
PROPER WEAKLY LEFT AMPLE SEMIGROUPSGra
inda M. S. Gomes and Vi
toria GouldAbstra
t. Mu
h of the stru
ture theory of inverse semigroupsis based on 
onstru
ting arbitrary inverse semigroups from groupsand semilatti
es. E-unitary (or proper) inverse semigroups areknown to be P -semigroups (M
Alister), or inverse subsemigroupsof semidire
t produ
ts of a semilatti
e by a group (O'Carroll)or Cu-semigroups built over an inverse 
ategory a
ted upon bya group (Margolis and Pin). On the other hand, every inversesemigroup is known to have an E-unitary inverse 
over (M
Alis-ter).The aim of this paper is to develop a similar theory for properweakly left ample semigroups, a 
lass with properties e
hoing thoseof inverse semigroups. We show how the stru
ture of semigroupsin this 
lass is based on 
onstru
ting semigroups from unipotentmonoids and semilatti
es. The results 
orresponding to those ofM
Alister, O'Carroll and Margolis and Pin are obtained.
Introdu
tionThe relation eR is de�ned on a semigroup S by the rule that a eR b if andonly if a and b have the same set of idempotent left identities, that is, for alle 2 E(S); ea = a if and only if eb = b. Green's relation R is 
ontained in eR,indeed R � R� � eR where a R� b if and only if a R b in some oversemigroupof S. When restri
ted to the regular elements of S all three relations eR; R�and R 
oin
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A semigroup S is said to be left [semi ℄abundant if ea
h [ eR-
lass℄ R�-
lass
ontains an idempotent. A left [semi℄abundant semigroup S su
h that E(S)is a semilatti
e is said to be left [semi ℄adequate. It is easy to show that if Sis left [semi℄adequate then the idempotent in the R�-
lass [ eR-
lass℄ of a 2 Sis unique: we denote this idempotent by a+. Noti
e that in a left adequatesemigroup R� = eR and so there is no ambiguity in this notation. Noti
e alsothat a+ is the least element in the set of idempotents that are left identitiesof a.In a semigroup S both equivalen
e relationsR� and R are left 
ompatiblebut that may not be the 
ase for eR (see [8℄). A semigroup S is said to satisfy
ondition (CL) if eR is a left 
ongruen
e on S.A left semiadequate semigroup S that satis�es 
ondition (CL) and inwhi
h, for all a 2 S and e 2 E(S),ae = (ae)+a (AL)is said to be weakly left ample.In papers [9℄ and [10℄ we give a number of examples of left semiabundantand weakly left ample semigroups. We 
ontent ourselves here by remarkingthat any inverse semigroup is weakly left ample, but the 
lass of weaklyleft ample semigroups is mu
h wider, 
ontaining, for example, all unipotentmonoids, and all Bru
k-Reilly extensions or Brandt extensions of su
h.When S is left adequate 
ondition (CL) holds and S is said to be leftample (formerly left type-A, see for example [6℄) when it satis�es 
ondition(AL). Noti
e that the 
lass of all inverse semigroups is properly 
ontained inthe 
lass of all left ample semigroups. On a semigroup S with semilatti
e ofidempotents E(S) the relation � de�ned as follows, for all a; b 2 S,a � b if and only if ea = eb; for some e 2 E(S);is a right 
ompatible equivalen
e. It is well known that when S is inverse �is the least group 
ongruen
e on S [14℄ and that when S is left ample � isthe least right 
an
ellative monoid 
ongruen
e on S [3℄.In a sister paper [10℄, we show that when S is a weakly left ample monoidthen � is the least unipotent 
ongruen
e on S. This proof 
an easily bemodi�ed to prove that if S is a weakly left ample semigroup, then � is theleast unipotent monoid 
ongruen
e on S.Inspired by the fa
t that an inverse semigroup S is E-unitary (formerly,proper) if and only if R \ � = �, the identity relation on S [12, 13, 15℄,2



Fountain [3℄ introdu
ed the 
lass of proper left ample semigroups. A [weakly℄left ample semigroup is said to be proper if eR \ � = �. Su
h semigroups arene
essarily E-unitary but the 
onverse, as proved in [3℄, is not true. Properleft ample semigroups have been widely studied, see for example [2, 3, 6, 16℄.In the present paper our obje
tive is to extend to proper weakly left amplesemigroups the te
hniques of Margolis and Pin, introdu
ed in [11℄. Theseare used in [11℄ to des
ribe E-unitary E-dense semigroups in terms of groupsa
ting on 
ategories. They are further developed by Fountain and Gomes[5, 6, 7℄ to study proper left ample monoids in terms of right 
an
ellativemonoids a
ting on 
ategories. We aim to 
hara
terise proper weakly leftample semigroups by means of unipotent monoids a
ting on semigroupoids.By a semigroupoid we mean a 
ategory possibly without lo
al identities [17℄(or a \quiver" in the sense of [1℄). Subsequently, we des
ribe proper weaklyleft ample semigroups as 
ertain subsemigroups of the semidire
t produ
t of asemilatti
e by a unipotent monoid. Clearly, by analogy with the inverse andthe left ample 
ases we aim to �nish by proving the existen
e of proper 
oversfor arbitrary weakly left ample semigroups, an aim we a
hieve in Theorem5.2.Se
tion 1 
ontains the main de�nitions and te
hni
al results used in thepaper. Se
tion 2 deals with the representation a proper weakly left amplesemigroup S as a semigroup C1 built from a proper 1-weakly left amplesemigroupoid C a
ted upon 1-transitively and 1-inje
tively by a unipotentmonoid M . We prove that, � being the least unipotent monoid 
ongruen
eon S, the semigroup S is isomorphi
 to the semigroup C1 built from thederived semigroupoid of the 
anoni
al epimorphism � : S � S=�; s 7! [s℄,a
ted upon by the unipotent monoid S=�.Se
tion 3 answers the question of whether or not every proper weakly leftample semigroup 
an be embedded in the semidire
t produ
t of a semilatti
eby a unipotent monoid. Given a semigroupoid C and a unipotent monoidMunder the above 
onditions, we prove that C1 is embeddable into the wreathprodu
t Y ~M , where Y is the semilatti
e of all ideals of Mor (1; 1).In Se
tion 4 proper weakly left ample semigroups are des
ribed as strongM-semigroupsM(M;X ;Y), where X is a semilatti
e, Y is a subsemilatti
eof X and M is a unipotent monoid a
ting on X .The last se
tion deals with the 
onstru
tion of a proper weakly left ample
over of an arbitrary weakly left ample semigroup, following the te
hniquesof [4℄ for E-dense monoids. 3



1. PreliminariesThroughout this paper we regard weakly left ample semigroups [monoids℄ asalgebras of type (2,1) [(2,1,0)℄, respe
tively. Here the unary operation is themap a 7! a+, where a+ is the unique idempotent in the eR-
lass of a. Withthis signature, weakly left ample semigroups (monoids) are a quasivariety,axiomatised by �, (� [ fx1 = 1x = xg), where � is the setf(xy)z = x(yz); (x2 = x ^ y2 = y)) xy = yx;(x+)2 = x+; x+x = x; (x2 = x ^ xy = y)) xy+ = y+;x+ = y+ ) (zx)+ = (zy)+; x2 = x) yx = (yx)+ygof quasi-identities. One of the uses of this approa
h is that, 
onsequently, amorphism between weakly left ample semigroups must preserve eR.In what follows C is always a small semigroupoid in the sense of [17℄,that is, a 
ategory possibly without lo
al identities, with set of obje
ts Obj Cand set of morphisms Mor C. For all v 2 Obj C, the set of all morphismswith domain [
odomain℄ v is denoted by Mor (v;�) [Mor (�; v)℄. As in [11℄,we adopt additive notation for the 
omposition of morphisms, though theoperation is generally not 
ommutative.A morphism p is said to be idempotent whenever p + p is de�ned andp = p + p. Clearly, if p is idempotent, then p 2 Mor (u; u) for some obje
tu. We denote by E(Mor (u; u)) the set of all idempotents of the semigroupMor (u; u) and by E(Mor C) the set of all idempotents of Mor C. Noti
e thatas C is simply a semigroupoid Mor (u; u) may not be a monoid.In a natural way we extend the de�nitions of left semiadequate and weaklyleft ample given for a semigroup. A semigroupoid C is said to be left semi-adequate if and only if E(Mor (u; u)) is a semilatti
e for any obje
t u, andfor every pair of obje
ts u and v, and every p 2 Mor (u; v), there exists anidempotent p+ in Mor (u; u) su
h that� p = p+ + p; andp = r + p implies p+ = r + p+; for all r 2 E(Mor (u; u)) :Sin
e E(Mor (u; u)) is a semilatti
e for ea
h obje
t u, it is easy to showthat su
h an idempotent is ne
essarily unique. Noti
e also that (p+)+ = p+for any p 2 Mor C, and that p+ = q+ implies p; q 2 Mor (u;�) for someu 2 Obj C.A left semiadequate semigroupoid C is said to be weakly left ample if itsatis�es the following 
onditions: 4



(CL) p+ = q+ implies (r + p)+ = (r + q)+,for all u 2 Obj C; p; q 2 Mor (u;�) and r 2 Mor (�; u);(AL) p+ s = (p+ s)+ + p,for all u; v 2 Obj C; p 2 Mor (u; v) and s 2 E(Mor (v; v)).The following lemma is easy to 
he
k and will be used frequently.Lemma 1.1. Let C be a weakly left ample semigroupoid and p; q 2 Mor Cbe su
h that p+ q is de�ned. Then(a) (p+ q)+ = (p+ q+)+;(b) (p+ q)+ + p = p+ q+.A 
ategory is a semigroupoid with lo
al identities and we may therefore
onsider weakly left ample 
ategories. On the other hand, a monoid 
an beregarded as a 
ategory with a single obje
t and in this 
ase the de�nitionsof weakly left ample monoid and weakly left ample 
ategory 
oin
ide. Also,a semigroup without identity 
an be looked upon as a semigroupoid with asingle obje
t and without a lo
al identity. As in the monoid 
ase, the de�-nitions of weakly left ample for semigroupoids and for semigroups 
oin
ide.Clearly, in both 
ases, we may de�ne the relation eR on Mor C as follows: forall p; q 2 Mor C, p eR q if and only if p+ = q+.Noti
e that every left type-A 
ategory in the sense of [4℄, or left ample inthe new terminology, is weakly left ample as for all p; q 2 Mor C; p R� q ifand only if p+ = q+.By a 1-weakly left ample semigroupoid C we mean a weakly left amplesemigroupoid with a distinguished obje
t 1, su
h that Mor (1; 1) is a semi-latti
e. Su
h a semigroupoid is said to be proper if, for all u 2 Obj C; p; q 2Mor (1; u), p+ = q+ implies p = q:Lemma 1.2. Let C be a proper 1-weakly left ample semigroupoid. Let p; q 2Mor (1; v), for some v 2 Obj C. Then p+ + q = q+ + p.Proof. As C is a 1-weakly left ample semigroupoid, we have(p+ + q)+ = p+ + q+ = q+ + p+ = (q+ + p)+;5



with p+ + q; q+ + p 2 Mor (1; v). Hen
e p+ + q = q+ + p, sin
e C is proper.A monoid M a
ts (on the left) on a semigroupoid C if there are maps(t; u) 7! tu from M � Obj C into Obj C and (t; p) 7! tp from M �Mor (u; v)into Mor (tu; tv), for all obje
ts u; v of C, su
h that the following 
onditionsare satis�ed, where u; v; w 2 Obj C, p 2 Mor (u; v); q 2 Mor (v; w) andt; h 2M : t(hu) = (th)u;1u = u;t(p + q) = tp + tq;(th)p = t(hp);1p = p;and if C is a 
ategory t0u = 0tu.When C is left semiadequate it is also required that(tp)+ = tp+;for all t 2M and p 2 Mor C.When C has distinguished obje
t 1, the a
tion is said to be 1-transitive iffor all u 2 Obj C there exists t 2 M su
h that u = t1, so that Obj C = M1;and it is said to be 1-inje
tive if, for all t; h 2M ,t1 = h1 implies t = h :Clearly, in the 
ase when the a
tion is both 1-transitive and 1-inje
tivethe 
orresponden
e t 7! t1 gives a bije
tion from M into Obj C and so wemay identify Obj C with M .2. E-unitary and proper weakly left ample semigroupsIn this se
tion, we present a stru
ture theorem for E-unitary and forproper weakly left ample semigroups in terms of semigroupoids a
ted uponby unipotent monoids. We re
all that by an E-unitary semigroup S we meana semigroup su
h that for all a 2 S and e 2 E(S), ae 2 E(S) or ea 2 E(S)implies a 2 E(S). 6



Let M be a monoid a
ting on a 1-weakly left ample semigroupoid C. Asin [11℄, the set C1 = f(p; t) : t 2M; p 2 Mor (1; t)gis a semigroup under the operation de�ned by, for all (p; t); (q; h) 2 C1,(p; t)(q; h) = (p+ tq; th):Lemma 2.1. Let C be a 1-weakly left ample semigroupoid [
ategory ℄ and Ma unipotent monoid a
ting on C. Then C1 is an E-unitary weakly left amplesemigroup [monoid ℄, with E(C1) ' Mor (1; 1).Proof. On
e proved thatE(C1) = f(p; 1) : p 2 Mor (1; 1)g ' Mor (1; 1)and that, for any (p; t) 2 C1, we have (p; t)+ = (p+; 1), the rest of the proofis a routine matter.Let S be a semigroup and M a monoid. Let � : S � M be a morphismfrom S onto M . As in [11℄ we de�ne the (left) derived semigroupoid D of �as follows: ObjD =M and, for u; v 2 ObjD;Mor (u; v) = f(u;m; v) : m 2 S; u(m�) = vg;
omposition is given by(u;m; v) + (v; n; w) = (u;mn;w):It is easy to prove that D is a semigroupoid and that, in parti
ular, when Sis a monoid D is a 
ategory.We de�ne an a
tion (on the left) of M on D as follows: M a
ts on ObjDby multipli
ation and for (u;m; v) 2 Obj (u; v) and t 2Mt(u;m; v) = (tu;m; tv):Let S be a weakly left ample semigroup. Re
all from the Introdu
tionthat the relation � de�ned on S by the rule that a � b if and only if ea = ebfor some e 2 E(S), is a right 
ompatible equivalen
e relation. In [10℄ weprove that if S is a monoid, then � is the least unipotent 
ongruen
e on S.Minor observations yield the following result for semigroups.7



Lemma 2.2. Let S be a weakly left ample semigroup. Then � is the leastunipotent monoid 
ongruen
e on S.Proof. As in [10℄, use of (AL) gives that � is a 
ongruen
e and S=� isunipotent. For any a 2 S, a+a = a andaa+ = (aa+)+a � a+a = aso that the idempotent of S=� is the identity. It is then 
lear that � is theleast unipotent monoid 
ongruen
e on S.As in [3℄ for right ample semigroups (the dual 
ase), we say that a weaklyleft ample semigroup S is proper if eR\ � = �, the identity relation on S. In[3℄ it is proved that proper implies E-unitary, but the 
onverse is not true.The same arguments as in [6℄ for the left ample 
ase 
an be used to provethe following lemma.Lemma 2.3. Let S be a weakly left ample semigroup. The following 
on-ditions are equivalent:(a) S is E-unitary,(b) for all a 2 S; e 2 E(S); ae 2 E(S) [ea 2 E(S)℄ implies a 2 E(S),(
) E(S) is a �-
lass, the unique idempotent in S=�.Next, we 
hara
terize the derived semigroupoid of the 
anoni
al epimor-phism asso
iated with �.Lemma 2.4. Let S be an E-unitary [proper ℄ weakly left ample semigroup.Then the derived semigroupoid D of the 
anoni
al epimorphism asso
iatedwith �, is a [proper ℄ 1-weakly left ample semigroupoid. Moreover, the a
tionof S=� on D is both 1-transitive and 1-inje
tive.Proof. First noti
e that, for any u 2 S=�E(Mor (u; u)) = f(u; e; u) : e 2 E(S)g ' E(S):In parti
ular, when S is E-unitary by Lemma 2.3 we haveMor (1; 1) = f(1; e; 1) : e 2 E(S)g:8



Next, show that (u;m; v)+ = (u;m+; u), for any (u;m; v) 2 Mor (u; v). It isthen 
lear that the a
tion of S=� on D respe
ts the unary operation +. Therest of the proof is easy to 
he
k.Theorem 2.5. A semigroup S is an E-unitary [proper ℄ weakly left amplesemigroup if and only if S is isomorphi
 to a semigroup C1, where C is a[proper ℄ 1-weakly left ample semigroupoid a
ted upon 1-transitively and 1-inje
tively by a unipotent monoid M .Proof. Suppose that S is an E-unitary [proper℄ weakly left ample semi-group. In view of Lemma 2.4, it suÆ
es to show that  : S ! C1 de�nedby m = ((1; m;m�); m�)is an isomorphism. This follows by the usual argument as in [5, 6℄.Conversely, by Lemma 2.1 it remains to show that C1 is proper wheneverC is proper. Suppose that C is proper. Let (p; t); (q; h) 2 C1 be su
h that(p; t) eR \ � (q; h). Then (p; t)+ = (q; h)+ and (r; 1)(p; t) = (r; 1)(q; h)for some idempotent (r; 1). Hen
e, (p+; 1) = (q+; 1) and t = h. Thus,p; q 2 Mor (1; t) and p+ = q+, when
e p = q sin
e C is proper.In the parti
ular 
ase of S being a left ample monoid, our Theorem 2.5gives a new version of Theorem 2.2 of [6℄, where the a
tion is on the leftinstead of being on the right. There are very signi�
ant di�eren
es whenwe 
hange the side of the a
tion. Assuming the a
tion on the right, in [6℄it is proved that any proper left ample monoid is embeddable into a spe
ialsubmonoid of a semidire
t produ
t T � Y where T is a right 
an
ellativemonoid a
ting on the right on a semilatti
e Y . On the other hand, in [2℄every proper left ample semigroup is proved to be embeddable into a wreathprodu
t Y ~ T , where T a
ts on the left on Y , on the lines of Theorem4.10 of [5℄, whi
h 
on
erns the E-dense 
ase. Noti
e however that, in bothapproa
hes, when dealing with the monoid 
ase the embedding obtained isonly a (2,1)-morphism. In the next se
tion, having �xed the a
tion on theleft, we show how to extend Billhardt's result [2℄ for proper weakly left amplesemigroups.Another possible way of looking at E-unitary [proper℄ weakly left amplesemigroups is as extensions of unipotent monoids by semilatti
es [inje
tiveon eR-
lasses℄. 9



A semigroup S is an extension of a unipotent monoid M by a semilatti
eY if and only if there exists a morphism � : S �M from S ontoM su
h that1��1 ' Y . In the next theorem we prove that every E-unitary weakly leftample semigroup S 
an be regarded as an extension of a unipotent monoid(' S=�) by a semilatti
e Y (' E(S)).Theorem 2.6. Let S be a weakly left ample semigroup. The following
onditions are equivalent:(a) S is E-unitary [proper ℄;(b) there exists a morphism � : S � M from S onto a unipotent monoidM , su
h that 1��1 = E(S) [and � is inje
tive on eR-
lasses℄.Proof. Suppose that (a) holds. Consider the unipotent monoid M = S=�.As S is E-unitary, by Lemma 2.3, E(S) is the identity ofM and the 
anoni
alepimorphism � : S �M; a 7! [a℄, is su
h that 1��1 = E(S). Let S be properand a; b 2 S be su
h that a� = b� and a eR b. Then a = b, sin
e eR\ � = �.Conversely, suppose that (b) holds. Let e 2 E(S) and a 2 S be su
h thatea 2 E(S). Then (ea)� = 1 = a� sin
e � is a morphism and M is unipotent.Thus a 2 1��1 = E(S) and so S is E-unitary. Assume also that � is inje
tiveon eR-
lasses. First noti
e that � � Ker� sin
e Ker� is a unipotent monoid
ongruen
e on S and � is the least su
h. Hen
e if a; b 2 S are su
h thata eR\ � b then a eR b and a� = b�. Thus a = b and S is proper.3. Semidire
t produ
ts of unipotent monoids by semilatti
esIn this se
tion we prove that any proper weakly left ample semigroup 
anbe embedded in a semidire
t produ
t Y �M of a unipotent monoid M by asemilatti
e Y , where M a
ts on the left on Y .To obtain our result we use wreath produ
ts as in [2℄, however our proofsare based on graphi
al/
ategori
al methods as in [6, 11℄.Let Y be a semilatti
e and M a monoid. As usual, we say that M a
ts(on the left) on Y if we have a map M � Y ! Y , (t; a) 7! ta, su
h that forall t; h 2M and a; b 2 Y , 10



t(a ^ b) = ta ^ tb;t(ha) = (th)a;1a = a:If M a
ts on Y then we 
an form the semidire
t produ
t Y �M of Y by M ,by de�ning an operation on Y �M as follows: for all (a; t); (b; h) 2 Y �M ,(a; t)(b; h) = (a ^ tb; th):It is easy to 
he
k that the following proposition holds.Proposition 3.1. Let S = Y �M be the semidire
t produ
t of a semilatti
eY by a unipotent monoid M , thena) E(S) = f(a; 1) : a 2 Y g ' Y ;b) for all (a; t); (b; h) 2 S, (a; t) eR (b; h) if and only if a = b;
) for all (a; t) 2 S, (a; t)+ = (a; 1);d) for all (a; t); (b; h) 2 S, (a; t) � (b; h) if and only if t = h;e) S=� 'M ;f) S is a proper weakly left ample semigroup;g) if Y has a greatest element w su
h that tw = w for all t 2 M , then Sis a monoid.Corollary 3.2. Let Y be a semilatti
e [with greatest element w℄ andM be aright 
an
ellative monoid [su
h that tw = w for all t 2M ℄. Then S = Y �Mis a proper left ample semigroup [monoid ℄.Proof. In this 
ase, we have (a; t) R� (a; 1), for all (a; t) 2 S, and it followsthat eR = R�. Thus the result is a 
onsequen
e of the previous proposition.Clearly, the next natural step is to show that every proper weakly leftample semigroup [monoid℄ is embeddable in the semidire
t produ
t of a semi-latti
e [with greatest element℄ by a unipotent monoid. The usual te
hnique11



of using a set of ideals as the semilatti
e [6, 11℄ does not seem to workhere, essentially be
ause the maximum unipotent monoid image of a properweakly left ample semigroup need be neither left nor right 
an
ellative. How-ever we may reformulate Billhardt's wreath produ
t [2℄ in terms of 
ate-gories/semigroupoids and introdu
e the ne
essary readjustments to obtainthe desired result.First re
all the de�nition of the wreath produ
t Y ~M of a semilatti
eY by a monoid M .Let F = Y M be the set of all maps from M into Y . On F we de�ne anoperation ^ as follows: for all x 2M and f; g 2 F;x(f ^ g) = xf ^ xg:Clearly (F;^) is a semilatti
e. Next, we 
an de�ne an a
tion (on the left) ofM on F as follows: for all t; x 2M and f 2 Fx(tf) = (xt)f:The wreath produ
t Y ~M is de�ned to be the semidire
t produ
t F �M ofF by M .Let C be a proper 1-weakly left ample semigroupoid and M a unipotentmonoid a
ting (on the left) 1-transitively and 1-inje
tively on C. Let Y denotethe set of all ideals of the semilatti
e Mor (1; 1). Noti
e that as Mor (1; 1) isa semilatti
e the operations of sum and interse
tion 
oin
ide on Y and underthis operation Y is a semilatti
e. Further, if p 2 Mor (1; 1), the prin
ipalideal I(p) generated by p is Mor (1; 1)+p and has unique generator p. In thefollowing, for a subset P of Mor C, P+ denotes the set fp+ : p 2 Pg.Theorem 3.5. Let C be a proper 1-weakly left ample semigroupoid a
tedupon 1-transitively and 1-inje
tively by a unipotent monoid M . Then theproper weakly left ample semigroup C1 is embeddable into the wreath produ
tY ~M of the semilatti
e Y of all ideals of Mor (1; 1) by the monoid M .Proof. For ea
h (p; t) 2 C1, we de�ne a mapf(p;t) :M �!Yh 7! (Mor (1; h) + hp)+:12



In fa
t (Mor (1; h) + hp)+ � Mor (1; 1) andMor (1; 1) + (Mor (1; h) + hp)+ � (Mor (1; h) + hp)+sin
e for all r 2 Mor (1; 1) and q 2 Mor (1; h),r + (q + hp)+ = (r + (q + hp)+)+= (r + q + hp)+:Thus f(p;t) is well de�ned and so we may 
onsider the map : C1 �!Y ~M(p; t) 7! (f(p;t); t):To prove that  is inje
tive let (p; t); (q; h) 2 C1 be su
h that (p; t) =(q; h) . Then t = h and f(p;t) = f(q;t). Thus, in parti
ular, 1f(p;t) = 1f(q;t),that is, (Mor (1; 1) + p)+ = (Mor (1; 1) + q)+:From Lemma 1.1, I(p+) = I(q+) so that p+ = q+. As C is proper, it followsthat p = q. Therefore  is inje
tive.Next, we show that  is a morphism. Let (p; t); (q; h) 2 C1. Then((p; t)(q; h)) = (p+ tq; th) = (f(p+tq;th); th)and (p; t) (q; h) = (f(p;t); t)(f(q;h); h) = (f(p;t) ^ tf(q;h); th):To prove that f(p+tq;th) = f(p;t) ^ tf(q;h), a

ording to the de�nition of thewreath produ
t, we need to show that, for all m 2M ,(Mor (1; m) +m(p + tq))+ = (Mor (1; m) +mp)+ + (Mor (1; mt) +mtq)+:Now, sin
e Mor (1; m) +mp � Mor (1; mt) we have, by Lemmas 1.1 and 1.2,(Mor (1; m) +mp)+ + (Mor (1; mt) +mtq)+= �(Mor (1; m) +mp)+ +Mor (1; mt) +mtq�+= ((Mor (1; mt))+ +Mor (1; m) +mp+mtq)+� (Mor (1; m) +m(p+ tq))+ :13



Conversely, to prove the other in
lusion, let r 2 Mor (1; m). Then, using
ondition (AL),(r +m(p+ tq))+ = (r +mp+mtq)+ = (r +mp+mtq+)+= �(r +mp+mtq+)+ + r +mp�+= (r +mp+mtq)+ + (r +mp)+= (r +mp)+ + (r +mp+mtq)+2 (Mor (1; m) +mp)+ + (Mor (1; mt) +mtq)+Thus the required equality. Hen
e  preserves multipli
ation.It remains to prove that  respe
ts the unary operation +. Let (p; t) 2 C1.Then ((p; t) )+ = (f(p;t); t)+ = (f(p;t); 1)and (p; t)+ = (p+; 1) = (f(p+;1); 1):For any h 2M ,hf(p;t) = (Mor (1; h) + hp)+ = (Mor (1; h) + hp+)+ = hf(p+;1):Thus ((p; t) )+ = (p; t)+ and  is an embedding.Finally, we 
an state our main result, that follows from Theorems 2.5 and3.5.Theorem 3.6. Every proper weakly left ample semigroup is embeddable intoa semidire
t produ
t of a semilatti
e by a unipotent monoid.Corollary 3.7. Every proper left ample semigroup is embeddable into asemidire
t produ
t of a semilatti
e by a right 
an
ellative monoid.The semigroups that arise in Theorem 3.6 are rather large as 
omparedwith the original semigroup. If S is a proper weakly left ample semigroup,then we have shown that S is embeddable in YM �M , where Y is (isomorphi
to) the semilatti
e of ideals of E(S) and M = S=�. The 
ardinality of YMis potentially as large as 2jSj. However one 
an always �nd a subsemilatti
e14



Z of YM su
h that MZ � Z, if S is in�nite jZj � jSj, and S is embeddedin Z �M . For if � : S ! YM �M is an embedding, letX = f� 2 YM : (�; u) 2 im � for some u 2Mg:Then jMX j � jSj; denoting now by Z the subsemilatti
e of YM generatedby MX , we have that MZ � Z and jZj � jSj. Clearly im � � Z �M .Alternatively we 
an 
onstru
t a semilatti
e U dire
tly from S, withoutthe use of wreath produ
t, su
h that S is embedded in a semidire
t produ
tU�M and this embedding is `universal' in the sense that if S is embedded in asemidire
t produ
t V �N , where V is a semilatti
e a
ted upon by a unipotentmonoid N , then there is a morphism from U �M to V � N . Further, if Sis in�nite, then jUj � jSj. The 
onstru
tion of U has the advantages ofdire
tness and universality but looses the 
onne
tion with ideals. This latter
onne
tion 
lari�ed the proof of Theorem 3.6; indeed we use Theorem 3.6 toshow that S is embedded in U �M .Let S andM be as above; put E = E(S). CertainlyM a
ts on the dire
tprodu
t E �M by m(e; n) = (e;mn), for all m;n 2M and e 2 E. Let F bethe free semilatti
e on E �M , so that F 
onsists of �nite subsets of E �Munder union. Clearly the a
tion of M on E �M extends to an a
tion on F .Let � be the 
ongruen
e on F generated by X, whereX = f(f(p+; t); (q+; t[p℄)g; f((pq)+; t)g) : p; q 2 S; t 2Mg:Noti
e that if (A;B) 2 X, then (mA;mB) 2 X for all m 2 M . It followsthat M a
ts on the quotient semilatti
e U = F=�, where m[A℄ = [mA℄.De�ne � : S ! U �M bys� = ([f(s+; 1)g℄; [s℄):Lemma 3.8 The fun
tion � is a morphism.Proof. Let p; q 2 S. Thenp�q� = ([f(p+; 1)g℄; [p℄)([f(q+; 1)g℄; [q℄)= ([f(p+; 1)g℄ ^ [p℄[f(q+; 1)g℄; [p℄[q℄)= ([f(p+; 1); (q+; [p℄)g℄; [pq℄)= ([f((pq)+; 1)g℄; [pq℄)= (pq)�: 15



Further, using Proposition 3.1,(p�)+ = ([f(p+; 1)g℄; [p℄)+ = ([f(p+; 1)g℄; 1)= ([f((p+)+; 1)g℄; [p+℄) = p+�so that � is a morphism.If S is in�nite, the 
ardinality of U above is no greater than that of F ,whi
h is bounded above by jSj.Proposition 3.9 Let S be a proper weakly left ample semigroup with M =S=�, and let � : S ! U �M be de�ned as above.Let V be a semilatti
e a
ted upon by a unipotent monoid N and supposethat � : S ! V�N is a morphism. Then there exists a morphism � : U�M !V �N su
h that �� = �.Proof. Suppose that V; N and � exist as given. Let  : S ! N be the
omposition of � with the proje
tion onto the se
ond 
oordinate. Then  isa morphism, so that as N is unipotent � � ker  and there is a morphism� :M ! N su
h that �\� =  .For any s 2 S we write s� = (As; s ). Noti
e that as � preserves +,(As+; 1) = s+� = (s�)+ = (As; s )+ = (As; 1);using Proposition 3.1. Thus As = As+. An easy 
omputation using the fa
tthat � is a semigroup morphism yieldsA(st)+ = As+ ^ (s )At+ (�);for any s; t 2 S.Re
alling that F is the free semilatti
e on E�M , we may de�ne � : F !V by f(e;m)g� = (m�)Ae:Then for any m 2M and f 2 F we have that(mf)� = (m�)(f�) (��):Using (�) we see that X � ker �, so that � � ker � and there is a (semigroup)morphism � : U = F=�! V su
h that �\� = �.16



We now de�ne � : U �M ! V �N by([f ℄; m)� = ([f ℄�;m�):Let ([f ℄; m); ([g℄; n) 2 U �M . Then(([f ℄; m)([g℄; n))� = ([f ℄ ^m[g℄; mn)�= (([f ℄ ^m[g℄)�; (mn)�) = (([f ℄ ^ [mg℄)�; (mn)�) = ([f ℄� ^ [mg℄�; (mn)�):But, using (��),[mg℄� = (mg)�\� = (mg)� = (m�)(g�) = (m�)[g℄�:Hen
e (([f ℄; m)([g℄; n))� = ([f ℄� ^ (m�)[g℄�;m�n�)= ([f ℄�;m�)([g℄�; n�) = ([f ℄; m)� ([g℄; n)�:It is 
lear from Proposition 3.1 that � preserves +. Thus � is a morphism.To see that �� = �, let s 2 S. Thens�� = ([f(s+; 1)g℄; [s℄)� = ([f(s+; 1)g℄�; [s℄�)= (f(s+; 1)g�; s ) = (As+; s ) = s�as required.Corollary 3.10 Let S be a proper weakly left ample semigroup. Put M =S=� and let U ; � be de�ned as above. Then � : S ! U �M is an embedding.Proof. It remains to show that � is one-one.By Theorem 3.6, there is an embedding, say �, of S into a semidire
tprodu
t of a semilatti
e by a unipotent monoid. By Proposition 3.9, �� = �,so that � is one-one as required.4. M-semigroupsIn this se
tion we present a di�erent 
hara
terisation of a proper weaklyleft ample semigroup [monoid℄ S as a strong M-semigroup [M-monoid℄M(M;X ;Y), where X is a semilatti
e, Y is a 
ertain subsemilatti
e of X17



with an upper bound " 2 X and M is a unipotent monoid a
ting (on theleft) on X .Let X be a partially ordered set and Y a subset of X with an upper bound" 2 X . Let M be a unipotent monoid a
ting (on the left) on X , in su
h away that(1) 8a 2 X ; 1a = a;(2) 8a; b 2 X ; 8t 2M; a � b) ta � tb;(3) 8a 2 X ; 8h; t 2M; (ht)a = h(ta)and(A) 8t 2M; 9a 2 Y; a � t";(B) 8a; b 2 Y; 8t 2 M; a � t") a ^ tb exists and is in Y;(C) 8a; b; 
 2 Y; 8h; t 2M ,a � t"; b � h") (a ^ tb) ^ th
 = a ^ t(b ^ h
):A triple (M;X ;Y) satisfying the above 
onditions is said to be an M-triple.Given an M-triple (M;X ;Y), de�neM(M;X ;Y) = f(a; t) 2 Y �M : a � t"gwith multipli
ation given by(a; t)(b; h) = (a ^ tb; th):Noti
e that, for all a; b 2 Y, we have a^ b 2 Y in view of 
ondition (B) sin
ea � ". Thus Y is a subsemilatti
e of X .On the other hand, if " 2 Y then " is the maximum element of Y.It is a routine matter to prove the following result.Lemma 4.1 Let (M;X ;Y) be a M-triple. Then M(M;X ;Y) is a properweakly left ample semigroup su
h thatE(M(M;X ;Y)) ' Y and M(M;X ;Y)=� 'M:Moreover, if " 2 Y then M(M;X ;Y) is a monoid with identity ("; 1).Next, 
onsider the parti
ular 
ase of X a semilatti
e rather than simplya partially ordered set. We suppose that the a
tion of M over X satis�esthe stronger 
ondition 18



(20) 8a; b 2 X ; 8t 2M; t(a ^ b) = ta ^ tb.Noti
e that in this 
ase, 
ondition (C) always holds.Let X be a semilatti
e, Y a subsemilatti
e of X with an upperbound" 2 X and M a unipotent monoid a
ting on X in su
h a way that 
onditions(1), (20), (3), (A) and (B) hold. Then the triple (M;X ;Y) is said to be astrong M-triple and M(M;X ;Y) is a strong M-monoid.Observe that given a strongM-triple (M;X ;Y) the semigroupM(M;X ;Y)is a subsemigroup of the semidire
t produ
t X �M .In the next theorem we show that any proper weakly left ample semigroup[monoid℄ is isomorphi
 to a strongM-semigroup [M-monoid℄, obtaining theanalogue of [3, Theorem 4.4℄ for proper left ample monoids.Theorem 4.2. A semigroup [monoid ℄ is proper weakly left ample if andonly if it is isomorphi
 to a strong M-semigroup [monoid ℄.Proof. Let S be a proper weakly left ample semigroup. Then, by Theorem2.5, we have S ' C1 where C is a proper 1-weakly left ample semigroupoida
ted upon 1-transitively and 1-inje
tively by the unipotent monoid M =S=�. At this point, noti
e that we may assume C to be su
h that, for allt 2M , Mor (1; t) 6= ; sin
e this is 
learly true in the derived semigroupoid.By Theorem 3.5, the map  : C1 ! YM �M , (p; t) 7! (f(p;t); t), is anembedding.We prove that the image C1 of the semigroup C1 under  is isomorphi
to the strong M-semigroupM(M;YM ;Y), whereY = ff(p;1) : p 2 Mor (1; 1)gand " 2 YM is de�ned by h" = (Mor (1; h))+, for all h 2 M . Certainly " 2YM , sin
e (Mor (1; h))+ 2 Y, for any h 2 M . To see this, let p 2 Mor (1; h)and let q 2 Mor (1; 1). Thenp+ + q = q + p+ = (q + p+)+ = (q + p)+ 2 (Mor (1; h))+:Re
all that, by Theorem 3.5, for all (p; t) 2 C1 we have that f(p;t) = f(p+;1)with p+ 2 Mor (1; 1). Thus C1 � Y �M and Y is a subsemilatti
e of YMsin
e Y ' Y � f1g = (E(C1)) .We are assuming that M a
ts on YM as in the de�nition of the wreathprodu
t Y ~ M . Hen
e to prove that (M;YM ;Y) is a strong M-triple it19



remains to show that " is an upper bound of Y and that 
onditions (A) and(B) hold.First, let p 2 Mor (1; 1) and h 2M . Thenhf(p;1) = (Mor (1; h) + hp)+ � (Mor (1; h))+ = h"hen
e f(p;1) � " and so " is an upper bound of Y.To prove that 
ondition (A) holds, let t 2 M . As Mor (1; t) 6= ; thereexists q 2 Mor (1; t). Thus q+ 2 Mor (1; 1) and so f(q+;1) 2 Y. Let h 2 M .Thenhf(q+;1) = �Mor (1; h) + hq+�+ = (Mor (1; h) + hq)+ � (Mor (1; ht))+ = h(t"):Therefore f(q+;1) � t".To prove that 
ondition (B) holds, suppose that t 2M and p 2 Mor (1; 1)is su
h that f(p;1) � t". Then, for all h 2M , we havehf(p;1) = (Mor (1; h) + hp)+ � (Mor (1; ht))+ = h(t"):In parti
ular, putting h = 1, we obtainMor (1; 1) + p = (Mor (1; 1) + p)+ � (Mor (1; t))+:Thus p 2 (Mor (1; t))+. Let r 2 Mor (1; t) be su
h that p = r+. Thenf(p;1) = f(r;t). Now, let q 2 Mor (1; 1). Then (r; t); (q; 1) 2 C1 and, as  is amorphism, (f(r+tq;t); t) = (r + tq; t) = ((r; t)(q; 1)) = (r; t) (q; 1) = (f(r;t); t)(f(q;1); 1)= (f(r;t) ^ tf(q;1); t):Hen
e f(p;1) ^ tf(q;1) = f(r;t) ^ tf(q;1) = f(r+tq;t) 2 Y;and so 
ondition (B) holds. Therefore (M;YM ;Y) is a strong M-triple andM(M;YM ;Y) = f(f(p;1); t) 2 Y �M : f(p;1) � t"g:Next, we prove that C1 = M(M;YM ;Y). As in the veri�
ation of
ondition (A), C1 � M(M;YM ;Y). On the other hand, if (f(p;1); t) 220



M(M;YM ;Y) then f(p;1) � t" and, as proved before, there exists r 2Mor (1; t) su
h that f(p;1) = f(r;t). Hen
e (r; t) 2 C1 and (f(p;1); t) = (f(r;t); t) =(r; t) . Therefore C1 is isomorphi
 to M(M;YM ;Y).If S is a monoid then C1 is a monoid with identity (01; 1). For all h 2M ,hf(01;1) = (Mor (1; h) + h01)+ = (Mor (1; h) + 0h)+ = (Mor (1; h))+ = h":Hen
e " 2 Y. By Lemma 4.1, ("; 1) is the identity of M(M;YM ;Y); of
ourse,  is a (2; 1; 0)-morphism.5. 
oversIn this se
tion we prove that every weakly left ample semigroup has a properweakly left ample 
over. Our proof follows the te
hnique presented in [4℄ byFountain for E-dense monoids and used in [7℄ for left ample semigroups.We leave to the reader the 
he
king of spe
i�
 details for the weakly leftample 
ase.De�nition. Let S and T be weakly left ample semigroups [monoids℄. Wesay that T is a 
over of S if there exists an idempotent separating (2; 1)-morphism [(2; 1; 0)- morphism℄ from T onto S.We start by showing that every weakly left ample monoid has a monoid
over.Let S be a weakly left ample monoid with identity 1S and set of idempo-tents E = E(S). Put X = S n f1Sg.LetX� be the free monoid onX with identity 1. We write the non-identityelements as sequen
es (x1; : : : ; xn), where n � 1 and xi 2 X (i = 1; : : : ; n).To ea
h word w 2 X� we asso
iate a subset Sw of S in the following way:Sw = � E if w = 1Ex1Ex2E : : : ExnE if w = (x1; : : : ; xn):Clearly, for all v; w 2 X�, we haveSvw = SvSw:Now, we de�ne a 
ategory C as follows:Obj C = X�21



and, for all v; w 2 X�,Mor (v; w) = � f(v; s; w) : s 2 Sw1g; if w = vw1; for some w1 2 X�:;; otherwise:The 
omposition law is given by(v; s; w) + (w; t; u) = (v; st; u):Clearly, the 
omposition is well de�ned and asso
iative. Also, for any obje
tu we have Mor (u; u) = f(u; e; u) : e 2 Eg:Next, we 
onsider a (left) a
tion of the unipotent monoid X� on the
ategory C de�ned as follows, the a
tion of X� on Obj C is given by themultipli
ation on X� and, for all u 2 X� and (v; s; w) 2 Mor C,u(v; s; w) = (uv; s; uw):Choose the empty word 1 as the distinguished obje
t of C.As in [7℄ it is a routine matter to prove that C is a proper 1-weakly leftample 
ategory and that X� a
ts 1-transitively and 1-inje
tively on C. Toprove this result we need as in the left ample 
ase a te
hni
al lemma thatfollows from the fa
t that 
ondition (CL) holds in a weakly left ample monoid.Lemma 5.1. Let S be a weakly left ample monoid and s 2 S. If s =e0x1e1 : : : en�1xnen, for some n 2 N ; xi 2 S (i = 1; : : : ; n) and ej 2 E(S)(j = 0; : : : ; n), then s = s+(x1 � � �xn):Our main result of this se
tion is the following.Theorem 5.2. Every weakly left ample monoid has a proper weakly leftample 
over.
22



Proof. Let S be a weakly left ample monoid and 
onsider the proper 1-weakly left ample 
ategory C de�ned above. By Theorem 2.5, C1 is a properweakly left ample monoid, whereC1 = f((1; s; u); u) : u 2 X�; s 2 Sugwith multipli
ation given by((1; s; u); u) ((1; t; v); v) = ((1; st; uv); uv) :Then the map � de�ned as follows:� : C1 �! S((1; s; u); u)) 7! sis an idempotent separating (2; 1; 0)-morphism from C1 onto S. Hen
e C1 isa proper weakly left ample 
over of S.Corollary 5.3. Every weakly left ample semigroup has a proper weakly leftample 
over.Proof. Let S be a weakly left ample semigroup without identity. Considerthe monoid S1. Clearly, S1 is a weakly left ample monoid and we may 
on-sider the monoid 
over C1 together with the surje
tive idempotent separating(2; 1; 0)-morphism � : C1 ! S1; ((1; s; u); u)� = s, de�ned above. As � is, inparti
ular, a (2; 1)-morphism the inverse image S��1 is a (2; 1)-subalgebra ofC1. Now, C1 is 
ertainly in the 
lass of all proper weakly left ample semi-groups. This 
lass forms a quasivariety [10℄, so that S��1 is a proper weaklyleft ample semigroup. Then ���S��1 : S��1 ! S is the required surje
tiveidempotent separating (2; 1)-morphism.Referen
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