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We generalize the definition of quantum Anosov properties and the related Lyapunov
exponents to the case of quantum systems driven by a classical flow, i.e. skew-product
systems. We show that the skew Anosov properties can be interpreted as regular Anosov
properties in an enlarged Hilbert space, in the framework of a generalized Floquet theory.
This extension allows us to describe the hyperbolicity properties of almost-periodic
quantum parametric oscillators and we show that their upper Lyapunov exponents are
positive and equal to the Lyapunov exponent of the corresponding classical parametric
oscillators. As second example, we show that the configurational quantum cat system
satisfies quantum Anosov properties.
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1. INTRODUCTION

Anosov properties and Lyapunov exponents are well-established characterization
of classical dynamics and it is natural to search for similar concepts applicable
to quantum dynamics. Several definitions have been given in the literature (see
Refs. 1, 6, 1318, 20, 21, 24 and the references therein).

Majewski and Kuna('¥ defined a quantum Lyapunov exponent for N-level
quantum systems. Later,> Emch, Narnhofer, Sewell and Thirring’:2%:> proposed
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while('*) was published before.(V
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an axiomatic framework which allows one to define an Anosov property for
quantum mechanical systems. However, the resulting definition of a quantum
Lyapunov exponent is limited since it only applies to systems with a globally
constant hyperbolicity property.

In Ref. 6, the upper Lyapunov exponent for quantum systems in the Heisen-
berg representation has been defined, close in spirit to definitions given in Refs. 1,
14. Its usefulness has been illustrated with the example of the parametric quantum
oscillator with periodic time dependence. Moreover, it was shown that whenever
its upper Lyapunov exponent is positive, the system satisfies the discrete quantum
Anosov relations defined by Emch, Narnhofer, Sewell and Thirring.(!:20:24)

In this paper we extend the study to systems described by a Hamiltonian oper-
ator of the form H(¢'(0)) (with ¢’ a flow on a space M), which will be referred to
as quantum skew-product system. We generalize the definition of Anosov relations
so that it applies to this type of system. As in the case of Floquet theory,?~>:27)
it is possible to make quantum skew-product systems autonomous by embedding
the dynamics in a larger Hilbert space. The Anosov relations for quantum skew-
product systems correspond to the Anosov relations of the associated system in
this enlarged Hilbert space. We consider the parametric oscillator as an example.
We show that the quantum parametric oscillator verifies the Anosov relations for
quantum skew-product systems if its upper Lyapunov exponent is positive and the
corresponding classical dynamics is reducible (see Definition 5 or Ref. 12). Thus
the quantum parametric oscillator discussed in Ref. 6 is an Anosov quantum skew-
product system. As a second example we consider the configurational quantum
cat system,>>2%) with periodic boundary conditions, which amounts to a system
with compact configuration space.

This paper is organized in the following way: In Sec. 2 we recall the definition
of the upper Lyapunov exponent and of the Anosov properties for a quantum
system describing the motion of a particle. In Sec. 3, we present the formalism of
quantum skew-product systems and the enlarged Hilbert space which allows one
to turn the system into an autonomous one. We propose a definition of the quantum
Anosov properties for quantum skew-product systems in Sec. 4, and illustrate it
by treating the example of the almost-periodic quantum parametric oscillator in
Sec. 5. Finally, the configurational cat map is studied in Sec. 6 after adapting the
definition of the Anosov property to systems with a toroidal configuration space.

2. UPPER LYAPUNOV EXPONENTS AND QUANTUM ANOSOV
RELATIONS

A quantum mechanical particle on the real line is described by coordinate and
momentum operators X and p which satisfy the Heisenberg commutation relation
(we choose the units such that # = 1):

[*, pl=i.
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We consider the algebra V of finite linear combinations of Weyl operators:
W(B,y)=expli(Bx +yp)l, VB, y €R.
These operators satisfy the Weyl form of the commutation relations:
W) =W(=B.~y).
WB Y WEy)=e 2 TOWEB+ B,y +v).

More abstractly, if the phase space is a real symplectic space ¥ with symplectic
form o, the algebra W over (V, o) is defined as the algebra of finite linear
combinations of the elements {W(«) |« € V'} such that

W' =W(-a), (1)
W@ W) =e O Wa+td) = e "W W@. (2
In this paper we consider only phase spaces V' of finite dimension 2#, with the

usual symplectic form

[07
ola.d)=ola, —aja, Va= (a)‘), o eR,
P

where o denotes the transposed of o, . Hence, the Weyl operators can be written
as:

W(a) = exp [i(al)ﬁ—i—a;ﬁ)], o € R™,

In order to define the quantum Lyapunov exponent, we consider derivations on
the algebra VW. We denote by d, the derivation defined as the generator of the
automorphism M +— W(t a) MW (—ta) for all A € W. Therefore we have

8o(M) = [Ly, M], YMeW,
where [, ] is the commutator and
Ly=0a]% +(¥;ﬁ, a € R™.
In particular, we can check that
[Lo, W(@)] = —o(a, &) W(), Va, o' e V. 3)
We assume that the dynamics defines an automorphism of W:
Ut(t, to) MU, 1) = M(t,10) € W, YM e W, Vi, 1 €R,

where U(t, ty) denotes the unitary propagator with initial time #.

Definition 1. (cf.[6]). The upper quantum Lyapunov exponent is defined as
A= sup Ay

aelV
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where

- 1
ra(U. Lo, M. 1) :=limsup — In [|[Ly. M(Z, t0)]]l.

t—>00

and the norm is chosen as | M || = supy, ¢y MY 11/

Remark 1. According to (3), the derivation & is well defined on WW. Hence, the
norm of the commutator in the definition of the quantum Lyapunov exponent is
finite even the operator L is unbounded.

Since the time evolution is unitary, the exponent A, can also be expressed as

- . 1
o(U. La, M. to) = limsup — In [|[La(to. 1), M]]l, “4)

=00
with

Ly(to, 1) := U'(to, )L, U(to, 1)
In the examples of Sec. 5, we will use the following

Lemma 1. [f the quantum Lyapunov exponent of Weyl operators W(p) is inde-
pendent of the choice of B:

XQ(U’ Lga W(é)v tO) = )"a
then for any observable M € W:
ro(U, Ly, M, tg) = .

Proof: By definition

_ 1
RalU. Lo, W(B). 10) = limsup — In || [La(to. 1), W(B)I]I= 1.

t—00

N
therefore if M = Z w; W(éj), the following function
j=1

c(t. o) = max {[|[Lo(to, 7). W(B)IIl. 1}

j=1...

satisfies

1
lim sup n Inc(¢, ty)) = A.

t—>00
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Hence

RalU. Ly, M. 1) = lim sup — L Lo, 1), M1

—00
N
= hmsup Z [Lalto, 1), W(B))] H
—00

N

Z o )[La(ro,o w(p )]H

1
= lim sup ln c(t, to) +

t—00

= A,
because the term
N
;1

N
lw
Zc(r t)[La(to,t) 40:] )]|| Z .10 I{Lo(t0, 1), W(BTI

N
=D lw
=1
is bounded. O

Definition 2. A system satisfies the quantum Anosov relations,"?%*® if there
are 2n directions oy, ..., &y, € V such that the corresponding derivations satisfy
forallt, ty € R

U(t, 10) Ly, UT(t, 1) = €M™ L, , ©)
where \; are 2n complex numbers such that

Re(h1) =--- < Re(Ay) < 0 < Re(Ayq1) =< - = Re(han).

Remark 2. We have extended the definition of Ref. 1 by allowing the numbers
Aj to have an imaginary part. Moreover, we do not require that a state invariant
under the actions of U and Ly, exist.

Remark 3. The property (5) can be written equivalently as
Ut.t)) " =" "o Ut 1y) Vs e R

This is to be interpreted as a relation between operators acting on the algebra of
observables A.
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This property yields a representation of the Anosov group® as a group of
endomorphisms on the algebra of observables A, defined as

T(t, 10) - M — U(t, t)) MUT(t, 1)
and
oi(s) : M > & tei Mem e,
The Anosov property can be expressed as

(1, 1) o;(s) = o (se*-’(”"))) 7(t, to).

3. QUANTUM SKEW-PRODUCT SYSTEMS AND ENLARGED
HILBERT SPACE

A quantum skew-product system is described by the following Schrodinger
equation with a non autonomous Hamiltonian in a Hilbert space H:

d
i) = H(p'(0)) ¢(1), (6)

where ¢’ is a continuous flow on a compact metric space M while H(9) is a
self-adjoint operator depending on the parameter & € M such that the evolution
operator U(t, ty;0) exists and is strongly continuous with respect to 6 € M.
This form of Hamiltonian operator includes periodic, quasi-periodic and almost-
periodic time dependence according to whether M is a circle, a torus or the hull
of an almost-periodic function.

Any solution of (6) can be written as

P(t;0) = U(t, 105 0) Pp(t0; 0),
with the operator U(z, #; 6) satisfying

i%U(h to;0) = H(p'(0)) U(t. to; 0)

and U(ty, tp;0) = Nl 4.
The uniqueness of solutions of (6) allows us to deduce the relations
U(t,11;0) U(tr, 103 0) = U(2, 103 0),
Ut + .10+ 7;0) = Ut 10; 97 (0)),

forall¢, ¢y, 4,7 € Randall 6 € M.
Let  be an invariant probability measure on M. The family of Koopman operators
(T"),.,, defined by

(T'Y)O) = ¥(¢'(0) forall ¥ € LA(M,du),

teR
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is a strongly continuous one-parameter unitary group of operators (see Ref. 22).
According to Stone’s theorem, there exists a self-adjoint operator G which is an
infinitesimal generator of 7*:

T' = e forall teR.

The separable Hilbert space K = L*(M, du;H) = L2 (M, dp) @ H will be
called the enlarged space of H. The family of operators U(¢, ty; 6) € H depend-
ing on the parameter € M defines a unitary operator acting in X which maps a
function 8 — ¥(0) € H of K to the function 8 — U(t, ty; 0)¥(0) € H. To avoid
a complicated notation, we also denote this operator by U(¢, #; 6). Moreover, we
omit the identity factor of 7’ ® 114, in the Koopman operator in K. From the
uniqueness of solutions of (6) we can conclude that

T°U(t, 10;0) = U(t, 10;0°(0) T
forallz,t),s € Randall & € M.
Definition 3. We define a unitary operator Uk (t, ty) acting on the enlarged space
K by
Uk(t, t0) =T U, t;0)T" =T Ut — 19, 0;6).

One can show that it is strongly continuous in ¢ — £y, and Stone’s theorem implies
that there is a self-adjoint operator K on /C, called generalized Floquet Hamilto-
nian, such that

Uk(t, ty) = e K,

The solution of the associated Schrodinger equation

d
i ¥ (1) = Ky (1) (7

reads ¥ (¢) = Uk (t, ty) ¥ (t) € K, and itis linked to a solution ¢ of the Schrédinger
Eq. (6) in H by

o) =T Y(t) = y(t, ¢'(9)).

Proposition 1.  We denote H(0) the Hermitian operator on K which maps ¥ € K
to the function 0 — H(0) ¥ (0) € H of K. We assume that H(0) is a self-adjoint
operator of KC. We have the formal equality

K =G + H(®).
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Proof: The operator Uk(?, ty) is strongly differentiable on D(K), and we can
write formally

ad
iEUK(Z‘,l‘o) = KUk(t,ty) forall ¢, ¢ €R.

Therefore

0
K =i—Ug(t, t)|=
lat k(t, o)l to

= i%(?”(”t‘]) U(t — 1, 0;0))]

=ty
— 9 T*(tfto) U(0.0:9 .0 U -0
- l&( )|t=t0 ( (] )+l E (tat()’ )|t:t0

=G + H().

4. QUANTUM SKEW-PRODUCT ANOSOV PROPERTIES

For a quantum skew-product system defined by the Schrodinger Eq. (6) with
a Hamiltonian of the form H (X, p, ¢(0)), we define the Anosov property by

Definition 4. A4 quantum skew-product system satisfies the quantum skew-
product Anosov relations if there exist 2n continuous functions oy, . .., 05,: M —
V' such that the corresponding derivations satisfy for all t, ty € R and 6 € M

U(t. 10360) La ooy U1, 10:60) = €77 Ly (10, (8)
where Ly 9) = o (0)T % + a;,(0)" p and & are 2n complex numbers such that

Re(r)) <--- < Re(rA,) < 0 < Re(Ayg1) <+ < Re(Aap)-

The operators W («(0)) = exp[i(a,(0)'% + ,(9)"p)] and Lq 0) define operators
W(a) and L, acting on the enlarged Hilbert space K = L?(M, u) ® H, given by
(W(@) ¥)(0) = W((©0)) ¥(©) forall ¢ €Kk,

and

(Lo, ¥)(0) = Lo, ¥(0) forall ¢ € D(Ly,) C K.

The algebra of observables considered here is the algebra of finite linear combi-
nations of W (x).
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Proposition 2. The quantum skew-product Anosov relations (8) are satisfied in
the Hilbert space H if and only if in the enlarged space K = L*(M, u) ® H,
the dynamics generated by the Hamiltonian K = G + H(0) satisfies the standard
quantum Anosov properties(l):

Uk(t. o) Ly, Ub(t. 1) = /0™ L, .

Proof: The quantum skew-product Anosov relations
U(t,1036) La oy U1, 1036) = €77 Ly (10,

can be extended as an equality between operator acting on K, by considering the
operators as multiplication operators with respect to the variable 6.
Using the equality

T'Ly)T ' =T'a;()T " @%+T';,(0) T ® p = Lo 0y
for all ¢ € R, the quantum skew-product Anosov relations become
U(t, 10;0)T "Ly, T U, 10;60) =T 'L, T
According to the Definition 3, we obtain

Uk(t, tO)Lg/ UIE([, t) = e)»j(t—to)ng_

5. EXAMPLE OF ALMOST-PERIODIC QUANTUM PARAMETRIC
OSCILLATOR

In Ref. 6, it was shown that the upper quantum Lyapunov exponent of the
periodic quantum parametric oscillator is positive in the classical instability region.
We extend here this result for a wide class of driven quantum parametric oscillators.
Moreover we show that, under some conditions, the system verifies the quantum
skew-product Anosov properties.

The parametric quantum oscillator is described by the Hamiltonian (we take
the mass = 1):

1 1
H) = 5P + 5 [0 # ©)

where f is an almost-periodic real valued function.
The classical dynamics corresponding to the Hamiltonian (9) has the same
form as the eigenvalue equation of the almost-periodic Schrodinger operator:

—% 4+ V(t)x = Ex (10)
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with f(t) = E — V(¢). The Schrddinger operator S,; = —d?/dt* + V(t) with an
almost-periodic potential V' is in Weyl’s ‘limit point’ case, and thus admits an
essentially unique self-adjoint extension.

We will now analyze the one-parameter family of systems defined by varying
E on C and, in particular, when E is real and in the resolvent set p of S;.

Theorem 1. For any observable M € W, in the instability region E € pNR,
there is a stable direction a,, which depends on t,, for which

ra (U, Ly, M, 1g) = A, <0,
whereas for all other directions o
r(U, Ly, M, ty) = 1. > 0.

where A is the Lyapunov exponent of the classical system. Thus the upper quantum
Lyapunov exponent is positive,

L =supiy = Ao > 0.
a

Proof: The spectral parameter £ is in the resolvent set p of the operator S if
and only if the classical system

-0 e
dt \ q 1 0 q

has an exponential dichotomy.® In particular, if £ € p, the system (10) has two
linearly independent solutions ¢ € L2([0, +-o0[) and g_ € L*(] — o0, 0]).
The functions

P+ ~ b+
my=— and g =

_ P dq
q+ q+ +ipx

, ith = ,
W P+ dr

defined for £ ¢ Rand E € p NR, respectively, are almost-periodic.(%2%

The classical Lyapunov exponent associated with the dynamics of (10) is defined

as
_ . 1 2 2
Ae =sup | limsup — In(|p|= + |g17) ),
t——+o00 2t

where the supremum is taken over all non trivial solutions (p, ¢) of (11), and it
satisfies”)

. 1
Ae = —limsup > In(|p4 >+ lg+1)

t——+00

. 1
= limsup — In(|p|* + lg-I"). (12)

t—>+00 t
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In order to determine the upper quantum Lyapunov exponent, we first need to
calculate L4(f, t) which we write in the form

Lo(t, t0) = ax(t, o) X + ap(t, f) p. (13)
The propagator F(¢, t) of the classical Eq. (11), defined by

(i?E;;) N F(t’t0)<p(10)>’ F(t,t)=1 Vi,

x(to)

may be written as

/A0
F(t, 1) = P(r)( w9 )P(ro)1 (14)
0 Y (to)

where Y1 (¢) = q+(¢) + ip.(¢) and

P(t):( (1) (1) >

1 —ime(t) 1—im_(t)

Using the fact that for quadratic Hamiltonians the Heisenberg equations of motion
for the operators x(¢) and p(¢) have the same form as the classical equations for

x(t) and p(1),
d
PO =i Ut(t, t0) [H, plU(t, t) = (V(t) — E)% (1)

%m) =i U, 1) [H, $1 UG, 1) = p(0),

we can write

; . .
(U (z, to){y u(, to)) _ F(. fo)(?)
Ut(t, o)X U(t, ty) %

Thus, using the relation
ap \" (Ut 10) p U, 10) ap(t 0)\" (P
Ll)t(tv ZLO) = ~ = ~ >
- oy U't(t, 10) 2 U(t, 10) ax(t, t) ) \x

we obtain
Y ()
20N _ pyty (B 0 ey (¢ (15)
" ) 0 0 Y-(1) o '
ax(t, t ¥ (to) !

From Lemma 0, we can choose M = W(B) = e!B5+PrP) without loss of general-
ity. Then, according to (3),

[Lo(t0, 1), M] = (etp(t0, )Br — ax(t0, )Bp)M = —0 (alto, 1), pM,



710 Sapin, Jauslin and Weigert

implying that
I[L (2, ), M| = |“p(t0a 1)Bx — ax(to, t)ﬂp| = |o(a(to, 1), é)'a
where we have used || M ||= 1. By (15), the stable direction ¢, is given by

(O‘ps> _ (—CI+(10)> c R

Uxs p+(t0) .
apslto. 1)\ —1+im(t)
(am(to,n) - mm( i (t) )

I[La, (t0. 1), A]| = 11+ i (6)) Be + 1 () Bl 1W(0))-

According to (12), the quantum Lyapunov exponent in this direction is

Indeed we obtain

and

e (U, L, A, 1) = Timsup © In(1y (1)

t—>+00

= lim sup — ln(|p+(l)|2 + |(I+(f)| )

t—+00
= _)\.c < 0.
For all other directions o € R?, it is easy to check that the upper Lyapunov exponent

is positive,

AalU. Ly, A, 1) = — limsup — Lingyr, )

t——+00

—lim sup ln(|p+(t)|2 + g+ (D)

t—>+00

=Xi.>0.

O
Remark 4. The result of Theorem 1 can be extended to the multidimensional
case where

1 1
H() = 5 P+ 5)eTA(z);e

with A(t) a real symmetric matrix depending almost-periodically on time. Writ-
ing A(t) = E 1 + V(¢t), the equations of motion of the corresponding classical
system have the same form as the eigenvalue equation of the Schrodinger oper-
ator S, = —d?*/dt> + V(t). In the instability region E € p NR, there will be n
stable directions o, , depending on ty, with negative Lyapunov exponent, while
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they will be positive for the remaining directions. The main argument is again the
exponential dichotomy in the resolvent set.®-'")

To study of the Anosov properties for the almost-periodic quantum parametric
oscillator, we formulate it as a quantum skew-product system,

1 1 .
H@'©0) = 5 B + 5 [(¢' @) (16)

where fis the extension of the almost-periodic function f to a continuous function
on its hull and ¢’ is the associated minimal flow (see Ref. 10). As before we
introduce a parameter £ by writing f(¢’(0)) = E — V(¢'(0)), and we denote the
hull of the almost-periodic function by M.

The corresponding classical system is now given by

d(p\_ (0 E-V(O)\(pP
A0 770) @

Definition 5. A4 linear system of differential equations

(1) = M(¢"(0)) y(t)

with y(t) € R", ¢' is a continuous flow on a compact metric space M, and
M (0) a matrix depending continuously on 0 € M, is called reducible if it can be
transformed into a system with constant coefficients

7 =Cz
by a transformation y(t) = T(¢'(0))z(t) where T(0) is a non singular matrix

continuous on M.

Remark 5. Thesystem (17) is reducible, for instance, when the potential is quasi-
periodic with frequencies satisfying a Diophantine condition ([19], Theorem 1.2).

Theorem 2. Let the classical system (17) be reducible. Then the corresponding
quantum parametric oscillator satisfies the quantum skew-product Anosov prop-
erties for E being in the resolvent set, E € p: there exist two measurable functions
a, M — R? and Ay such that = Re(Ay) > 0 and

U(t, 10;0) Lo, (400 UT(t, to;0) = (") Ly, o6y

with Lgi(g) =a,+(0)X + Olp:t(e)ﬁ.
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Proof: Using reducibility and the hyperbolic character of the flow of (17) in the
resolvent set, we obtain

A
F(t,1;0) = g(¢'(0)) exp [(f - to)( 0+ >] gle" )

where g is a is a non singular matrix for all § € M and Re(r,) > 0.
Consequently,

Ut(t,t9;0) p U, 1,0 ;
( ()P b ))=F(t,to;9)({7)
Ut(t, t9;0)% U(t, t; 0) b3

elt—10)hs 0 P
=g<<p'<9)>< 0 eam)M)g@’“("))‘l(f)'

Swapping ¢t with 7, in this equation and using the identity UT(z, #y; 0) = U(to, t;0),
we obtain

—Ay

Oép(fp’°(9))>T( U(t, 10;6) pUT(t, 13 9))
a:(9°(0)) ) \U(t, 1;0) 2 UT(t, 10;6)

_ (@O (e 0
B <ax(so’°(e))> 8@ (9))< 0 e“’(%)
x g(¢'(0)"! (’f )
X
Thus, we can deduce the stable and unstable directions
a,-(0)\ _ S ] ap(0)\ YA
(ax_(9)>_(g(9) )<0> and (ax+(9)>_(g(9) )<1>'

Writing g = (g;;)1<i,j<2, We obtain

{ ap-(0) = g22(0) det(g(6))™ N { ap+(0) = —g21(0) det(g(6))™

U(t, 10;0) Loy UT(t, t0;0) = (

9

a;—(0) = —g12(0) det(g(F)) ! x4 (0) = g11(6) det(g(6))™!
with
U([, to; 9) Lgi((pfu(g)) UT(t, 1o, 9) = eﬂ*(’*’“) Lﬁi(W(@))'

6. QUANTUM ANOSOV PROPERTIES ON A TORUS: THE
CONFIGURATIONAL QUANTUM CAT SYSTEM

6.1. Quantum Anosov Properties on a Torus

In this section we study the Anosov properties for systems whose config-
uration space is a torus, adapting the definitions of Sec. 2 appropriately. The
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coordinate operators X; are the self-adjoint operators of multiplication by x; de-
fined everywhere on the Hilbert space of square integrable functions on the torus
of dimension 7 that we represent by H = L2([0, 1]"). The momentum operators
pj=—i %,- are unbounded self-adjoint operator defined on the subspaces

D, ={y eH|y e Hand¥(...,0,..)=y(...,1,.. )} CH

of absolutely continuous (with respect to the variable x ;) functions with periodic
boundary conditions.

The coordinate and position operators verify the Heisenberg commutation
relations [x;, px] = ;% but only on the subspaces

D, ={y eH|y eHand y(....0,..)=¥(...,1,...)=0)

which are not dense in H.

Instead one can work with exponentials of these operators, which can be
extended to unitary operators defined on . Indeed the operators ¢! #'<+77?)
(defined on an intersection of DI/]/_) can be extended as unitary operators for all
B €2n7Z" and all y € R", defined by their action on ¢y € H as

el BT +vTp) Y(x) = el BT(x+y/2) Y(x + 7). (18)

We choose as algebra of observables the algebra A generated by the operators
¢! BT3+7TH) for all B € 277" and all y € R". These operators satisfy the Weyl
form of the commutation relations (1,2), therefore A is isomorphic to the subalge-
bra Wr of W defined by restricting the coefficients of the Weyl operators W (8, y)
such that 8 € 2w Z". We denote this isomorphism by ¢ : A — Wr C W.

We assume that the dynamics defines an automorphism of A:

T(t, t0) : M +— U(t, t)) MU' (¢, 1)) VM € A, Vi, 1) € R,

where U(t, ty) denotes the unitary propagator on H with initial time 7.

As we recall in the Remark 3., the Anosov properties give a representation of
the Anosov group®® as a group of endomorphisms on the algebra of observables
A. Here we consider the translation automorphlsms for all @ = (ay, @,) € R*
defined by their action on the operators e/ #'¥+779) ¢ A, by

oy(s) : ¢ BTy gis(aly=alB) isTe ey Th)

Definition 6. A4 system on a torus satisfies the quantum Anosov relations if there
are 2n directions oy, ..., oy, € R?" such that forall t,t) € R

T(t, 1) 0g,(s) = 0, (s€7C7) T(2, ). (19)
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where \; are 2n complex numbers such that

Re(x)) <--- <Re(r;) <0 < Re(Ay41) < --- < Re(Az).

These relations are algebraic, therefore we can express them in the algebra V) using
the isomorphism between A and Wr. We denote 1,,(¢, ty) the automorphisms of
Wy defined by 1,(¢, o) = ¢T(¢, t9) ¢~'. We assume that 7,,(¢, ) can be extended
to an automorphism of W (i.e. for 8 real and not only in 8 € 27 7Z").

The derivations can be expressed in terms of the translation operators of W
as follows: for all W (B) € Wr, B = (B, y),

o)W (B)) = & W(B) e = (T -218) (p) € Wy

where we have used (2), and the notation W (a) = e’ ‘e,

We remark that the derivations defined here are not inner derivations, i.e. we
do not impose a, € 27Z*. According to (3), the derivations are well defined for
all M € Wr by 8,(M) = [Ly, M] € Wy forall @ = (a,, a,) € R*.

These remarks prove the following

Lemma 2. A system on a torus (such that t,(t, ty) can be extended to an auto-
morphism of W) satisfies the quantum Anosov relations, if there are 2n directions
Ay, ..., 0, € R?" such that for all t, ty € R

. - ali—1g)
fw(ta tO)(el ’ Lg/) =e"° m L s (20)
where \; are 2n complex numbers such that

Re(r;) <--- < Re(rA,) < 0 < Re(hp41) < --- < Re(Az).

Remark 6. These definitions can also be formulated for discrete time unitary
dynamics:

th): M — UsMUL e A VM e A VkeZ,
In this case, the Anosov conditions (19) and (20) become respectively
7(k) Oa, (s) = Oq (s ey o(t, t0) and

T (k)(eis Lg/.) _ eise“f Ly,
w - .
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6.2. Example of Anosov System on a Torus: The Configurational
Quantum Cat System

We consider a charged particle of mass m = 1 constrained to move in a unit
square with periodic boundary conditions (period 1) subject to external periodic
time dependent electromagnetic fields. It was shown in Refs. 25, 26 that the
external fields can be chosen in such a way that the configuration space of the
particle is mapped periodically to itself according to Arnold’s cat map. This system
has a discrete time dynamics given by the time evolution operator over one period
T or Floquet operator Ur = U(T, 0). The time evolution is thus defined by the
iteration of the operator Uy acting on the Hilbert space H = L2([0, 1]%):

Up = e 37 5@ VT h+pTV D

with p = (§1>,x = (;zl
2 2

map:

, and V' is a matrix such that exp(}') is Arnold’s cat

I3
N——

The Floquet operator Ur is the product of two unitary operators: The first one,

e~2 7", describes the free-particle propagation during a time interval 7. The
second factor, D, = e=5GTVTh+pTV D i the kick operator which acts during
an infinitesimally short-time interval. D, can be extended to unitary operator of
dilatation defined on H by:

D, y(x) = e "2y x) = e Y(C'x). 1)
Lemma 3. The quantum dynamics given by Uy is a well defined automorphism
7(k) on the algebra of observables A, in particular UF satisfies for all M € A
(kM) = Uk M UL € A

Moreover the automorphism t,,(k) of Wr, defined by isomorphism from t(k), can
be extended to an automorphism of W.

Proof: According to (21) and (18), the operator D, satisfies
i85 T 5 i BT 54T CH
Dt FTE v p o BT C ey TCD)
The evolution over one period T is thus given for all 8 € 27Z* and all y € R? by
r()e (PP =y (05 T0)

— BT TTC 1 TOR) ¢y
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since C is a unimodular matrix and thus 8T C~! € 27 Z°.
Therefore in Wy the automorphism is given by

()W (B, y)=W(C ' B, -TC' B+ Cy) (22)
which can be extended as a automorphism of W by replacing 8 € 2772 by
B e R%. o

Theorem 3. The configurational quantum cat system satisfies quantum discrete
time Anosov properties: There exist two stable directions o, and o,, such that

(k)€ Tty = s Ly j=1,2,
and two unstable directions a5 and o,
rw(k)(eiSLﬁf) _ eise“ Ly; =34,
where . > 0 is such that e* are the eigenvalues of Arnold’s cat map C.
Proof: Inorder to avoid complicate notation, we write (s o ;) instead of ehe
Equation (22) allows one to conclude that
Tu()(e Foo) = 7, (1)(W(0, sa,)) = W(0, s Cay).

Therefore o; = (0, v—) and a5 = (0, v;) are respectively stable and unstable di-

rections, where v are the eigenvectors of C with Cvs = et v...

The other pair of stable and unstable directions are @, = ((C* — 1) v, T vy)
and o, = ((C* — 1) v_, T v_). Indeed, using the Eq. (22), we observe that

Tu(D(W(s(C?* — M)vy, sTvs))
= W(sCNC? = Moy, s(=TC(C?* = 1)+ TC)uy)
= W(s(C? — HC vy, sTC oy)
= W(se™(C* — M)y, se™ Tvy).
O

Remark 7. The derivations &y, and 8., are inner derivations, but 8, and 5, are
not because the coefficients of each eigenvector vy are rationally mdependent

Remark 8. The Lyapunov exponents for systems on the torus can be defined by
adapting Definition 1, and using the isomorphism ¢o: A —> WrcCcW

ha(U, Loy M, 19) = limsup — Lin ¢~ ([Las $((t, M),

t—00

where M € A and ||M|| = supy, 4 IMY /1.
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It follows immediately from the Anosov properties that the upper Lyapunov
exponent for the configurational Arnold cat is . = A > 0.

7. SUMMARY AND DISCUSSION

If one searches for quantum mechanical systems with a genuinely com-
plicated time evolution, non-autonomous systems are promising candidates, in
particular for strong dependence on initial conditions. In order to distinguish be-
tween potentially different types of quantum dynamics, we have discussed two
concepts in this paper. Our definitions of a quantum mechanical Lyapunov expo-
nent and of quantum Anosov relations adapt existing notions in such a way that
they apply not only to autonomous but to driven quantum systems as well. By
their very construction, these concepts are intrinsically quantum mechanical: no
reference to a classical counterpart of the systems is made in the definitions. This
is an important feature since the discussion of a quantum system should, in our
view, rely as little as possible on classical notions.

The quantum Lyapunov exponent and the quantum Anosov property are in-
deed appropriate to distinguish qualitatively different quantum dynamics. To see
this, we have considered two specific solvable models the dynamics of which is
well understood: the quantum parametric oscillator and the configurational quan-
tum cat map. In the case of the driven oscillator, for example, we have found that the
quantum Lyapunov exponents are non-zero for those parameter values where the
time evolution of the corresponding classical oscillator is unstable. We have shown
that it is possible to devise quantum mechanical tools which make rigorous the ex-
istence of qualitatively different dynamics for non-autonomous quantum systems.

The two quantum systems used as examples to illustrate these concepts are
constructed using classical models. This is motivated by the fact that they allow
explicit calculations for the quantum models. We emphasize, however, that the
Lyapunov exponents are defined in an intrinsically quantum mechanical way. If
one were to add small perturbations in these models, we expect that the non-zero
Lyapunov exponents will continue to exist while the exact equivalence to classical
systems will be destroyed.

Finally, we should emphasize that our approach is complementary to a sub-
stantial amount of work done in the field of quantum chaos where one succeeds
to describe important properties of a quantum system such as energy levels and
their statistics in the semiclassical limit. In this approach, the link to the classical
counterpart of the quantum system under study is a vital ingredient while the
phenomena of interest do not necessarily have an interpretation of chaos in the
sense of dynamical systems. Our results point in a different direction: they indicate
that there are quantum tools which allow one to distinguish qualitatively different
quantum dynamics just as there are classical tools to distinguish between classical
regular and chaotic dynamical systems.
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