operator into normal order, are useful tools to evaluate expectation values or Baker—
Campbell-Hausdorff relations, for examfle.

To conclude: if an operatoB is to be invariant unded\, the normally and antinormally
ordered forms of an operat& must coincide,

% BY anat M= % BAaman, (75)

that is,,B{Ym= ,B;fm. This is obviously true for the linear combinations of powersa@nda’ given
in (70), defining the family of well-ordered operators.

V. DISCUSSION

We have shown that there is only ohadersoperator, the identityand its multipleg, for the
CS-POVM of SU2) while a countable family of linearly independent, unbounded, and well-
ordered operators exists in the caseHaf. Due to the linearity of map\, all their linear combi-
nations are well-ordered as well. It is plausible that our study exhausts all possibilities which may
arise for CS-POVMs of generasimple and simply connectgdlie groups: we expect only the
identity as a_udersoperator forcompactLie groups such as SM), and a countable family for a
CS-POVM associated with noncompact groups such adNSU{(,n),1<n<N. If we restrict our
attention to bounded operators, we conjectuvelers theorem to hold with respect to the CS-
POVM of any Lie groupG.

APPENDIX: CONSTRUCTION OF WELL-ORDERED OPERATORS

We will show here that any operator compatible wi#6) must have aQ-symbol with
expansion coefficients of the following form:
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N
B= 2, (brodf+(—)"fodg)8(8) , N<oe; (A1)

this means, in particular, that most of the coefficidnis, are equal to zero:
b,nm=0, for 1I=sm,n<N. (A2)

In a first step, evaluate the right-hand-side(®4):

N N
n+%0 (—)“+mbnmaga;eaf*—“*f} = 2 (2)Tbypalat " (A3)
a o &

To evaluate the left-hand side, use the relation
I (&) =e (- +ap)f(¢) (A4)

and its complex conjugate for any smooth functiorThis leads to

n m *\N—v 9V oAM=
e oo
(A5)

n m
e = (— 4 g (— bt )= Y D
v=0 u=0

According to Eq.(64), these operators must be applied to the funcé®i ~ "¢, Each derivative
dgx produces a factow, while the action of the derivative: is more complicated:

* * " a(— #07”736&5*7&*&
T~ grer® 9= | (agf) P
0\ S/ (u—s)! ,

due to 1II'(—k)=0k=0,1,2,.., there are no contributions to the sunmsiexceedsu. Now that
the derivatives have been evaluated, one cagse&t* =0 in the resulting expression: the terms
with nonzero powers of or &* vanish, and the sums simplify according to

(=&)+ °=0,s and (=&)""—4,,. (A7)
The left-hand-side of64) becomes
N ) m\/n
n+%:o (_)mbnmsgo S!( 3)(5)am_sa* T (A8)

wheresy=min(m,n). Note that the term witls=0 in this expression is identical to the right-hand
side of (A3) which implies that the equalit{62) is satisfied if

N So
> (—)”‘bnm;1 s!

n+m=0

m)(”) ms xnos_
sllgja™ e =0 (A9)

holds for all complex numbera. This equation does not restrict the coefficiebtg,0<n=<N,

and by, ,0=m=<N: if either m or n are equal to zero, the sum overis empty sinces,=0.
However, all other coefficients must vanish as can be seen in the following way. Writing
=rexdie], Eq. (A9) turns into a sum of terms multiplying phase factors [&kp—n)¢]
=exfdike], k=0,1,2,..,N—1. Each of these terms must vanish individually due to the linear
independence of the exponentials. Their coefficients, in turn, are power seriaghich can be
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shown to vanish identically only ib;y=0 for exgi(N—1)¢], b,y=0, which implies that
b1n-2=0 for exgi(N—2)¢], etc. Taking into account tha,,=(—)™""by,, the coefficients,
of Ludersoperators finally read

N N N
Be=| 2, brodf+ 2 bomd | (&)= 2 (brodf+(—)"0od) (8. (A10)
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