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Semigroup Identities

Let A be a countably infinite set of “letters” – an alphabet.

A` :“ pA`, ˝q is the free semigroup generated by A, where ˝ is
concatenation. Its elements are called words.

Def. A semigroup identity is a formal equality

Π : u “ v,

where u and v are elements (words) of the free semigroup A`.

(For a monoid identity, we allow u and v to be the empty word.)
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Semigroup Identities

A semigroup S :“ pS, ¨ q satisfies a semigroup identity Π : u “ v,

if ϕpuq “ ϕpvq for every morphism ϕ : A` Ñ S.

Prop. A semigroup that satisfies an n-letter identity, n ě 2, also
satisfies a 2-letter identity of the same length.

For A “ ta, bu, S satisfies an identity Π : u “ v, written
xu, vy P IdpSq, if

u
q
s1, s2

y
“ v

q
s1, s2

y
, a :“ s1, b :“ s2,

for any s1, s2 P S.
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Semigroup Identities: Examples

§ A commutative semigroup satisfies the identity Π : ab “ ba,

written ab Js1, s2 K “ ba Js1, s2 K.
§ Any idempotent semigroup satisfies the identity Π : an “ am

for any n,m P N.

§ The semigroup

S “

"ˆ
0 0

0 0

˙
,

ˆ
1 0

0 1

˙
,

ˆ
0 1

1 0

˙*

of 2 ˆ 2 boolean matrices satisfies the identity
Π : a2b2 “ b2a2, written a2b2 Js1, s2 K “ b2a2 Js1, s2 K.
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Semigroup Identities: Groups

§ Gromov’s theory implies that every finitely generated group
having polynomial growth satisfies a nontrivial semigroup
identity (since it is virtually nilpotent).

§ Shneerson gave examples that show that this does not hold
for semigroups.
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Semigroup Identities: Semigroups

Qu. Given an identity Π : u “ v and a semigroup S :“ pS, ¨ q,
does S satisfy the identity Π?

Possible approach for solution:

Use a faithful linear representation

ρ : S ÝÑ MnpTq,

where MnpTq is the monoid of n ˆ n tropical matrices, and then
prove the identity for the image of S.

Qu. Does the monoid MnpTq satisfy a nontrivial identity?
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The Tropical Semiring

A semiring pR,`, ¨ q is a set R equipped with two binary
operations ` and ¨ , called addition and multiplication, such that
pR, ¨ q is a monoid and pR,`q is a commutative monoid, with
distributivity of multiplication over addition on both sides.

The tropical semiring T :“ R Y t´8u is the set of real numbers,
equipped with the operations of maximum and summation

a _ b :“ maxta, bu, a ¨ b :“ a ` b,

providing respectively the addition and multiplication.

T :“ pT,_ , ¨ q is a commutative idempotent semiring whose unit
is “1” :“ 0 and whose zero is “0” :“ ´8.
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Tropical Matrices

Matrices over the tropical semiring T are defined in the standard
way. They form the semiring MnpTq, whose addition and
multiplication are induced by the operations of T.

The unit matrix of MnpTq is the matrix

I “

¨
˚̋

0 . . . ´8
...

. . .
...

´8 . . . 0

˛
‹‚.

MnpTq is referred to as a multiplicative monoid.
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Tropical Matrices

Any n ˆ n tropical matrix A :“ pai,jq corresponds uniquely to the
weighted digraph GA “ pV,Eq defined to have vertex set
V “ t1, . . . , nu, and an edge pi, jq P E from i to j, of weight ai,j,
whenever ai,j ‰ ´8.

For example:

A :“

ˆ
a1,1 a1,2
´8 a2,2

˙
corresponds to v1 a1,2

��

a1,1 77

v2 a2,2gg

The pi, jq-entry of Ak gives the highest weight of a walk from i

to j of length k.
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Tropical Matrices

The entries of a matrix product AB correspond to
labeled-weighted walks on the digraph GAB “ GA Y GB .

For example:

ˆ
a1,1 a1,2
´8 a2,2

˙ ˆ
b1,1 b1,2
´8 b2,2

˙
ñ v1

b1,2

��

a1,2

��

a1,1
%%
b1,1

��

v2b2,2
%%

a2,2gg
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Tropical Matrices

§ The trace trpAq “
ř

i ai,i is the usual trace taken with
respect to summation, although it corresponds to the tropical
product of diagonal entries.

§ The permanent of a matrix A :“ pai,jq is defined as:

perpAq “
ł

πPSn

ÿ

i

ai,πpiq,

where Sn is the set of all permutations over t1, . . . , nu.

The weight of a permutation π P Sn is ωpπq “
ř

i ai,πpiq, so
that perpAq “

Ž
πPSn

ωpπq.

§ A is nonsingular, if there exists a unique permutation τA P Sn
that reaches perpAq; that is, perpAq “ ωpτAq “

ř
i ai,τApiq .

Otherwise, A is said to be singular.
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Tropical Matrices

The permanent is not multiplicative!

Ex. Take the nonsingular matrix

A “

ˆ
0 0

1 2

˙
for which A2 “

ˆ
1 2

3 4

˙
.

Then perpAq2 “ 4, perpA2q “ 5, and perpA2q ‰ perpAq2.

Thm. (I., 2007) For any matrices A,B P MnpTq,

perpABq ě perpAqperpBq.

If AB is nonsingular, then perpABq “ perpAqperpBq and
τAB “ τA ˝ τB .
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Tropical Matrices

§ The tropical rank rktrpAq of A is the largest k for which A

has a k ˆ k nonsingular submatrix.

Equivalently, rktrpAq is the maximal number of independent
columns (or rows) of A for an adequate notion of
independence.

§ The factor rank rkfcpAq of A is the smallest k for which A

can be written as A “ BC with B P Mn,k and C P Mk,n.

Equivalently, rkfcpAq is the minimal number of vectors whose
tropical span contains the span of the columns (or rows) of A,
or the minimal number of rank-one matrices Ai needed to
write A additively as A “

Ž
i Ai.
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Tropical Matrices

By definition, a matrix A P MnpTq is nonsingular iff rktrpAq “ n.

Tropical nonsingularity (and dependence) does not coincide with
spanning.

For example, the vectors

v1 “ p0, 0,´8q, v2 “ p0,´8, 0q, v3 “ p´8, 0, 0q,

are dependent, but none of them can be written in terms of the
others.
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Tropical Matrices

It is well known that the above notions of rank do not coincide.
Nevertheless, the inequality

rktrpAq ď rkfcpAq

holds for every A P MnpTq.

Thm. (I., Merlet, 2018)

rkfcpA
tq ď rktrpAq

for any A P MnpTq and t ě pn ´ 1q2 ` 1.
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Tropical Linear Representation

A finite dimensional tropical linear representation of a
semigroup S :“ pS, ¨ q is a semigroup homomorphism

ρ : S ÝÑ MnpTq, ρps1s2q “ ρps1qρps2q, @s1, s2 P S,

where MnpTq is realized as an associative semialgebra of linear
operators acting on the space Tn.

ρ is a faithful representation, if it is injective.

To prove that S satisfies a semigroup identity Π : u “ v:

§ Find a faithful tropical linear representation ρ of S,

§ Use “tropical techniques” to prove the semigroup identity for
ρpSq Ă MnpTq.
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Proving Identities of Tropical Matrices

To prove that a matrix subsemigroup Mn Ă MnpTq admits a
given identity Π : u “ v we have different approaches:

§ To use generic matrices whose entries are variables, treated as
functions.

§ To realize matrices as labeled-weighted digraphs, and to
compare walks on such graphs.

§ To consider matrices as linear operators and to analyze their
actions on the space.
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Identities of Matrices

A matrix semigroup Mn Ă MnpTq satisfies the semigroup identity
Π : u “ v,

if ϕpuq “ ϕpvq for every morphism ϕ : A` ÝÑ Mn,

written u JA,B K “ v JA,B K for any A,B P Mn.

Any semigroup identity Π : u “ v of MnpTq

§ is balanced – the number of occurrences of each letter is the
same in u and in v;

§ is k-uniform – each letter appears in u and v exactly k times;

§ is uniform – it is k-uniform for some k.
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The Bicyclic Monoid

The bicyclic monoid B “ xp, qy is the monoid generated by two
elements p and q, satisfying the relation

pq “ e.

Each element w of B can be written uniquely as

w “ qipj, i, j P Z` .

B is faithfully represented by the map ρ : B Ñ M2pTq, given by

p ÞÑ

ˆ
´1 ´1

´8 1

˙
, q ÞÑ

ˆ
1 ´1

´8 ´1

˙
, e ÞÑ

ˆ
0 ´2

´8 0

˙
.
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The Bicyclic Monoid

Thm. (Adjan 67) The bicyclic monoid B satisfies the semigroup
identity

ab2a ab ab2a “ ab2a ba ab2a.

Therefore, M2pTq has a nontrivial submonoid that admits a
semigroup identity.
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Combinatorial Approach

Given two matrices A :“ pai,jq and B :“ pbi,jq, we write

A „diag B ô ai,i “ bi,i, for all i “ 1, . . . , n.

A and B are said to be diagonally equivalent, if A „diag B.

The products AB and BA of any two triangular matrices A and B

is always diagonally equivalent:

AB „diag BA.

Rem. The digraph of a triangular matrix is acyclic.
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Combinatorial Approach

Let x “ ab and y “ ba. The Adjan’s identity

ab2a ab ab2a “ ab2a ba ab2a.

can be written as
xy x xy “ xy y xy.

Let X „diag Y be diagonally equivalent matrices in M2pTq. The
pi, jq-entry of the matrix product XYXXY corresponds to a
labeled walk γi,j from i to j of highest weight and length 5 on
GXY XXY .

Lem. (I., 2013) If the contribution of GX to a walk γi,j on
GXY XXY is not a loop, then there is another walk γ1

i,j on
GXY XXY from i to j of the same length and the same weight for
which the contribution of GX is a loop.
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2 ˆ 2 Tropical Matrices

Thm. (I., Margolis, 2009) The submonoid U2pTq of upper
triangular tropical matrices admits the Adjan’s identity

ab2a ab ab2a “ ab2a ba ab2a ,

i.e., xy x xy JAB,BA K “ xy y xy JAB,BA K for any
A,B P U2pTq.

Thm. (I., Margolis, 2009) The monoid M2pTq admits the identity

a2b4a2 a2b2 a2b4a2 “ a2b4a2 b2a2 a2b4a2 ,

i.e., xy x xy
q
A2B2, B2A2

y
“ xy y xy

q
A2B2, B2A2

y
for any

A,B P M2pTq.
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Power Words

Let A be a finite (nonempty) alphabet, and let p, n P N`.

Def. (I., 2013) A pp, nq-power word rwpp,nq is a word in A` such
that:

(a) Each letter ai P A may appear in rwpp,nq at most p-times
sequentially, i.e., aqi ∤ rwpp,nq for any q ą p and ai P A;

(b) Every word u P A` of length n that satisfies rule (a) is a
factor of rwpp,nq.

rwpp,nq is called an n-power word, if p “ n.

A pp, nq-power word is uniform, if it is uniform as a word.

A pp, nq-power word needs not be unique in A`. Different
pp, nq-power words may have different length, and they can be
concatenated to a new pp, nq-power word.
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Power Words

Ex. Let A “ tx, yu.

1. The 2-power word rwp2,2q “ x2y2x is not uniform, while

rwp2,2q “ yx2y2x

is uniform of length 6.

2. rwp2,3q “ xy2xyx2y is a uniform p2, 3q-power word of length 8.

rwp3,3q “ xy3xyx3y

is a uniform 3-power word of length 10.

3. The word
rwp2,4q “ xyx2y2x2yxy2xyxy

is a uniform p2, 4q-power word of length 16.
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Semigroup Identities

Let rwpp,nq be a uniform pp, nq-power word over A “ tx, yu such
that the words

rwpp,nq x rwpp,nq and rwpp,nq y rwpp,nq

are both pp, nq-power words.

Define the 2-letter identity

Πpp,nq : rwpp,nq x rwpp,nq “ rwpp,nq y rwpp,nq.

To refine Πpp,nq to a uniform identity, substitute
x :“ ab and y :“ ba.
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Semigroup Identities

Ex. Let A “ tx, yu.

1. Using the uniform 2-power word rwp2,2q “ yx2y2x, we obtain
the identity

Πp2,2q : yx2y2x x yx2y2x “ yx2y2x y yx2y2x .

2. Taking the uniform 3-power word rwp3,3q “ xy3xyx3y, we
obtain the identity

Πp3,3q : xy3xyx3y x xy3xyx3y “ xy3xyx3y y xy3xyx3y .

These identities become uniform by substituting x :“ ab, y :“ ba,
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Triangular Matrices

Think of xUy “ rwpn´1,n´1q JX,Y K as a word with letters
X,Y P MnpTq, and let GxZy be the labeled-weighted digraph of
xZy “ xUyXxUy.

The pi, jq-entry of the matrix Z corresponds to a labeled walk γi,j
on GxZy from i to j of highest weight and length ℓpxZyq.

Lem. (I., 2013) Let X „diag Y be diagonally equivalent matrices
in MnpTq. If the contribution of GX to γi,j is not a loop, then
there is another walk γ1

i,j from i to j on GxZy of the same length
and the same weight for which the contribution of GX is a loop.
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Tropical Triangular Matrices

Thm. (I., 2013) Any two diagonally equivalent matrices X „diag Y

in UnpTq satisfy the identity:

Πpm,mq : rwpm,mq x rwpm,mq “ rwpm,mq y rwpm,mq,

where A “ tx, yu and m “ n ´ 1.

Ex. Diagonally equivalent matrices admit the following identities.

§ In U2pTq
xy x xy “ xy y xy.

§ In U3pTq

yx2y2x x yx2y2x “ yx2y2x y yx2y2x.
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Tropical Triangular Matrices

Thm. (I., 2013) The submonoid UnpTq Ă MnpTq of upper
triangular tropical matrices satisfies the semigroup identity

Πpm,mq : rwpm,mq x rwpm,mq “ rwpm,mq y rwpm,mq,

where A “ tx, yu, m “ n ´ 1, by letting x “ AB, y “ BA, i.e.,

rwpm,mq x rwpm,mq JAB,BA K “ rwpm,mq y rwpm,mq JAB,BA K .
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Nonsingular Matrix Subsemigroups

A matrix subsemigroup Mn Ă MnpTq is nonsingular, if each
X P Mn is nonsingular.

Thm. (I., 2014) Any nonsingular subsemigroup Mn Ă MnpTq of
tropical matrices satisfies the semigroup identities

Πpm,mq : rwpm,mq x rwpm,mq “ rwpm,mq y rwpm,mq,

where A “ tx, yu, m “ n ´ 1, by letting x “ An!Bn!, y “ Bn!An!.
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General Matrices

Lem. (Shitov, 2015) Let A,B,C P MnpTq such that A “ PQ,
where P P MnˆkpTq, Q P MkˆnpTq, k ă n, and let w P ta, bu`.
Then

pwaq JAB,AC K “ P
`
w JQBP,QCP K

˘
QB.

Thm. (I., Merlet, 2018) rkfcpA
tq ď rktrpAq for any A P MnpTq

and t ě pn ´ 1q2 ` 1.

Thm. (I., Merlet, 2018) The monoid MnpTq satisfies a nontrivial
semigroup identity for every n P N:

xua, vay
“`

pqrqt
˘ “

an, bn
‰
,
`
pqrqtr

˘ “
an, bn

‰ ‰
,

with n “ lcmp1, . . . , nq, xq, ry P IdpUnpTqq, xu, vy P IdpMn´1pTqq.

The length of this identity grows with n as eCn2`opn2q for
some C ď 1{2 ` lnp2q.
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Digraph View

Cor. (I., Merlet, 2018) For any labeled-weighted digraph G,
having (parallel) arcs labeled by ta, bu, there exist two different
labeling sequences u, v P ta, bu`, each determines a different
labeled walk of length ℓpuq “ ℓpvq between any pair of vertices
of G, but with the same highest weight

v1
b1,2

��

a1,2

��

a1,1
%%
b1,1

��

v2

b2,2

FF
a2,2gg

a2,1

SS
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The Plactic Monoid

The plactic monoid Pn is the presented monoid A˚
n{”knu

, i.e., the
free monoid A˚

n over an ordered alphabet An modulo the
congruence ”knu determined by the Knuth relations

a c b “ c a b if a ď b ă c ,

b a c “ b c a if a ă b ď c .
(KNT)

Thm. (I., 2016) Pn has a tropical linear representation, which is
faithful for n “ 3.

Therefore, P3 admits a nontrivial semigroup identity, for example

Πp2,2q : yx2y2x x yx2y2x “ yx2y2x y yx2y2x

with x “ pq, y “ qp, for p, q P P3.
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