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® Given
® 3 class of algebras C,

an algebra A € C,

an element z € A,

a subset S C A\{z},
we say that x can be separated from §' if there exists a finite
algebra U € C and homomorphism f : A — U such that
f(@) ¢ £(S).

® A point x can be separated from S € A\{z} <= if there
exists a finite index congruence p on A such that [z], # [s],
forall s € S.
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Separation Properties

Residual Finiteness: Any point x can be separated from any
singleton subset {y} C A\{z}.

Weak Subalgebra Separability: Any point = can be
separated from any finitely generated subalgebra 7' C A\ {z}.

Strong Subalgebra Separability: Any point = can be
separated from any subalgebra 7' C A\ {z}.

Complete Separability: Any point x can be separated from
A\{x}.

These are all finiteness conditions.
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Other Names

Residual Finiteness: Finite Approximability

Weak Subgroup Separability: Subgroup Separability,
Locally Extended Residual Finiteness (LERF)

Strong Subgroup Separability: Extended Residual
Finiteness (ERF)

Strong Subsemigroup Separability: Finite Divisibility, Finite
Separability

Complete Separability: Semigroups with finitely divisible
subsets
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In Semigroups

Complete separability = Strong subsemigroup separability.
Strong subsemigroup separability = Weak subsemigroup
separability.

Weak subsemigoup separability = Residual finiteness.

Subsemigroups inherit any of these properties.



Why Separation Properties are Important



Why Separation Properties are Important

® Residually finite <= a subdirect product of finite
semigroups.



Why Separation Properties are Important

® Residually finite <= a subdirect product of finite
semigroups.

® Finitely presented and residually finite = word problem
solvable.



Why Separation Properties are Important

® Residually finite <= a subdirect product of finite
semigroups.

® Finitely presented and residually finite = word problem
solvable.

® Finitely presented and weakly subsemigroup separable —
generalised word problem solvable.
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Example: N x Z

N x Z is not strongly subsemigroup separable.

(2, 0) cannot be separated from N x N.

Let p be a finite index congruence on N x Z.

Then there exist i, j € Z, with ¢ < j, such that (1, i) p (1, j).
Then

(2,0)=(, ), —i)p(1, 5)(1, —i) =(2,j —1) e NxN.

N x Z is weakly subsemigroup separable.

Note that N x Z is weakly subsemigroup separable but Z isn't.
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Example: The Square-free Semigroup

Let F3 be the free semigroup on 3 generators.
Let I be the ideal generated (as an ideal) by {ww | w € F3}.

As a set, the Rees quotient S = F3/I is all square-free words
over three letters and 0. (S is infinite.)

Multiplication is concatenation, unless that creates a word
containing a square, in which case the product is zero.

S is strongly subsemigroup separable.

Let w € S\{0} with |w| =n.

Then J ={u € S:|u| >n}U{0} is an ideal and S/.J is
finite with [w]; = {w}.

S is not completely separable.
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Example: Free Semigroups

Let F} be the free semigroup on k generators.

Then F}, is completely separable.

Let w € Fg with |w| =n.

Then I = {u € Fy | |u| > n} is an ideal and Fy/I is finite
with [w]; = {w}.

Can extend this argument to show all free semigroups and all
free commutative semigroups are completely separable.
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Topological Characterisation

The profinite topology on an algebra A has a basis of all
congruence classes of all finite index congruences.

Any semigroup equipped with the profinite topology is a
topological semigroup.

A semigroup is residually finite <= singletons are closed in
the profinite topology.

A semigroup is weakly subsemigroup separable <— f.g.
subsemigroups are closed in the profinite topology.

A semigroup is strongly subsemigroup separable <=
subsemigroups are closed in the profinite topology.

A semigroup is completely separable <= the profinite
topology is discrete.
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Group Properties vs Semigroup Properties

A group is residually finite within the class of groups <= it
is residually finite within the class of semigroups.

A group is completely separable within the class of groups
<= it is completely separable with the class of semigroups.

Why?: Every semigroup quotient of a group is a group.
Weak /strong subsemigroup separability = weak/strong
subgroup separability

Why?: Every (finitely generated) subgroup is a (finitely
generated) subsemigroup.

Weak/strong subgroup separability =%~ weak/strong
subsemigroup separability.

Why?: Not all subsemigroups are subgroups, e.g. N C Z.
A group is completely separable <= it is finite.



Schutzenberger Groups



Schutzenberger Groups

® For an H-class H, define Stab(H) = {s € S' | Hs C H}.



Schutzenberger Groups

® For an H-class H, define Stab(H) = {s € S' | Hs C H}.
e Stab(H) is a subsemigroup of S.



Schutzenberger Groups

® For an H-class H, define Stab(H) = {s € S' | Hs C H}.
e Stab(H) is a subsemigroup of S.
e If s € Stab(H) then multiplication by s permutes H.



Schutzenberger Groups

For an H-class H, define Stab(H) = {s € S' | Hs C H}.
Stab(H) is a subsemigroup of S.

If s € Stab(H) then multiplication by s permutes H.

Let o be the congruence on Stab(H) given by

sotif hs = ht forall h € H.



Schutzenberger Groups

For an H-class H, define Stab(H) = {s € S' | Hs C H}.
Stab(H) is a subsemigroup of S.

If s € Stab(H) then multiplication by s permutes H.

Let o be the congruence on Stab(H) given by

sotif hs = ht forall h € H.

Then I'(H) = Stab(H) /o is a group.



Schutzenberger Groups

For an H-class H, define Stab(H) = {s € S' | Hs C H}.
Stab(H) is a subsemigroup of S.

If s € Stab(H) then multiplication by s permutes H.

Let o be the congruence on Stab(H) given by

sotif hs = ht forall h € H.

Then I'(H) = Stab(H) /o is a group.
ID(H)| = |H].



Schutzenberger Groups

For an H-class H, define Stab(H) = {s € S' | Hs C H}.
Stab(H) is a subsemigroup of S.

If s € Stab(H) then multiplication by s permutes H.

Let o be the congruence on Stab(H) given by

sotif hs = ht forall h € H.

Then I'(H) = Stab(H) /o is a group.
ID(H)| = |H].
If H is a group H-class then T'(H) = H.



Schutzenberger Groups

For an H-class H, define Stab(H) = {s € S' | Hs C H}.
Stab(H) is a subsemigroup of S.

If s € Stab(H) then multiplication by s permutes H.

Let o be the congruence on Stab(H) given by

sotif hs = ht forall h € H.

Then I'(H) = Stab(H) /o is a group.

ID(H)| = |H].

If H is a group H-class then I'(H) = H.

The action of I'(H) on H is regular, i.e. transitive and free.
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Schutzenberger Groups and Separability

All Schiitzenberger groups of a residually finite semigroup are
residually finite. [Gray, Ruscuk, 2008]

Lemma: If a semigroup S has an infinite non-group H-class
H then S is not strongly subsemigroup separable.

Corollary 1: Every Schiitzenberger group of a strongly
subsemigroup separable semigroup is itself strongly
subsemigroup separable.

Corollary 2: Every H-class of a completely separable
semigroup is finite.

The bicyclic monoid is H-trivial, but not residually finite.

It is not true that every Schiitzenberger group of a weakly
subsemigroup separable semigroup is itself weakly
subsemigroup separable.

Every Schiitzenberger group of a commutative weakly
subsemigroup separable semigroup is itself weakly
subsemigroup separable.
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Motivating Result

Every finitely generated abelian group is strongly subgroup
separable.

G finitely generated abelian <
G2ZLXZx- - xLxCq xCqgyx-xCg,.
—_——
n times

Every subgroup H is normal.
G/H is finitely generated and abelian.
G/H is residually finite.
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Finitely Generated Commutative
Semigroups

Every f.g. commutative semigroup is residually finite
[Mal’cev, 1958]

Question: Is every f.g. commutative semigroup strongly
subsemigroup separable?

Answer: No!

Example: Z. We cannot separate -1 from N in a finite
quotient.

Z isn't even weakly subsemigroup separable.

Question: Can we say when a f.g. commutative semigroup
has one of our separability properties?
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When Things Go Wrong in Finitely
Generated Commutative Semigroups

We cannot have a subsemigroup isomorphic to Z.
All Schiitzenberger groups are abelian and finitely generated.

If we have an infinite H-class H, then I'(H) is an infinite
finitely generated abelian group - it contains a copy of Z!
We can use the action of Z to show that .S cannot be weakly
subsemigroup separable.

For a finitely generated commutative semigroup to have one
of our separability properties it is necessary for all H-classes to
be finite.
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What Was Already Known

e Kublanovskii and Lesohin considered when f. g. commutative
semigroups are strongly subsemigroup separable.

e A f.g. commutative semigroup is strongly subsemigroup
separable <= it is completely separable.

® For a f.g. commutative semigroup S the following are
equivalent:

® S is strongly subsemigroup separable;
® if a, b € S such that a € b™S for all n € N, then there exists
m € N such that a = b™a.



The Main Theorem

Theorem
Let S be a finitely generated commutative semigroup. Then the
following are equivalent:

@ S is completely separable;
® S is strongly subsemigroup separable;
© S is weakly subsemigroup separable;

O every H-class of S is finite.



The End
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