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Free semigroups

Let &7 be a non-empty set called an alphabet, the elements of which are called

letters.
A non-empty word w over o has the form aja;...a, where a; € o for all i € n.
The set of all non-empty words over o is written as

gt ={ajay...a,: a € o,ne N}

For any two words ajas...a, and biby ... b, € o/T, we define a binary operation
- given by
(3132 . a,,) . (b1b2 . bm) = a1da... anb1b2 . bm.

The pair (&, ) forms a semigroup over the alphabet &7, which is in fact the free

5 )
semigroup on < .
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Semigroup presentations

Let p be a relation on &/ *. For words w,x € /T we write w p” x if and only if
w = x or there exists a finite sequence of the form

w=cpidi caqidi = pd> ... CmGmdm = X,

such that ¢;,d; € &/* and (p;, q;) € pUp~! forall i € m.
A semigroup presentation (<7 : p) denotes the quotient

o[ = {[wlye W € )

where [w],+ (or [w] where p# is understood) is a typical element in the p#-class
of we &/,
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Strange semigroups

A semigroup S is right strange (left strange) if aS N bS (Sa N Sb) is finitely
generated for all a,b € S, and there exists a, b € S such that this intersection is
empty, principal and n-generated (n > 2).

da | Ca ag | ¢ ay | &
by | da bg | dgs b, | d,
Pa,aB
Uap | Vap Ug~ | Vo Uary | Vary
Pap,apy
Uafy| Vapy
Papr|9ap

A semigroup is strange if it is both left strange and right strange.
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Scottfest Part 1 2K18

Fix n € N where n > 2. We define an alphabet 7, as
oy ={a, b,u;,v; i €n}
and define relations p, and \, on <7, as
pn ={(au;, bv;) : i e n} X\, = {(uja,v;b) : i € n}.
(Whenever n is fixed, we will omit the subscript n from notation.)

The semigroup S, (Sx) with presentation (%7 : p) ({7 : \)) is a cancellative right
(left) strange semigroup. J
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Scottfest Part 1 2K18

Fix n € N where n > 2. Let v be a relation on & * where

y=pU{(xy,yx):x,y € &}.

The semigroup S, with presentation (7 : ) is clearly commutative. It remains to
show that it is strange!

The rewriting system on &/ with rewriting rules
bv; — au; avju; — au;v;

such that /,j € n and i < j is noetherian and confluent.
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Normal forms and balanced words

A word w € &/ is in normal form if we cannot apply any rewriting rules...

Po 90 ,,PL P,
a?b®urt .. ulr

Po ,,P1 pi . qi dn
avup ... upve vy
P1, a1 Pn,4
Ul Vl e Un" Vn"

Two words w, x € &, are balanced if and only if
w = aPbPult vt uPrvi x = a"boul vyt v

such that p; + g = r; + s; for all i € n.

To describe the intersection of principal ideals in S, it is suffient to describe the
intersection of balanced words of normal form.
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Intersection of principal ideals

Let 7 = {a,u; : i € n}. For any balanced words w,x € & in normal form, we

define
S(w,x) =D |lwle — [x]].
te T

For example if

w = azbulug x = aluihvy

we have that o(w, x) = 2.

Our goal: to show by induction on §(w, x) that there are only finitely many
possibilities for h, k € 27T such that wh~# xk!
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Intersection of principal ideals

Suppose that w, x € &/ are balanced words in normal form where

w=aPb®ul . uPr and x=a"b%ul...ur

— 4P0 90 ;,P1 p — Jfon Vi
w=a"b%u’ .. ufr and x=a"ul...ulv] .. vy

such that pg < rp.
For w and x as above, have wh~# xk if
h:a>‘°v1)‘1...v,f‘" k= b>‘°ui‘1...u,)1‘"

where Ao + ...+ A, = §(w, x) and each \; € N°.

For example...
a?buyu3 (avy) y* a®uiuovo (buy).
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Intersection of principal ideals

Suppose that w,x € & are balanced words in normal form where

__ b0, ,P1 piqi q _ o, r S s,
w=aPu ..oyl oand x=a%uoufv vy

such that 3. Iwl, > 37, Ix]y, and po € N.
For w and x as above, have wh~# xk if
h= a>‘°v1’\1 v k= b)“’u{‘1 o

such that Ao + ...+ A, = 6(w, x) and each \; € N°.

For example...

v (v1) v @Sy (u1).
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Intersection of principal ideals

Suppose that w, x € &/ are balanced words in normal form where

P1

— st
w = uj

vitoouPrv® and o x = utvtLulrve
such that >, [wly, > > icp [X]u:-

For w and x as above wh~* xk if h = x and k = w or

— An
h=nri"...v;

— An
k=ruit... uj

such that r € {a,b}, A1+ ...+ Xy = X, (|wly, — |x]y,) and each \; € NO.

For example...
n u% (av1) v Uit vs (auy).
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Commutative cancellative presentation

Fix some n € N and let x be a relation on & where
k=vU{(ujvj,ujv;) 1 i,j € n}.

The semigroup presentation (., : k) is clearly commutative. It remains to show
that it is cancellative and strange!

The rewriting system on &/ with rewriting rules
bv; — au;  viu; — ujv;

such that /,j € n and i < j is noetherian and confluent.
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Normal forms

This time, normal forms appear as either...

Po pdo |,PL P
a? byt ubr

Po , P1 Pi, qi Pn\,4q
avuy ... .uv; ceeup"v)"

We have already looked at these cases!
Cancellativity was shown using induction!

Suppose w, x are in the same normal form, then wa x# xa implies wa = xa in
normal form...
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What next?

Fix n € N where n > 2. Let us define some relations

o={(w,w?):wea}
w = {([alo#[uilo#, [blo#[Vilo#) 1 i € n}
v= {([W]p#v [Wz]p#) cwesS,}

Let &/ and S, as before and B,y = &/ /o*. Is it true that

By it 22 S, /v
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