Some properties of left (right) negatively orderable
semigroups

Zsé6fia Juhasz, Alexei Vernitski

Dept. of Mathematical Sc., University of Essex, Colchester, UK

York, 12 June 2013

Zséfia Juhasz, Alexei Vernitski (UK) Filters in semigroups York, 12 June 2013

1/34



@ Negatively and left (right) negatively orderable semigroups and the
smallest negatively and left (right) negatively orderable congruences

© A description of right negatively orderable semigroups as semigroups of
transformations

© Some questions arising naturally about left (right) negatively orderable
semigroups and K, M and S

@ A semigroup is negatively orderable if and only if it is both left and right
negatively orderable

© The pseudovariety generated by all finite left (right) negatively orderable
semigroups?
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<y .- =
orderable congruences

Negatively orderable semigroups

Definition
A semigroup is called negatively orderable (or positively orderable) if it
admits a partial order which is:

@ negative, i.e. st < s and st < t for every s,t in S;

@ operation-compatible, i.e. for any r,s,tin S, s < t implies rs < rt
and sr < tr.

Fact

The class of negatively orderable semigroups is a quasivariety; it is closed
with respect to taking

@ subsemigroups and

@ direct products
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I R N P
orderable congruences

The Straubing-Thérien Theorem

Theorem

Every finite [J-trivial semigroup is a homomorphic image of a finite
negatively orderable semigroup. (Equivalently, the pseudovariety generated

by all finite negatively orderable semigroups equals the class of all finite
J -trivial semigroups.)
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orderable congruences

Definition of left (right) negatively orderable semigroups

Definition

Let us call a semigroup left (right) negatively orderable if it admits a partial
order which is:

o left negative, i.e. st <t (st <s) for every s, t in S;

@ operation-compatible, i.e. for any r.s,tin S, s < t implies rs < rt
and sr < tr.
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" orderable congruences
Quasiorders <y, <y, <s

Definition
Denote by <x, <aq and <g the smallest operation-compatible quasiorder
containing <7, <, and <p, respectively.

Definition
On any semigroup S, define the relations <}, </, and <’ as follows: for
any s, tin S let

o s < tiff s=tisitr and t = t1tr for some s, ¢, € st

o s <\ tiff s=t;sit; and t = t1t; for some 51, t; € Sl eS:

o s <stiff s=tis1tp and t = t1tp for some sy, b € Sl es.

Fact

The quasiorder <ic (<, <s) is the transitive closure of the relation
s<ict(s<t,s<st)
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<y .- =
orderable congruences

Congruences KC, M, S

Definition
On any semigroup S define the equivalences I, M and S in the following
way: for any s,t € S let

o sKtiff s <x tandt<gs.

o sMtiff s <pstand t <p;s.

o sStiffs<standt<gs.

Fact

On any semigroup, K (M, S) is the smallest K-trivial (M-trivial, S-trivial)
congruence.
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" orderable congruences
Definition

Let us call a semigroup S K-trivial (M-trivial, S-trivial) if I (M, S) is the
identity relation on S.

Corollary

A semigroup is
e negatively orderable if and only if it is K-trivial;
o left negatively orderable if and only if it is M-trivial;
e right negatively orderable if and only if it is S-trivial.

Corollary

In a monoid <x=<a=<s, hence a monoid is negatively orderable if and
only if it is left (right) negatively orderable.

Proposition
The class of all left (right) negatively orderable semigroups is a quasivariety.
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A description of right negatively orderable
semigroups as semigroups of
transformations
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-—see—rr—l-igrc;ups of transformations
Right negatively orderable semigroups as semigroups of
transformations

Theorem

A semigroup is negatively orderable if and only if it is isomorphic to a
semigroup T of mappings on a partially ordered set (P, <), such that for
everya € T:

@ « is decreasing on P, that is pa. < p for every p € P;
@ « is order-preserving on P, that is py < py implies pya < pra, for
every p1,p2 € P.

Zséfia Juhasz, Alexei Vernitski (UK) Filters in semigroups York, 12 June 2013 10 / 34



e e e s L

-—seem-igrc;ups of transformations
Right negatively orderable semigroups as semigroups of
transformations

Theorem
A semigroup is right negatively orderable if and only if it is isomorphic to a
semigroup T of mappings on a partially ordered set (P, <) with a
distinguished element py € P, such that for every a € T:

0 Im(a) C P\ {po},

@ « is decreasing on P, that is, paw < p for every p in P,

© the restriction a|p\(p,} of a to P\ {po} is order-preserving, that is,

for every p1,p2 in P\ {po}, p1 < p2 implies pya < paa.
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A =2 e P
semigroups of transformations

Outline of proof

= Suppose S is right negatively orderable. If S a mondoid then <x=<g,
hence S is also negatively orderable, so the statement holds. Otherwise

o let P\ {pp} =Sand pp=1¢S!
o let

> < |p\fpo} =< |s =<s;
» for every p € P let p < po and for every p € P\ {po} let py £ p;

@ let T be the semigroup of extended right actions of S.

< Let T be a semigroup of mappings on a partially ordered set (P, <),
satisfying the conditions of the Theorem. Define the relation < on T as
follows:

@ forany ai, as in T let a; < ap iff pag < pa for every p in P
@ =< is a partial order on T,

@ = is right negative and operation-compatible.
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semigroups of transformations

Some question about left (right)
negatively orderable semigroups and IC,
M and S - an overview
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~ orderable semigroups and K, M and S~

Questions

Q Is M oS =80M in every semigroup?
Q Is MV S =K in every semigroup?

O s it true that if a semigroup is both left and right negatively orderable
then it is also negatively orderable?

© What is the pseudovariety generated by all finite left (right) negatively
orderable semigroups?

Note: (2) = (3)
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- orderable semigroups and K, M and S~

Q Is M oS =80M in every semigroup?
» True in every semigroup in which every element has both a left and a
right identity.
> In general? No counter-example has been found so far.
Q Is MV S =K in every semigroup?

» True in every semigroup in which every element has both a left and a
right identity.
» In general? No counter-example has been found so far.

O s it true that if a semigroup is both left and right negatively orderable
then it is also negatively orderable?

» True.

© What is the pseudovariety generated by all finite left (right) negatively
orderable semigroups?

» A one-sided analogue of the Straubing-Thérien Theorem? False.
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~ orderable semigroups and K, M and S~

The congruences C, M and S in some semigroups

| | K [ oM ] S
Th To\ Sn, Sn To\ Sn, Sn To\ Sn, Sn
Ta\Sa. n>3 KC-simple M-simple S-simple
T2\ S K-simple M-trivial S-simple
Tx, NSTx K-simple M-simple S-simple
On On \ {t}, {¢} On \ {e}, {¢} On \ {e}, {1}
On\{t},n>3 K-simple M-simple S-simple
0>\ {¢} K-simple M-trivial S-simple
OE, K-trivial M-trivial S-trivial
OE,\{t}, n>2 K-trivial M-trivial S-trivial
Free semigroups K-trivial M-trivial S-trivial
On 0¢, 0¢ 0¢, 0¢ o, o
02,00,0: | O, 04, 0%, 02 | O¢, Og, 02, 02 | 0¢, 0, OF, O
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- orderable semigroups and K, M and S~

Semigroups which are both left and right
negatively orderable are also negatively
orderable
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~ left and right negatively orderable

- e

Some lemmas

Definition
On any semigroup S, define the relations <’ and =< as follows:
o forany s,tin Slets<'tifandonlyif s=t;s1t, and t = t;t, for
some s1,t,t in S;

@ denote by < the reflexive and transitive closure of <.

Lemma 4.1

In every semigroup we have
@ <x==o0<yg
o <pm==0o<g

0 <s==<o<gp
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~ left and right negatively orderable

- e

Lemma 4.2

Let S be a semigroup and 6 be a congruence on S such that 8 C KC. For
any s € S denote by s the congruence class of s. Then if s <x 0; in 5/0
for some s,t € S then s <x tin S.

Lemma 4.3

Let S be a semigroup. If s <x t for some s,t in S then for any r in S we
have rs <g rt and sr < tr.
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left and right negatively orderable -
Lemma 4.4 (Main Lemma)

If a semigroup S is M-trivial then S/S is K-trivial.

Proof.

Let S be an M-trivial semigroup. For any s in S denote by 5 the image of
s under the natural homomorphism S — S/S. Let s, t € S be such that
5Kt in S/S. We shall show that 5 =t. By Lemma 4.2 we have s <x t
and t <g s. Hence, by Lemma 4.1 s <a <7 tand t < b <7 s for some
a,b € S. We have the following four cases.

Case 1: a <, t and b </ s. Then sMt, hence — by M-triviality of S —
s=tandsos="¢t.

Case 2: a £, tand b £, s. Then a = utv and b = xsy for some u,x € St
and v,y € S. Clearly, bKs, hence s <y b = xsy <s xs </ s, thus

s <k xs <k s, and so sKxs. Hence by Lemma 4.3 sy Mxsy, and by
M-triviality of S, sy = xsy = b. Hence b <r s, and by t < b, t <s s
follows. Similarly, we can show s <g t. Therefore sSt, and so 5 = t. ]
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left and right negatively orderable

Proof continued

Proof.

Case 3: a<g tand b £, s. Then a= ut and b = xsy for some u,x € st
and y € S. Since sKxsKt, by Lemma 4.3 sy Mxsy = bMty, and by
M-triviality of S, sy = b=ty. Hence t < b=sy <gp sandso t <gs s.
We show that s <g t also holds. Since b=ty <g tand t < b= ty, we
have tySt and so — by operation-compatibility of S — utySut. We also
have ut = ak’t, which — by Lemma 4.3 — implies uty Mty, hence — by
M-triviality of S — uty = ty, and thus ty = utySut. Therefore
s<a=ut<gty <pt, sos <gtand thus sSt follows, implying 5 = t.
Case 4: a £, t and b < s. This case is similar to Case 3. ]
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left and right negatively orderable

Theorem

A semigroup is negatively orderable if and only if it is both left and right
negatively orderable.

Proof.

Since any negative partial order is also left and right negative, clearly, every
negatively orderable semigroup is both left and right negatively orderable.
Suppose S is a semigroup which is both left and right negatively orderable.
Then S is both M-trivial and S-trivial, hence S/M = S and §/S = S and
so (S/M)/S=5/S=S. Since S/M =S is M-trivial, so by the Main
Lemma S = (S/M)/S is K-trivial, hence negatively orderable. O
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= left and right negatively orderable

Lemma 4.5

Let 6 be a congruence on a semigroup S. Then for any s, tin S, s < t
(S <mt s<s t) implies 05 <y 0 (95 <m0, 0s <s 9t) in 5/9.

Proposition

Let S be a semigroup and denote by 6 the kernel of the natural
homomorphism S — (§/M)/S (§ — (5§/S)/M). Then we have
MVvSCoH=K.

Proof.
MV S CO: Lets,t €S be such that s(M V S)t. Then there exist
S =59,51,...,5, =t € S such that for every 0 </ < n—1 we have

siMsiiq if i is even and s;Ssj1 if i is odd (we can assume this, since
S; = Sj+1 Is possible). Then, by Lemma 4.5 for every 0 </ <n—1 we
have Mg SMs, . in S/ M if iis odd and clearly, we have M, = My, if
i is even. Therefore MSM; in S/M and so s6t. ]
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left and right negatively orderable

Proof continued

Proof.

A C K: Suppose we have sOt for some s,t € S. Then — by definition of 6 —
MSM;, hence Mg <s M; and M; <s Ms in S/M. Since M C K, by
Lemma 4.2 s <) t and t <k s, and so sKt.

IC C 6: Since S/ M is an M-trivial semigroup, by Lemma 4.4
(S/M)/S = 5/0 is a K-trivial semigroup, and so 0 is a is a K-trivial
congruence. Since on any semigroup K is the smallest KC-trivial
congruence, K C 6. Therefore 6 = K.

]
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left and right negatively orderable

The pseudovariety generated by all finite
left (right) negatively orderable
semigroups’
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~ ‘negatively orderable semigroups?

A one-sided version of the Straubig-Thérien Theorem?

Question:

Is the pseudovariety generated by all finite left (right) negatively orderable
semigroups equal to the pseudovariety of all L-trivial (R-trivial)
semigroups?

Answer:
No!
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 ‘negatively orderable semigroups?
A counter-example

Example

Let B = {e,f,1} be a two-element band of left zeros with an adjoint
identity element 1. Then B is R-trivial, but cannot be obtained as a
homomorphic image of a finite right negatively orderable semigroup.

Proof.

Suppose that B is a homomorphic image of a right negatively orderable
semigroup S under the homomorphism ¢ : S — B. Let t,u,v in S be such that
¢(t) =1, p(u) = e and p(v) = f. Consider the sequence such that ay; = t(vu)’
and az; 11 = tu(vu)’ for every i = 0,1,2,.... Then

o(a) = (t)(p(vu))' = 1(fe) = f and

P(anir1) = p(D)p(u)(p(vu))' = Le(fe)’ = ef = e. Hence p(ak) # p(aks1) and
SO ak # akyy for every k =0,1,2,... . Clearly, ax11 <s ax and thus a1 <s ax
for every k =0,1,2,... . Since S is S-trivial, it means that for any natural
numbers m # n we have a,, # a,, which is impossible, since S is a finite
semigroup.
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~ ‘negatively orderable semigroups?

A property of semigroups in PS(S) (PS(M))

Proposition
Let S € PS(S). Then:
Q forany r,s,t €S, sLt implies rs = rt
Q@ L =J = J"is the smallest J-trivial congruence on S.
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negatively orderable semigroups?

Proof

Proof.

(1) It is sufficient to show that the statement is true for any homomorphic
image of a finite right negatively orderable semigroup. Let S be a
semigroup, which is a homomorphic image of a right negatively orderable
semigroup T under the homomorphism ¢ : T — S. Assume that there
exist r,s,t in S such that sCt and rs # rt. Then s # t and s = xt and
t = ys for some x,y in S. Let r/,s', ¢/, x’,y" in T be such that s = ¢(s'),
t = ('), x = p(x') and y = ©(y’). Consider the sequence such that
ahy = r'(X'y')'s and a; .y = r'y'(X'y')'s’ for every i =0,1,2,... . Then
p(ah;) = r(xy)'s = rs and @(a5;, ;) = ry(xy)'s = rt for every
i=0,1,2,.... Therefore o(a)) # w(aj, ) and so a; # a;_, for every
k=0,1,2,.... Clearly, a ., <s a and so a;_; <s a) for every
k=0,1,2,.... Since T is S-trivial it means that for any natural numbers
m # n we have a,, # a},, which is impossible, since T is finite.

L]
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~ ‘negatively orderable semigroups?

Proof continued

Proof.

(2) This property is a consequence of Property (1) and R-triviality. Let

S € PS(S). By Property (1), L is a left congruence on S. It is well-known
that £ is a right congruence in every semigroup, hence L is a congruence
in S. Since in a finite semigroup J = Lo R and S is R-trivial, we have
L=Fandso £L=J=J" which is the smallest J-trivial congruence on

S.
O
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~ 'negatively orderable semigroups?

Proposition
The class of those finite R-trivial semigroups in which:
@ forany r,s,t € S, sCt implies rs = rt (and hence £ = J = J* is the
smallest J-trivial congruence)

is a pseudovariety.

Proof.

Since finite R-trivial semigroups form a pseudovariety, it is sufficient to
show that finite semigroups with Property (1) form a pseudovariety.
Denote by C the class of all finite semigroups satisfying Property (1).

@ Cis closed under taking direct-products: Let S, T € C and let
(ri,r),(s1,%2),(t1,t2) € S X T be such that (s1,5)L(t1, t2). Then
clearly s1£t; and s,Ltp and so ris; = rity, sy = raty. Therefore
(I’l7 r2)(51752) = (r151, r252) = (r1 t1, I‘2t2) = (I‘1, Q)(tl, tg).

L]
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negatively orderable semigroups?

Proof continued

Proof.

o Cis closed under taking subsemigroups: Let S € C and T be a
subsemigroup of S. For any r,s,t € S, if sCt in T then sLtin S also
holds, so —since S € C — rs = rt.

e Cis closed under taking homomorphic images: Let S € C and 6 be a
congruence on S and let 61,6,,03 € S/0 be such that 6,L£05. Then —
since S is finite — it is easy to show that there exist s € 6, and t € 63

such that s£t in S. Then for any r € 67 we have rs = rt, hence
010> = 0105.
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~ 'negatively orderable semigroups?

Question
Is the pseudovariety generated by all finite right negatively orderable
semigroups equal to the pseudovariety of all finite R-trivial semigroups in
which:
e forany r,s,t €S, sCt implies rs = rt (and hence £L = J = J¥is the
smallest J-trivial congruence) 7
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~ negatively orderable semigroups?

Thank youl |
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