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Congruences

I Fix a semigroup S .

I A right congruence of S is a right-compatible equivalence σ:

I (a, b) ∈ σ ⇒ (ax , bx) ∈ σ.

I A left congruence of S is a left-compatible equivalence σ:

I (a, b) ∈ σ ⇒ (xa, xb) ∈ σ.

I A congruence of S is a left- and right-compatible equivalence σ:

I (a, b), (x , y) ∈ σ ⇒ (ax , by) ∈ σ.

I We have three lattices:

RCong(S), LCong(S), Cong(S) = RCong(S) ∩ LCong(S).

I We’d like to understand these!
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Cong(Tn) – Mal’cev (1952) — always a chain!
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LCong(T3) – GAP — definitely not a chain!
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I Shocking: nobody fully understands LCong(Tn) or RCong(Tn)!

I But we can still seek a partial understanding...

Today’s question

What is the height of RCong(S)? LCong(S)? Cong(S)?

I The height of a finite poset P is

I Ht(P) = maximum size of a chain in P.

I Let’s start with congruences... of groups...
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Congruences of groups

I Congruences ↔ normal subgroups: Cong(G ) ∼= NSub(G ).

I σ 7→ [1]σ, N 7→
{

(g , h) : gh−1 ∈ N
}

=
{

(g , h) : g−1h ∈ N
}
.

I So Ht(Cong(G )) = Ht(NSub(G )).

I Symmetric groups:

n 1 2 3 4 5 6 7 8 · · ·
Ht(NSub(Sn)) 1 2 3 4 3 3 3 3 · · ·
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Congruences of semigroups

I Transformation semigroups:

n 1 2 3 4 5 6 7 8 · · ·
Ht(Cong(Tn)) 1 4 7 11 14 17 20 23 · · ·
Ht(NSub(Sn)) 1 2 3 4 3 3 3 3 · · ·

Theorem (follows from Mal’cev’s classification)

I Ht(Cong(Tn)) = 1 +
n∑

k=1

Ht(NSub(Sk)) for n ≥ 2.

I Ht(Cong(Tn)) = 3n − 1 for n ≥ 4.

I Similar results for PTn, In, Pn, Bn, TLn.........
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Right/left-congruences of groups

I Congruences ↔ normal subgroups: Cong(G ) ∼= NSub(G ).

I σ 7→ [1]σ, N 7→
{

(g , h) : gh−1 ∈ N
}

=
{

(g , h) : g−1h ∈ N
}
.

I Right congruences ↔ subgroups: RCong(G ) ∼= Sub(G ).

I σ 7→ [1]σ, H 7→
{

(g , h) : gh−1 ∈ H
}
.

I Left congruences ↔ subgroups: LCong(G ) ∼= Sub(G ).

I σ 7→ [1]σ, H 7→
{

(g , h) : g−1h ∈ H
}
.

I So Ht(RCong(G )) = Ht(LCong(G )) = Ht(Sub(G )).

I Another story: Ht(Sub(S))......

I Cameron, Gadouleau, Mitchell, Péresse, 2017.
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Right/left-congruences of inverse semigroups

I If S is inverse, then RCong(S) ∼= LCong(S).

I So Ht(RCong(S)) = Ht(LCong(S)).

I There is a kernel-trace approach (Brookes).

I Symmetric inverse semigroups:

n 0 1 2 3 4 5 6 7 · · ·
Ht(RCong(In)) 1 2 5 13 34 87 215 513 · · ·
Ht(Sub(Sn)) 1 1 2 3 5 6 7 8 · · ·

Theorem

I Ht(RCong(In)) =
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k=0
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)
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Right/left-congruences of inverse semigroups

Theorem

I If S is a finite inverse semigroup with:

I D-classes D1, . . . ,Dk ,

I maximal subgroups Gi ⊆ Di ,

I |Di/R| = mi ,

I then Ht(RCong(S)) = Ht(LCong(S)) =
k∑

i=1

mi Ht(Sub(Gi )).

Corollary

I If S is a finite H -trivial inverse semigroup, then

Ht(RCong(S)) = Ht(LCong(S)) = |S/R| = |S/L | = |E (S)|.
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Right/left-congruences of inverse semigroups

Theorem

I If S is a finite inverse semigroup, then

Ht(RCong(S)) =
k∑

i=1

mi Ht(Sub(Gi )).

Original strategy

I If I is an ideal of S , then Ht(S) = Ht(I ) + Ht(S/I )− 1.

I So Ht(S) = −k +
∑k

i=1 Ht(D
∗
i ).

I Ht(Bm(G )) = m · Ht(G ) + 1.

I Eventually generalised to more general classes of regular
semigroups via right ideals and acts.
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Acts

I Fix a semigroup S .
I A (right) S-act is a set A with a right action of S :

I A× S → A : (a, s) 7→ a · s,
I (a · s) · t = a · (st).

I Formally, A is an algebra with |S | unary operations ρs (s ∈ S):
I aρs = a · s,
I ρs ◦ ρt = ρst .

I An (S-act) congruence of A is an equiv. σ respecting each ρs :
I (a, b) ∈ σ ⇒ (a · s, b · s) ∈ σ.

I Congruence lattice: CongS(A) = {S-act congruences of A}.
I Key example: S is an S-act, where a · s = as.

I CongS(S) = RCong(S)!

I So maybe now we want to compute Ht(CongS(A))?
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Lemma 1

If B is a sub-act of A, then

Ht(A) ≥ Ht(B) + Ht(A/B)− 1.

I CongS(B) ∼= [∆A, ρB ] and CongS(A/B) ∼= [ρB ,∇A].

I Fix maximum-length chains:

I ∆A = σ1 ⊂ · · · ⊂ σu = ρB in [∆A, ρB ],

I ρB = τ1 ⊂ · · · ⊂ τv = ∇A in [ρB ,∇A].

I Join to give a chain in CongS(A):

I ∆A = σ1 ⊂ · · · ⊂ σu = τ1 ⊂ · · · ⊂ τv = ∇A.
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I Join to give a chain in CongS(A):

I ∆A = σ1 ⊂ · · · ⊂ σu = τ1 ⊂ · · · ⊂ τv = ∇A.
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Acts

Magic

Let B ≤ A and σ, σ′ ∈ CongS(A). If

I σ ⊆ σ′,

I σ ∩ ρB = σ′ ∩ ρB ,

I σ ∨ ρB = σ′ ∨ ρB ,

then σ = σ′.



Right congruences of finite semigroups

Theorem

If S is a finite semigroup with R-classes R1, . . . ,Rk , then

Ht(RCong(S)) = −k +
k∑

i=1

Ht(CongS(R∗i )),

where the R∗i = Ri ∪ {0} are the principal factors.

I WLOG, assume each Ij = R1 ∪ · · · ∪ Rj is a right ideal of S .

I Sub-acts: ∅ = I0 < I1 < · · · < Ik−1 < Ik = S .

I Ht(S) = Ht(Ik) = Ht(Ik−1) + Ht(Ik/Ik−1)− 1

= Ht(Ik−1) + Ht(R∗k )− 1

= Ht(Ik−2) + Ht(R∗k−1) + Ht(R∗k )− 2, ‘etc’.
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where the R∗i = Ri ∪ {0} are the principal factors.

I So the problem reduces to understanding Ht(CongS(R∗)).

I Note that these depend on R and S!

I e.g., let R = {constant mappings} ⊆ S = Tn.

I Then CongR(R) = Eq(R) but CongS(R) = {∆R ,∇R}!
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Lemma

If R1,R2 are contained in the same D-class, then

I CongS(R∗1 ) ∼= CongS(R∗2 ).

I Follows from Green’s Lemma.
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Right congruences of finite semigroups

Theorem

I If S is a finite semigroup with:

I D-classes D1, . . . ,Dk ,

I fixed R-classes Ri ⊆ Di ,

I |Di/R| = mi ,

I then Ht(RCong(S)) =
k∑

i=1

mi ·
(
Ht(CongS(R∗i ))− 1

)
.



Right congruences of finite semigroups

I Let D be a D-class of a finite semigroup S .

I Let the R-, L - and H -classes in D be:

I Ri (i ∈ I ), I Lj (j ∈ J), I Hij = Ri ∩ Lj .

I Define the {0, 1}-matrix M(D) = (mij), where

I mij = 1 ⇔ Hij contains an idempotent.

I Say D is column-faithful if the columns of M(D) are distinct.
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Right congruences of finite semigroups

Proposition

I Let D be a regular, column-faithful D-class of a finite
semigroup S .

I Let R be an R-class in D, and G a group H -class in D.

Then

I CongS(R∗) ∼= Sub(G ) ∪ {>},

I Ht(CongS(R∗)) = Ht(Sub(G )) + 1.
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I If S is a finite regular semigroup with:
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I then Ht(RCong(S)) =
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(
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)
=
∑

i mi Ht(Sub(Gi )).
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Full transformation semigroups

S4

S3 S3

S3 S3

S3 S3

S3 S3
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S2 S2 S2 S2
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S2 S2 S2 S2

S2 S2 S2 S2
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S1 S1 S1 S1

D4

D3

D2

D1

T4

I Dk = {f ∈ Tn : rank(f ) = k}.
I Column-faithful ⇔ k ≥ 2.

I |Dk/R| = S(n, k), a Stirling number.

I Ht(RCong(Tn)) =
∑n

k=1 S(n, k) · (Ht(R∗k )− 1)

= 2 +
∑n

k=2 S(n, k)Ht(Sk)

= 1 +
∑n

k=1 S(n, k)Ht(Sk).

I Similarly:

Ht(LCong(Tn)) =
∑n

k=1
(n
k

)
Ht(Sk).

I Every Dk is row-faithful!
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(Two-sided) congruences

I Similar results exist for Ht(Cong(S)).

I Ht(Cong(S)) = −k +
∑k

i=1 Ht(
SCongS(D∗i )).

I SCongS(D∗i ) ∼= NSub(Gi ) ∪ {>} when Di is regular + faithful.

I Ht(Cong(S)) =
∑

i Ht(NSub(Gi )) when S is regular + faithful.

I Previous holds when S is inverse.

I Ht(Cong(S)) = |S/D | when S is regular + faithful + H -trivial.

*

*

*

*

*

*

*

*

*

*

*

*

*

*

*

*

*

*

*

*

*

*



(Two-sided) congruences

I Similar results exist for Ht(Cong(S)).

I Ht(Cong(S)) = −k +
∑k

i=1 Ht(
SCongS(D∗i )).

I SCongS(D∗i ) ∼= NSub(Gi ) ∪ {>} when Di is regular + faithful.

I Ht(Cong(S)) =
∑

i Ht(NSub(Gi )) when S is regular + faithful.

I Previous holds when S is inverse.

I Ht(Cong(S)) = |S/D | when S is regular + faithful + H -trivial.

*

*

*

*

*

*

*

*

*

*

*

*

*

*

*

*

*

*

*

*

*

*



(Two-sided) congruences

I Similar results exist for Ht(Cong(S)).

I Ht(Cong(S)) = −k +
∑k

i=1 Ht(
SCongS(D∗i )).

I SCongS(D∗i ) ∼= NSub(Gi ) ∪ {>} when Di is regular + faithful.

I Ht(Cong(S)) =
∑

i Ht(NSub(Gi )) when S is regular + faithful.

I Previous holds when S is inverse.

I Ht(Cong(S)) = |S/D | when S is regular + faithful + H -trivial.

*

*

*

*

*

*

*

*

*

*

*

*

*

*

*

*

*

*

*

*

*

*



(Two-sided) congruences

I Similar results exist for Ht(Cong(S)).

I Ht(Cong(S)) = −k +
∑k

i=1 Ht(
SCongS(D∗i )).

I SCongS(D∗i ) ∼= NSub(Gi ) ∪ {>} when Di is regular + faithful.

I Ht(Cong(S)) =
∑

i Ht(NSub(Gi )) when S is regular + faithful.

I Previous holds when S is inverse.

I Ht(Cong(S)) = |S/D | when S is regular + faithful + H -trivial.

*

*

*

*

*

*

*

*

*

*

*

*

*

*

*

*

*

*

*

*

*

*



(Two-sided) congruences

I Similar results exist for Ht(Cong(S)).

I Ht(Cong(S)) = −k +
∑k

i=1 Ht(
SCongS(D∗i )).

I SCongS(D∗i ) ∼= NSub(Gi ) ∪ {>} when Di is regular + faithful.

I Ht(Cong(S)) =
∑

i Ht(NSub(Gi )) when S is regular + faithful.

I Previous holds when S is inverse.

I Ht(Cong(S)) = |S/D | when S is regular + faithful + H -trivial.

*

*

*

*

*

*

*

*

*

*

*

*

*

*

*

*

*

*

*

*

*

*



(Two-sided) congruences

I Similar results exist for Ht(Cong(S)).

I Ht(Cong(S)) = −k +
∑k

i=1 Ht(
SCongS(D∗i )).

I SCongS(D∗i ) ∼= NSub(Gi ) ∪ {>} when Di is regular + faithful.

I Ht(Cong(S)) =
∑

i Ht(NSub(Gi )) when S is regular + faithful.

I Previous holds when S is inverse.

I Ht(Cong(S)) = |S/D | when S is regular + faithful + H -trivial.

*

*

*

*

*

*

*

*

*

*

*

*

*

*

*

*

*

*

*

*

*

*



(Two-sided) congruences

I Similar results exist for Ht(Cong(S)).

I Ht(Cong(S)) = −k +
∑k

i=1 Ht(
SCongS(D∗i )).

I SCongS(D∗i ) ∼= NSub(Gi ) ∪ {>} when Di is regular + faithful.

I Ht(Cong(S)) =
∑

i Ht(NSub(Gi )) when S is regular + faithful.

I Previous holds when S is inverse.

I Ht(Cong(S)) = |S/D | when S is regular + faithful + H -trivial.

*

*

*

*

*

*

*

*

*

*

*

*

*

*

*

*

*

*

*

*

*

*



Thanks for listening :-)


