Introduction/Motivation FI(X) Structure
(e]e]

000 0000
0000 0000 (e]e}
(e]e) 000

Regular semigroups weakly generated by idempotents
Luis Oliveira
(CMUP & Univ. Porto)

Semigroup Seminar, University of York

March 16, 2022



Introduction/Motivation FI(X) Structure

[ ]o) (e]ele) 0000
0000 0000 (e]e}
(e]e) 000

Introduction

S - semigroup.
E(S) - set of idempotents of the semigroup S.

The (von Neumann) inverses of x € S are the elements x’ € S such that
x'x =x and x'xx'=x".
V(x) - set of inverses of x € S.

Sisregular & V(x)#0 forall xeS.
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Introduction

S - regular semigroup.

S is weakly generated by A C S if S has no proper regular subsemigroup
containing A.

= S may not be generated by A .

| (*) - idempotents

The “red” semigroup is weakly generated by {a}, but (a) = {a,0}.
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Introduction

S is weakly generated by A C S if S has no proper regular subsemigroup

containing A.

= S may not be generated by A .

= There may exist more than one subsemigroup weakly generated by A.

*

a

by

*

[0]

(*) - idempotents

The “red” subsemigroup is weakly generated by {a}.

The “blue” subsemigroup is also weakly generated by {a}.
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E-variety V of regular semigroups: class of regular semigroups closed for
homomorphic images, direct products and regular subsemigroups.

X': disjoint copy of X. 6 : XUX" — S matched: x'0 € V(x6).
. . matched
Bifree object on X: XUX' ¢ BFV(X) e V
V6 matched Fp
S ,VSeV

However, not all e-varieties have bifree objects.
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Motivation

A C S matched: AN V(x) # 0 for all x € A.

Proposition (Yeh'92) The following conditions are equivalent for | X| > 2:
a) BFV(X) exists.

b) For every S € V and every A C S matched with |A| < |X], there
exists a unique subsemigroup of S weakly generated by A.

Theorem (Yeh'92) For |X| > 2, BFV(X) exists if and only if V is an
e-variety of locally inverse semigroups or of regular E-solid semigroups.
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Question: Is there a “free” regular semigroup F(X) weakly generated by

X, in the sense that all regular semigroups weakly generated by X are
homomorphic images of F(X)?

If F(X) exists, it has the following property

X ———F(X) weakly generated by X

W Jp

S (S regular)
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Free objects in varieties of algebras:
usual definition alternative definition
X —G(X) X ———G(X) gen. by X
<~
Vo BEWP Vo hﬂ(p
T T
- and for e-varieties:
Bifree object alternative notion
XU X' < —>matched BFV(X) X ————FV(X) weakly gen. by X
3 Vo 3
Vﬁma}ed\h v \‘ v
S S

If BFV(X) exists, then BFV(X) = FV(X).
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Regular semigroups weakly generated by idempotents

We will focus only on regular semigroups weakly generated by idempotents
in this talk.

Trivial observation: Any regular semigroup weakly generated by a set X of
idempotents is idempotent generated (not necessarily by X).

Proof: S regular = (E(S)) is a regular subsemigroup containing X.

Thus S = (E(S)) if S is weakly generated by X.
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Regular semigroups weakly generated by idempotents

Question: Is there a

free regular semigroup FI(X) weakly generated by | X| idempotents?

(in the sense that all regular semigroups weakly generated by |X]|
idempotents are homomorphic images of FI(X).)

Answer: Yes, and it is unique up to isomorphism.

In this talk we will:
= Introduce FI(X) by a presentation (G, R) with both G and R infinite.

= Present a solution to the word problem for this presentation (there is a
“canonical form" despite G and R being infinite sets).

= Give some details about the structure of FI(X).
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The presentation (G, R)
Notation:
» ifgelxCxR,then g =(g,g%g").
- g =) g"=(g"): g"=(g').
Recursive definition of G: G = UG; where
= Gop={1} and G; = X;
= we identify each x € X with the triple (1, x,1);

Structure

0000
(e]e}

= if Gj_1 and G; are defined, then let G;;1 C G; X Gj—1 X G; such that

2 2
g€Gy1 = g #g and gfc{g" g n{g",g"}

For example:

= G ={(x1,1,) | x1,x € X with x # x}.
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The presentation (G, R)

The relation R: R = pe U ps where
" Pe = {(1g7g)7 (glag)a (g27g) ’ g < G}

= ps=1{(g'g. g), (gg'g".g), (g'g°ge°s’.g"¢¢")| g € Gi, i >2}.

Then FI*(X)= G /p where pis the congruence generated by R.

1p is the identity element ;
" Pe = . . 1
Gp is a set of idempotents of FI*(X) .

= FI1(X) is an idempotent generated monoid with identity element 1p.
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The presentation (G, R)

The sandwich set S(e, f) of e,f € E(S) is the set

Sle,f)={g€E(S): ge=g, fg=g and egf = ef}.

Proposition: An idempotent generated semigroup S is regular if and only if
S(e,f) # 0 for all e, f € E(S).

= peand ps = g%’ g'gc e E(FI*X)).

= Then ps & gES(grgcagcg/)-



Introduction/Motivation FI(X) Structure

(e]e) 000 0000
0000 @000 (e]e}
(e]e) 000

The word problem for (G, R)

The height of g € G is the index v(g) = i such that g € G;.
Bilg) = 1---g%g% g'gg’ggg" -1
height i
height i—1
height i—2
height i—3
height i—4

height 0 1le o]

Forv=gi---gn€GT, let pi(v)=p1(g1) - Filgn)

Proposition: gpBi(g) and vppBi(v).
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The word problem for (G, R)

Landscape: word u = g1 ---g, € G such that

gi-1€{gl,g/} or gic{g 1.8/ 1} foralli.

We represent the landscapes in drawings that include information about
the height of the letters:

8i+1 € {g,'lv g’}
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The word problem for (G, R)

Landscape: word u = g1 ---g, € G such that
gi-1€{gl,g/} or gic{g 1.8/ 1} foralli.

We represent the landscapes in drawings that include information about
the height of the letters:

downhill

alle
uphill vaney
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The word problem for (G, R)

Landscape: word u = g1 ---g, € G such that
gi-1€{gl,g/} or gic{g 1.8/ 1} foralli.

We represent the landscapes in drawings that include information about
the height of the letters:

peaks = highest ridges
eridges

®rivers
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The word problem for (G, R)

Landscape: word u = g1 ---g, € G such that
gi-1€{gl,g/} or gic{g 1.8/ 1} foralli.

We represent the landscapes in drawings that include information about
the height of the letters:

1 1

Mountain range: landscape u with o(u) = 7(u) = 1 (examples: (1(v)).

Mountain: mountain range with no rivers (examples: 31(g)).
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Uplifting of rivers

g = git+t gi—;\/gi+2
/ 8i—1

8i+1

. g/ =
\ 8i—2 ng+2
&

1 &y 8i-1 gi+1

8i

where g/ = (gi+1,8i,8i-1) € G
u — v : v is obtained from u by uplifting a river.

* . .
— 1 reflexive and transitive closure of — .
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The solution to the word problem

Proposition: Applying uplifting of rivers to a mountain range u, we must
always stop with the same mountain independently of the order we choose
to apply the upliftings.

B2(u): unique mountain such that u = 3»(u) (u is a mountain range).

Proposition: u p B2(u) for any mountain range u.

= show that up v if u — v, and use transitivity.

B(v)= B2(B1(v)) for any v € G .

Proposition: vi pvo < B(v1) = B(v2) forany vi,vo € GT.
= vppB(v) forany ve Gt.

= 3(v) is the only mountain in vp.
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The semigroup FI(X)
FICX)= FA(X)\ {1p}.
M(X): set of all non-trivial mountains of G*.

Proposition:  FI(X) = (M(X),®) , where u® v = Ba(uxv).
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The semigroup FI(X)

FI(X)= FIN(X) \ {1p}.

M(X): set of all non-trivial mountains of G*.

Proposition:  FI(X) = (M(X),®) , where u® v = Ba(uxv).

= \(u): “left hill” of u; Pt
= A\ (u): "right hill” of u; PR

= U= 8n&n—1""8180 € M(X)

Structure

0000
(e]e}
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The semigroup FI(X)
Proposition: FI(X) is a regular semigroup weakly generated by Xp.
= ue V(u) for any u e M(X).
= S(B(g"g%). B(g°g")) = {Br(g)} in M(X).

Theorem: Any regular semigroup weakly generated by a set X of
idempotents is a homomorphic image of FI(X).

Gt——FI(X)

A

X——S

v pe U ps C ker ¢

However, not all homomorphic images of F/(X) are weakly generated by X.

= Can we (partially) characterize which homomorphic images of FI/(X)
are weakly generated by X7 Is this problem decidable?
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Skeleton mapping: ¢ : G\ {1} — E(S) "respecting” the structure of G

p|x is one-to-one  and gy € S((g")¢ (g%)¢. (&%) (g'))-

Skeleton of S (induced by X): (G \ {1})¢ .

Proposition: Let S be a regular semigroup.

(i) The subsemigroup generated by a skeleton is always regular.

(i) If S is weakly generated by |X| idempotents, then S is generated by
any of its skeletons (it can have distinct skeletons).

Open questions:

= When is the semigroup generated by a skeleton weakly generated by
X7 |s this question decidable?

= When do two skeletons generate the same subsemigroup?
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Green's relations
S: regular semigroup

s<pt< sSCtS, s<gts SsC St s<yte SsS C StS;
A=<z N 2%, L=<gNZ>g; I=<,N02Z4;
Sw=<g4N<g; H=RH N L, D=HN L .

Proposition: For u,v € M(X),

(i) u<gpv & N(v) prefix of A\j(uv);
(i) uZv < \(u)=X\(v);

(iiil) u<g v < A(v) suffix of A\ (u); A(v) A(v)
(iv) u L v < A(u) = XM(v); 1 1
(v) u<pv & N(v) prefix of Aj(u) and A, (v) suffix of A\, (u);
(Vi) u' v & u=v.
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Green's relations

k(u): peak of u e M(X).
Ground of g € G: defined recursively by €(g) = e(g) U {g} Ue(g").
Ground of u € M(X): e(u) = e(r(u)).

Proposition: For u,v € M(X)

(i) u<s s v & K(v) €e(u);
(i) 9=_¢7 and u P v & k(u) =k(v).

Corollary: G\ {1} is a transversal set for the Z-classes of FI(X).
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Proposition: v e E(M(X)) < Ar(v) Ai(u)

Open questions:

= What is the structure of the biordered set E(FI(X))?

= When is a regular biordered set E the biordered set of some regular
semigroup weakly generated by |X| idempotents?
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The YD-class D,

There is a natural way to order the .2 and Z#-classes of Dg such that

-
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The YD-class D,

There is a natural way to order the .2 and Z#-classes of Dg such that

(0]
[®)
e
<
o
=
O
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FI(X) for X finite

Fl, = FI(X) for | X| = n.
Proposition: Fl, contains copies of all Fl,, as subsemigroups.

Corollary: Every regular semigroup weakly generated by a finite set of
idempotents strongly divides Fls.

The previous corollary applies, in particular, to
(i) regular semigroups generated by a finite set of idempotents.

(ii) finite idempotent generated regular semigroups.
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FI(X) for X finite

Theorem [Gray & Ruskuc 2012]: Every group is a maximal subgroup of
some free regular idempotent generated semigroup.

Question: What kind of groups can we get as maximal subgroups of free
regular idempotent generated semigroups that are also weakly generated by

two idempotents?
“Returning to the starting point™:

= |s there a free regular semigroup F(X) weakly generated by |X|
elements (non-idempotent case)?

= If F(X) exists, what kind of impact can it have in the theory of
e-varieties of regular semigroups?
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The results presented here can be found in:

L.O., Regular semigroups weakly generated by idempotents, preprint

Thank you for your attention



