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Introduction

Data aequatione quotcunque fluentes quantitae involvente fluxionedrénee vice versa.
[It is useful to differentiate functions and to solve défgial equations.]
- Isaac Newton (Letter to Leibniz, 1676)

This work is an attempt at a comprehensive analysis, lfraiim a theoretical and a numerical point

of view, of the general linear diffusion problem

ou 0%
E—cy+bu: f on(02m)x(0,T)

u(x,0)=u,(x)
u(0,t)=u(2mt).

There are several methods of solving evolution problents, laplace transform methods,
semigroup methods, variational methods (cf. Dautray & $i®@000b)). In this work, we employ
the Fourier series or diagonalization method, describe@ustafson (1980: p. xi) as one of “the
usual trinities”. This method is extensively used in theresgging and applied science, and is often
called the method of separation of variables (cf. @&eslaralick (1978: Section 1D), Greenberg
(1978: Section 21.1), Sirovich (1988: Section 7.2)).

Regarding the numerical discretization in the spamgalile x, we use the spectral Galerkin
method described by Canuto et al (1988), of which the Fosgrées method turns out to be a good
motivation. We then couple the spectral method withaadard (cf. Raviart & Thomas (1983:
Section 7.5)) and non-standard (cf. Mickens (1994: Chaptén#g) difference discretization in the
time variablet.

The work is organised as follows:

The Hilbert-Schmidt theory of self-adjoint compact linegerators in Hilbert spaces, presented
in Chapter 1, is a strong motivation to the use of Fourier serma gpectral methods. We apply
this theory to the Sturm-Liouville problem, as well asat related boundary value problem with
periodic boundary conditions.

In Chapter 2, we prove the existence and uniqueness of solutions to tleeagjéinear diffusion
initial-boundary value problem, using a specific Galerkgthod that is related to the Fourier series
method.

In view of the theoretical work done in Chapters 1 and B, natural to use the semi-discrete
spectral method of Fourier-Galerkin type describe@Ghapter 3. We study the convergence of this

method, and present some error estimates.



Introduction

We then depart temporarily from the general linear diffusequationChapter 4 starts with
some numerical approximations of initial value problemsofalinary differential equations, using
the classicab-method. In addition, we study the concept of elemerdaatyility, and with regard to
this property, design an original powerful variant of@hmethod: the non-standagemethod.

In Chapter 5, we return to the general linear diffusion problem. Foe semi-discrete
approximation, we employ the semi-discrete spectral odetleveloped in Chapter 3. Coupling it
with the 6-method discussed in Chapter 4, we obtain a spettrathod, for which we present a
stability result as well as error estimates. Finalllg present a new method: the spectral-non-

standard-method.

We have not succeeded in answering all our problems. The answers wiinalenly
serve to raise a whole set of new questions. In some waysgelwee are as confused as
ever, but we believe we are confused on a higher level and aboaiimpmrtant things.

(Posted outside the mathematics reading room, Tromseetditiy



Chapter 1. Self-adjoint compact linear operators
In Hilbert spaces

Hilbert-Schmidt theory constitutes a solid foundationaiod strong motivation to spectral methods.
In Section 1.1, we present this theory, essentiallpwioilg Zeidler (1995: pp. 229-237). In Section
1.2, the Hilbert-Schmidt theory is applied to the Sturrlkitie problem. A similar boundary value

problem with periodic boundary conditions is also conside

1.1. Hilbert-Schmidt theory

Throughout this section, we consider a complex ofr Haaert spaceH ;t{O} with inner product
(LIy and norm{i, and a linear operatdr:H - H.

We first investigate the properties of self-adjaperators.

Definition 1.1.1. Self-adjoint operator. The operatofl is called self-adjoint (or symmetric) if

(Tx, y) =(x,Ty) for allx O H andy O H. (1.1)

Remark 1.1.2. If the domain of the operatdris a proper subspace ldf then the concepts of self-

adjointness and symmetry forare distinct (cf. Zeidler (1995: p. 264)).

For a self-adjoint operatdr, we have
(Tx, %) is real for alk O H. (1.2)

Indeed, for anyx [0 H,

(Tx, ¥ =(x T =( Tx X (1.3)

In view of the terminology that we will employ fregntly, it is worth stating the following
theorem, which is proved by Davis (1963: Theoretnlg:
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Theorem 1.1.3. Let {w, },, be a system of orthonormal vectorginThe following statements are

kON
equivalent:

(a) The space spanned f,},,, is dense iH.

kON

(b) The systen{wk} is complete, i.e. W [ H is such tha(v,wk> =0 for allk O N, thenv = 0.

kON

(c) The Fourier seriei(v,wk>wk of anyv O H converges te inH, i.e.
kON

V=V, W)W, (1.4)

kON

(d) The Parseval identity holds, i.e. foralll H,

M7 = >l (v. )| (1.5)

kON

(e) The extended Parseval identity holds, i.eafov andw in H,

(vow) =3 (v, wi ) (w,w, ) (1.6)

kON
Following Schwartz (1979: p. 29), we consider thatrdefinition.

Definition 1.1.4. Hilbert basis. Any orthonormal syster{w,},, that satisfies one of the

kON

equivalent statements in Theorem 1.1.3 is calledkzert basis oH.
The following existence result will be used.

Theorem 1.1.5. Any separable Hilbert spadé ;t{O} admits at least one Hilbert basis (cf. Kreyszig
(1978: pp. 168 & 171), Schwartz (1979: p. 30)).

The eigenvectors and eigenvalues of self-adjoisratprs have some special properties, as depicted

in the next result.

Proposition 1.1.6. Suppose thal is self-adjoint. Then
(a) Allthe eigenvalues df are real.
(b) Any two eigenvectors af associated with different eigenvalues are orthagon

(c) If {Wk}kDN is a system of eigenvectors af that form a Hilbert basis oH, then the

corresponding systel{r)\k} of eigenvalues contains all the eigenvalues. of

kON
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Proof. (a) Consider any eigenvalueof T with associated eigenvectarThenA(x, x) =(Tx, X}, i.e.

()
o

(b) Suppose thatx=Ax andTy = uy for some eigenvalues # 1. Then

, Which is real in view of (1.2).

00y =52 (vey) = (o)

=5 ()= (xy)
=0
due to the symmetry @f. Hencex andy are orthogonal.

(c) If {Wk}kDN is a Hilbert basis, then, by Theorem 1.1.3, any H can be represented in the
form (1.4). Suppose, by contradiction, tHat=Av for someA D{)\k}kDN andv#0. Then, by (b),

(v,w,)=0 for all k O N. It follows thatv = 0 because the systefw, },.,, is complete. This

kON

contradicts the assumption. ThN§I{A, }, -

The norm of a self-adjoint operator in a Hilberasp can also be expressed in a specific way.

Proposition 1.1.7. If T is self-adjoint, then it is bounded and its nosngiven by

[T = sup [(TxX). (1.7)

XOH || x|=1
Proof. The claim on boundedness ®fis known as the Hellinger-Toeplitz theorem (Kragsz

1978: p. 525). Le(xk )"k°:l be a sequence id such thaﬂkim X, =X and Em Tx, =y in H. For any

zOH, we have

(y,2)= m(m ,Z) (Continuity of inner produc)
= E[r!o<xk T2) (Symmetryof T)
=(xT2) (Continuity of inner produc
=(Tx,2) (Symmetryof T).
Sincez is arbitrary, we havg = Tx, which shows that the operatdris closed. The closed graph
theorem (Kreyszig, 1978: p. 292) permits to coneltithtT is bounded.

By the Cauchy-Schwarz inequality and the boundexlogE,
sup [(Txx)| < |T]. (1.8)

XOH | x|=1
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For anyz [0 H and ai > O (to be specified shortly), let = )\z+%Tz andv_ = )\z—%Tz. Then
s _A 1
T zzz(Tv+ -Tv_) and zzg(v+ +v_), so that

T4 =(T°2,2) (Symmetryof T)
1<Tv ~TVv.,v, +V.)

4<Tv v> (Tv. v>‘
<%q +|(Tv_, v >D (Triangleinequality)
b
"4 ||V la || || vl -
1
<20|v+|| v ) sup [xx)
Ix=
E( (Az,\z)+ < Tz = TZ>J sup KTX,X>‘
2 XOH | X|=1
_1(o 1
= 2060+ v | sup o)

Assume thaffz# 0 (if Tz= 0, the result is trivial). Ih :=/[TZ , then

T4 < 0|T4|||Z|| [T sup [(Txx)

XOH [ Y=1
a3 i4" +1) sup ()
I¥=t
so that

[T|< sup [(Tx,x). (1.9)

XOH | x|=1

Combining (1.8) and (1.9), we obtain (1.7).

We now present some properties of the null spaeeself-adjoint operator.
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Lemma 1.1.8. Suppose thal is self-adjoint. Then
(@) The null spacé& h)gc rn]H|Tx: ol of T and its orthogonal compleme@ b@ are closed
subspaces dfl.

(b) The space@ b@ IS invariant with respect fo.
(c) The restricted operatd’r‘ abdn IS injective.

Proof. (a) The null spacé\lﬁg T‘l(lbq IS a closed subspace f becausd is continuous and
{0} is a closed set id.

Let ngl be a sequence @b@ that converges to somge] H. For anyx DN@Q, we have,

due to the continuity of the inner product,

<y,x>:!<i[rl<yk,x>:0. (1.10)
Thus(y, x) =0 for allx O H, so thaty 0@ b@ Therefore@® b@ is a closed subspace ldf

(b) If x D@b@ then, for allw DN@Q, due to the symmetry @t we have

(Tx,w) =(x,Tw) =0. (1.11)
HenceTx D@ b@ and T@ b@] O @b@
(c) If Tx=0 andx D@b@ then x OON bg @b@ andx = 0. HenceT abdn is injective.

From now on, we will need a further assumptiorifon

Definition 1.1.9. Compact operator. The operatofl is called compact if, for every bounded set

MOH, TID g is relatively compact, i.eTm (\ is compact irH.

Remark 1.1.10. A compact linear operator is necessarily boundaedeed, suppose that is
compact. Consider the bounded Sf91):= {XDHH|><|| =1}. By Definition 1.1.9, the se'f@ﬁil@ is

compact inH and thus bounded. Hence there exisBs>a0 such thafTx| < C for all x DS,lg. If
1

¥

yOH \{0} and x:=—=-y, then x OSIQ1(. Therefore
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)

=[Tq<C, (1.12)

which shows thalfTy| <CJy .

The following lemma will be instrumental in the prooftbé main result, Theorem 1.1.14, below.

Lemma 1.1.11. If T is nonzero, self-adjoint and compact, then theretexn eigenvalué and
corresponding eigenvectri] H such that
IA|=|T| and|x|=1. (1.13)
Proof. By Proposition 1.1.7 and the definition of supremum, tlearsts a sequean gl with
V| =1 for allk O N, (1.14)

such that

lim |(Tvi., v )| =[T]|. (1.15)

The sequence of real numbers (cf. (1.@)\/k,vk>hl is then bounded. By the Bolzano-Weierstrass

K=
theorem, there exists a subsequeagl of le and a real numbérthat
lim (Tv,.,v, ) =A. (1.16)
Given (1.15) and (1.16), we hajd =|[T||. Thus|Tv| <[A| for allk O N. Furthermore, we have
im|Tv, v, * = fim (T, ~2A(Tv, )+ 2w )

<lim (A2 - 2A(TV; ;) +X?)

= O’
which shows that

lim (Tv, =Av,)=0. (1.17)

Kk - 00

SinceT is compact, it follows from (1.14) that there ¢is subsequemﬂﬂ’g1 of le such

that h)\/'kgl is convergent. Due to (1.17) and to the fact that O, the sequenck'DK’g1 also

converges to somel] H, which, in view of (1.14), satisfigsi|=1. This implies thafx = Ax, and

that (1.13) is satisfied.
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Corollary 1.1.12. Assume thaH has infinite dimension. [T is nonzero, self-adjoint and compact,

then there exist sequences of eigenvaldes; , and corresponding eigenvectds },.,, such that
Mral = [T, (1.18)
where
v = {{XD(N(T))D‘<X,WK> = 0fork = 12K ,m} if mON | (1.19)
H if m=0
V,, is invariant with respect to, (1.20)
A2 ZAg[2A 2 AL 2A (1.21)
and
{w.} ., is an orthonormal system (N(T))". (1.22)

Proof. Two different cases will be considered.
Case 1. Theoperator T isinjective, i.e. Oisnot an eigenvalue of T
We will prove (1.18)-(1.21) by induction. Fon = 0, Lemma 1.1.11 guarantees existence of an

eigenvalueA, and associated eigenvectay of T such that (1.18)-(1.21) are satisfied.

Suppose, fom [0 N fixed, that sequences of eigenvalt(le§)’k“:11 and corresponding eigenvectors
{Wk}’k“:l1 have been found such that (1.18)-(1.21) hold tirce H has infinite dimension, it follows

that V ;t{O}. By the injectivity ofT, T‘Vm1 #0. Hence Lemma 1.1.11 applies'lf@w1 , and there

m+l

exists an eigenvalu®,,, and eigenvectow,,, of T with

m+2

Woo OV W =1 (1.23)

m+2

and

Therefore, by induction, the sequences )., and {w}, satisfying (1.18)-(1.21) can be

=1 kON
constructed. Moreover, (1.22) follows from (1.23).

Case 2. Theoperator T isnot injective, i.e. Oisan eigenvalue of T

According to Lemma 1.1.8[‘(N(T))D satisfies the assumption of Case 1. Hence thdtseduCase 1

can be applied td"(N(T»D to obtain (1.18)-(1.22).



Chapter 1. Self-adjoint compact linear operators in Hilggace

Proposition 1.1.13. Assume thaH is separable and has infinite dimension, &ns nonzero, self-

adjoint and compact. Then

(@) If the set of eigenvalue(ﬁ\k)[f:l of T in Corollary 1.1.12 is countable, i.e. it has a onefte-o

correspondence witH, thenEm A, =0.

(b) The associated eigenvectéwi} of T in Corollary 1.1.12 may be chosen and augmented so

kON

that the new system, still denoted {fuy, },, , form a Hilbert basis dfl.

Proof. (a) Suppose, by contradiction, that there exists ataah€ > 0 such thaP\k| > C for all

[

k O N. Then the sequen{e}\iwkj is bounded. Furthermore, by the compactnes3, ahe
k

k=1

sequence(wk)‘l’(":l :{T(LWKB contains a convergent subsequence. This is infdessince, by
k k=1

(1.22), form# n,
o =" = o+ | = 2, (1.24)
and therefore(wk )‘Ile cannot even contain a Cauchy subsequence. Ef}ousk = . 0
(b) For anyxO(N(T))", andm O N, let
v, ::x—kzm:<x,wk>wk. (1.25)
=1

Fix xOV,, (cf. (1.19)). It follows from (1.18) and RemarKL110 that

X = all - (1.26)

Sincev, 0OV, , we have, in view of (1.22) and (1.25), that

ool = 4" =220 W) (L.27)

Therefore|v, | <[¥. Using (a) and (1.26), we then obtain

Vm

o <[

i v, < im (A i)

<[ tim A
=0.

Fix any xO(N(T))". Then

10
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im (TX_ZmXx, wk>)\kwkj = Hrpm[Tx—Zm:<X, Wk>T\M<j

m-e k=1 k=1

=1lim Tv,

m— o

=0.
It follows that Tx="Y" (X, w JA, w, for all xI(N(T))".

KON
The Bessel inequality

3w <[ formOIN (1.28)

follows directly from (1.27). Therefore the FourieeriesZ(x,Wk>Wk is convergent for all
kKON

xO(N(T))”. Hence there exists sonyel] H such thaty =" (x,w )w, . Actually, y J(N(T))"

KON

because Zm:<x,wk>wk O(N(T))” and (N(T))” is closed. Thex = Ty, and, by the injectivity of

k=1

T‘(N(T))D , it follows thatx =y. Therefore

X =" (X, W)W . (1.29)

KON

In view of Theorem 1.1.3,

{w.} ., is a Hilbert basis of(N(T))". (1.30)

If, on the one hand\(T)={0}, thenH =(N(T))", and{w,},., is a Hilbert basis oH. Suppose

kON

now, on the other hand, thai{T)#{0} . Theorem 1.1.5 guarantees the existence of a fiitiasis

{u.}.\, of N(T), with Tu, = 0 for allk O N. For eachx [ H, there exists a unique decomposition

X =y + zwith yDN@Q andzD@b@. (1.31)
Using (1.30), it follows that
X=y+2

=2 (YU u + 2 (2 W )w

KON KON

= Z<X’uk>uk +Z<X,Wk>Wk.

KON KON

Consequentlyfu, },., 0{w,},.,, represents a Hilbert basistéf

11
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A further property of the elgenvalue(s ) of T is that each nonzero eigenvalue has finite

k=1
multiplicity. Indeed, in view of Proposition 1.1.13(b)daRroposition 1.1.6(c), any eigenvalu& O
of T must be equal to somle,. In view of Proposition 1.1.13(a), there exist integérsand N
(M <N) such that

Ay =Aya =A = =A =N L = (1.32)
andA; #A, for j <M andj > N. If x # 0 is any eigenvector associated withthen, due to

Proposition 1.1.6(b),

ZN:)‘k<X W )W,

k=M

Hence{ } form a (Hamel) basis (cf. Kreyszig (1978: pp. B))For the spacéxD H|Tx )\x}

and thus
A has multiplicity N -M +1. (1.33)

With the material collected so far, we are in aifms to state the main result, or the Hilbert-

Schmidt theory for self-adjoint compact operatorklilbert spaces.

Theorem 1.1.14. Hilbert-Schmidt theory. Assume thaH is separable. Suppose thats self-
adjoint and compact. Then

(a) All the eigenvalues af are real.
(b) The eigenvalues of form a sequenc(a\ ) such thatq I(|) is decreasing. If the set of

eigenvalues is countable, thEnm A, =0.

(c) The multiplicity of each nonzero eigenvaludinste.

(d) With each eigenvalug, can be associated an eigenveatprsuch that the (:oIIectio{\/\/k}kDN

is a Hilbert basis ofl.

(e) Each eigenvalug, can be expressed in terms of the Rayleigh quotient

A= sulp‘ X>‘ and|A, | = sup KTX’X>‘ (1.34)

q X, X iglg;;go Wi W K W1} <X’ X>
(H Any two eigenvectors of corresponding to different eigenvalues are orthago

12
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Proof. We give the proof for a Hilbert spat¢¢ with infinite dimension. The proof of the finite
dimensional case entails an obvious simplificatioe eg. Lubuma (1994)).

(a) This is a direct consequence of Proposition 1.1.6(a).

(b) This is a direct consequence of (1.21) and Propositioh3(d).

(c) See (1.33).

(d) This is a direct consequence of Proposition 1.1.13(b).

(e) After careful comparison of (1.7) and (1.19), (1.34) feo

(F) This is a direct consequence of Proposition 1.1.6(b).

13
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1.2. Sturm-Liouville problem

The Sturm-Liouville problem provides a direct applicatidnHilbert-Schmidt theory. It is also
central to the application of spectral methods. In te&isn, we investigate some qualitative and
guantitative properties of this problem. We will also deire the properties of the solutions to the
associated eigenvalue problem.

Given the real-valued functions

pacHoz2n], qoce[o2m] and f OL?(02m), (1.35)
we consider the ordinary differential equation
d( du
-——| p— |tqu=f on (021 1.36
dx(p dx) q (0.2m) (1.36)

with general boundary conditions

d d
,u(0)+B, - (0)+ xuu(2m)+8," - (2m) =0

) , (1.37)
GZU(ZH)+BZd—i(Zn)+XZU(0)+6zd—§(0)= 0.

The analysis of the boundary value problem (1.3634) is done by e.g. Dieudonné (1980: Section
XIV.8). In this study, we will focus on two partilewm cases of the boundary conditions (1.37), as
described below.

Firstly, we consider the boundary conditions

alu(o)+[31%(o) =0 (1.38)

(xzu(2n)+[32%(2n) =0, (1.39)

(i.,e. X, =98, =X, =0, = 0in (1.37)), which, together with (1.36), form au8h-Liouville problem.

Definition 1.2.1. Regular Sturm-Liouville problem. (cf. Canuto et al (1988: p. 282)) The Sturm-
Liouville problem (1.36), (1.38)-(1.39) is calleegular if

p(x)>0 andq(x)= 0 for all x0[0,2r] (1.40)
and

la,| +|B,| >0 and|a,|+|B,| >0. (1.41)

Remark 1.2.2. Dautray & Lions (2000a: Section 2.7) give a dethitliscussion of the regular

Sturm-Liouville problem (1.36), (1.38)-(1.39) wig= 1.
14
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Remark 1.2.3. The problem (1.36), (1.38)-(1.39) together with (1.40), whef6)=0 or
p(2n):O, is a singular Sturm-Liouville problem. For suckp@blem, the boundary conditions
(1.38)-(1.39) must be suitably changed due to itngudarity of the solution at 0 o2 Typically, if
p(0)=0, we have the boundary conditions (1.39) togettr w

du

im, p(x)a(x) =0, (1.42)
or, if p(2m) =0, we have (1.38) with
lim p(x)%(x) =0. (1.43)

The second type of boundary value problem that wmsider is the following: We couple the
differential equation (1.36) with periodic boundagndition
u(0)=u(2n) (1.44)
(,e.a,=x,=1 a,=x,=-1andp, =9, =B, =0, = 0in (1.37)).
To solve these problems, we use the Lax-Milgram mo@mFirstly, we consider two definitions,

and then present the Lax-Milgram Lemma in a foritasle to our needs.

Definition 1.2.4. Antilinear form. Let V be a complex vector space. A foinV - C is called
antilinear if
I(av)=al(v) for each scalax andv O V. (1.45)

Definition 1.2.5. Hermitian form, sesquilinear form. (cf. Kreyszig (1978: pp. 191 & 195)) Lst
be a complex vector space. A foamV xV - C is called sesquilinear if it is linear in its firs
argument and antilinear in its second argumentfdrescalars. and 3 and alt 0 V, w0 V andx O
V, we have

a(av +Bw, x) = aa(w, x)+Ba(w, x) and alv,aw+px)=aalv,w)+Balv,x).  (1.46)
The sesquilinear formis called hermitian if it satisfies the additioaindition

a(v,w)=a(w,v) forvOV,wO V. (1.47)

15
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Theorem 1.2.6. Lax-Milgram Lemma. LetV be a complex Banach space with nq|¢ﬂnand letl
be a bounded antilinear form ¥h Suppose thaa:V xV - C is a hermitian form. We assume that
ais
» Continuous, i.e. there exists a const&nt O such that
la(v,w) < K|v|w| for allvOV andw OV, (1.48)
» V-ellipticor V-coercive in the sense that there exists a0 such that
a(v,v)= o’ forallvO V. (1.49)

Then the variational problem to findsuch that

utlv (1.50)
a(u,v)=1(v)for aIIvDV} '

is well-posed, i.e. there exists a unique solutidn V that depends continuously upon the data
i.e.

Juf <l (1.51)
for some constar® > 0.

Proof. With (1.49), the hermitian forra clearly defines an inner product ¥n Moreover, the norm

M., =/a(v,v) induced bya is equivalent td(fl since, by (1.48) and (1.49), we have
Jav<[M, s VKM (1.52)

The spacé/, being complete with respect [fi, is also complete with respect | . HenceV is a
Hilbert space with respect &

On the other hand,:V - C defined byl (v):=1(v) is a bounded linear form ov. By Riesz’
Representation Theorem, there exists a unigqué/ such that

a(v,u)=1(v) forallvO v (1.53)

and
Jul =[] =M- (1.54)
But

1(v)=alv,u)=a(u,v). (1.55)

Therefore (1.50) and (1.51) are satisfied.
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Chapter 1. Self-adjoint compact linear operators in Hilggace

For the regular Sturm-Liouville problem (1.36), (1.38)-(1.41),amasider the following space of

test and trial functions:

H(02m):= {v OH*(02mv(0) = 0,v(2m) = o} if B, =0,8,=0

Vi o "(02mv(0) = o if B, #0B, =0 (1.56)
{v OH*(02mv(2n) = o} if B,=0,8,%0
H*(0.2m) if 3, 20,B,%0
In (1.56), form O N,
k
H™(02m):= {vm LZ(O,ZH)% OL2(02m)for k = 01K ,m} (1.57)
is the Sobolev space of ordarequipped with the norm and inner product
2
& /d*v d*w
M= 2] amatun, =3 ) (59
with
M, = I|v( x)“dx and (v, w), Iv (1.59)

the norm and inner product &f(0,2m).
For the periodic problem (1.36) & (1.44), we assume in addib (1.35) thap is periodic, i.e.

pOCy, [02r:={vOc?[02mv(0) = v(2n}. (1.60)

per
In this case, the space of test and trial functisns

HZ,,(02m):={v O H*(0.2rv(0) = v{2r). (1.61)

per
Let us assume that a classical squtidECZ[O,Zn] of the regular Sturm-Liouville problem

(1.36), (1.38)-(1.41) exists. Let] V be an arbitrary test function. Multiplication lyof (1.36)
and integration by parts yield, using (1.38)-(1,39)
a(uv)=(fv),, (1.62)

with the sesquilinear forma defined by

alv,w):= <pd—vd—W> +(avw), -y, pOMOMO)+ v, p2i(2rw(@),  (1.63)

dx dx
where
&.
Ve ={ B, B0 fork=1, 2. (1.64)
0 if B, =0

The sesquilinear forrais clearly hermitian.
17



Chapter 1. Self-adjoint compact linear operators in Hilggace
Definition 1.2.7. Sturm-Liouville variational problem. The problem of finding a functiom such
that

ulv
a(u,v):(f,v)0 forallvDV} (1.65)

is called the variational formulation of the Stukmouville problem (1.36), (1.38)-(1.41).

We will use the following result (cf. Dautray & Lis (2000a: pp. 42-44)) in the proof of Theorem
1.2.9 below:

Lemma 1.2.8. For every > 0, there exists a consta@t=C, > sQch that

M. <e

where|[fl. denotes the supremum norm.

v

2
v CM; for all vOH*(02m), (1.66)
0

Theorem 1.2.9. There exists aM > 0 such that if
p(x)=M andq(x)=M for all x1[0,2m], (1.67)
then the Sturm-Liouville variational problem (1.68)well-posed.

Proof. By the Cauchy-Schwarz inequality, the antilinealrnfl(v) :=<f ,v)o and the sesquilinear

form a are both clearly continuous d1h1(0,2n). Moreover, we infer from (1.40) that there exisits

M, >0 such that

Jnf p(X)= M, . (1.68)

2]
Regarding th&/-ellipticity of a, we shall now distinguish between two cases.
Casel: 3,=0and B,=0in(1.56), and thusy, =0 and y, =0 in (1.63)
In this caseV =H}(02m). We may takev = 0 in (1.67). FovOH?(0,2r), we have

because of the Poincaré-Friedrichs inequality. phisres theV-ellipticity of a in this case.

18



Chapter 1. Self-adjoint compact linear operators in Hilggace

Case2: B,#0 or B,#0 in(1.56),and thusy, #0 or y, #0 in (1.63)
Letv V. From (1.63)we have

(522, (o,

dx

> inf _min{p(x), q(x)}( dv]’ +||V||§]_

x0,27] dx(l,

v:p(2riv2r)’ - v;p(OfO)’
v.p(2mv(2r)’ -y, p(0)|v(0ﬂ

<

=t it 5+ |-l

Using Lemma 1.2.8 witl := B for someB0(01), we obtain
Vil +vallpl.
o)z i, il o, | ] < |-Gl 1%+
! x00,21] ’ ax 0 ! 2 X

= ( it min{ (ol v +|va el i

0jo,2m

(ol -l ol 2

=t il ab-BS i+ it mint a8 |
>t ok i+, {24 e

On takingM > max{% ,1} in (1.67), it follows thaa is H*(0,2m)-elliptic.

By Theorem 1.2.6, there exists a uniqu@Hl(O,Zn) that satisfies (1.65) and depends

continuously upofh.

We now present a regularity result.

Theorem 1.2.10. The solutioru of the Sturm-Liouville variational problem (1.65) has ttegularity
uH2(02m).

Proof. Suppose that is the solution of (1.65). Fix any1D(0,21), where D(0,2r), the space of
test functions, consists of infinitely differentialfunctions with compact support (@,21'[) . In view

of (1.63) and of the definition of the distributarderivative, it follows that
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Chapter 1. Self-adjoint compact linear operators in Hilggace

d du
— |+qu="f in D'(02m 1.69
dx(pd ) q (02m), (1.69)

where D'(0.2m), the space of distributions 40,2, consists of linear continuous functionals on

D(0,2T[) equipped with the canonical topology of L. Schwart

As fOL2(02m), it follows from (1.69) that—(;j (pg—)+quDL (02m). with quOL?(0.2m),

2
we havei( p%) OL2(0,2m). Sincei( p%) _dpdu, pd—zu , where—- dpdu, L2(02m) and p
dx\ " dx d dx) dxdx =~ d°x dx dx

is bounded from below, we hawe1H?(0,2m).

Using the same method as with the Sturm-Liouvillebiem (1.36), (1.38)-(1.39), we will now
solve the periodic boundary value problem (1.36)L&4).
If we define the continuous hermitian form

alv,w):= <p% %V> +{qu,w),, (1.70)

then the variational formulation of the boundarjyuegproblem (1.36) & (1.44) is to find a function
u such that

uOH: (02m)

per

a(u,v)=(f,v), forallvOH; (0,21'[)}

per

(1.71)

We still need an assumption of the form (1.67). In thise¢ it will be sufficient foM to be any
positive value. Indeed, for amy > 0,
a(v,v)= M(

Ny ]
MM,

which shows thaa is H1(0,2T[)-elliptic. By Theorem 1.2.6, we have proved thdofeing result:

Theorem 1.2.11. Under the condition (1.67), withkl an arbitrary positive number, the variational

problem (1.71) is well-posed.

Remark 1.2.12. The proofs of Theorem 1.2.9 and Theorem 1.2.1livatet that we assume
throughout this work that the condition (1.67) sold

20



Chapter 1. Self-adjoint compact linear operators in Hilggace

In a similar fashion to Theorem 1.2.10, we obtain thieiohg:

Theorem 1.2.13. The solutioru of thevariational problem (1.71) has the regulanity H 2(0,21'[).

Remark 1.2.14. The regularityuDHz(O,Zn) in Theorem 1.2.10 and Theorem 1.2.13 permits us to

give an interpretation of the variational problems (L &% (1.71).

If we replace the functiohin (1.65) by the expression given in (1.69), we obtainalios [ V,

a(u,v):<—%(( p%}+qu,v> (1.72)

or (cf. (1.63))

<IO du dv>0 +(qu,v), -y, p(0)u(0)v(0)

dx’ dx
40 du (2.73)
+vy, p(2mu(2mv(zm) = <— &( p&) +qu, v>0.
But integration by parts yields
d( du) > _< du dv> du
-—| p—_ |+auv) =(p--.—) +(quv), - p0)-_(0M0)
< dx\ " dx o dx dx/, 0 dx (1.74)
+p(2n)%(2n (2n).
Comparison of (1.73) and (1.74) shows, in viewlo64), that
d d
p(O)d—: (0)=v.p(0)u(0) and p(2ﬂ)d—: (2m) =y, p(2mu(2r), (1.75)

i.e. the boundary conditions (1.38)-(1.39) ares$iati. Thusu [I V solves (1.36), (1.38)-(1.39) in
the sense of distributions.

A similar interpretation may be obtained for theiagonal problem (1.71) in connection with
the periodic problem (1.36) & (1.44).

Theorem 1.2.15. The eigenvalue problem

—i( p du) +qu=Au on(0,2n)

dx " dx (1.76)

u(O) = u(2n)
has eigenvaluef\, )7, and eigenfunction§w, }, ., that satisfy the following:

(@) The eigenvadueé\k)i’:l form a positive increasing unbounded sequencealfnumbers, i.e.
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Chapter 1. Self-adjoint compact linear operators in Hilggace

0<A, <A, <A <A . (1.77)

wherew, OH®_(0,2m), form a Hilbert basis of 2(0,2r).

per

(b) The eigenfunction§w, }

KON ?
(c) There holds the identity
a(w,,v) =, (w,v), fork DN andvOH?,(0,2m). (1.78)

N

Consequently, the eigenfunctio{siwk} form a Hilbert basis oﬂ-lter(O,ZTI) with
kON

respect to the inner produet

Proof. Define the operatoK : L?(0,2r) - H®_(02m) 0 H(0,2m) that associates with eadhthe

per
corresponding solution to the problem (1.36) & (1.44K is linear and, by (1.51), bounded. By the
Rellich Theorem, the embedding: H*(0,2r) - L?(0,2m) is compact. IfT:=JoK , thenT is
compact as well.
(a) For anyvdL?(0,2m) and wOL2(0,2m),
(v,Tw), = a(Tv,Tw) (Definition of T)

=a(Tw,Tv) (a is hermitian)

=(w,Tv), (Definition of T)
=(Tv,w)

0
o
ThereforeT is self-adjoint. By Theorem 1.1.14(b), the eigenval(ugéle of T form a decreasing
sequence of real numbers with limit O.
For each eigenvalueand associated eigenvector] L?(02m) of T, we have
M = (v ),

= a(Tv,Tv) (Definition of T)
_alv,Tv

My

2
> afm, (H(0.2)- coercivityof a)

Mo
0

> (Injectivity of T).

Hence(u, ), is a positive sequence.
If A, =2 and w, is the eigenvector witfw, |, =1 associated with eagh, , then(A, )i, is an
Mk

increasing unbounded sequence, and (1.76) becéonesyyk OO N,
w, =A,Tw, wherew, OH®_(02m). (1.79)

per
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Chapter 1. Self-adjoint compact linear operators in Hilggace

(b)-(c) By Theorem 1.1.14(dXw,},, is a Hilbert basis ofL?(02m). Moreover, for all

kON

vOH!_(02m), using (1.79), we have

per

a(Wk ’V) = a()\ K TW ’V)

=Na(Tw,v)
:)\k<Wk’V>o’
. 1
hich 1.78). I, =——w,, th
which proves ( ). 1%, \/KWK en
1
a‘(Vm’vn)_ )\m)\n a‘(Wm’Wn)
= i—’:(wm,wn)
Therefore{v, },., is a Hilbert basis oH?,,(0,2r1) with respect to the inner produt
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Chapter 2. General linear diffusion problem

In this chapter, we consider existence and uniquenesslations to the general linear diffusion

initial-boundary value problem

u_ 9

a—l:—ca—xu+bu—f on (02m)x(0,T) (2.1)
u(x,0)=u,(x) for xI(0,2m) (2.2)
u(0,t) =u(2mt) for tO(0,T). (2.3)

Here the constants> 0 andc > 0, the finite limit timeT > 0 and the functions, : (02m) — R and
f:(02m)x(0,T) -~ R are given, whereas the function(02m)x(0,T) - R is unknown.

There are several methods of solving evolution lerob (see e.g. Dautray & Lions (2000b: pp.
509-523)). In view of the numerical approach folemvin this work, we shall use a specific
Galerkin method that is related to the Fourieresear diagonalization method in Hilbert spaces, as
developed by Raviart & Thomas (1983: pp. 155-161).

The following notation and function spaces will iied frequently. We systematically separate
the variablex andt for a given functiorw:[O,ZT[]X[O,T] - R by associating withwv, for tD[O,T],
the functionw(t):[02r] ~ R such thata(t)(x) = w(x,t).

Given a Hilbert spac¥ and an integem> 0, we consider on the one hand the space

cr(oT]v):= {v: [0T] -

which is a Banach space under the norm

k
Vita %is continuoudfor k = 01,K m}, (2.4)

d*uft)
Moo =2} sl ) | 25
On the other hand, we consider the Hilbert space
L2((0,T),V):= {classof v:(0T) - j Iv(E): dt<oo} (2.6)
equipped with the norm and inner product
: T
Moo ={ MO analum = Jidott) ot 27
0

We assume once and for all that the datandf satisfy

u, 0L2(0,2m) and f OL2((02m)x(0,T))=L2((0,T),L2(0,2m)). (2.8)



Chapter 2. General linear diffusion problem

In order to obtain a variational formulation of (2.2)3), we assume, as usual, that this problem

admits a smooth enough solutiore.g.

unc(o, T} HY, (02m) n HZ(0,2m)). (2.9)

Fix a test functionpOL?((0,T),H%,(02m). Muttiplication of (2.1) byQ and integration over

per
(02m)x(0,T) lead to

Zn T2naz T2m

Hl:xt W(x bt - c” (xt)plxtibait+ b [u(x, thp(x et
00 00
=anxt w(x, toxdt.
00

(2.10)

Integration by parts with respectxan the second term on the left hand side yieldsabse of the

boundary condition (2.3),

”% x,t) ixt)d>dt+c”au xt)d>dt+ ”T (x,t)w(x.t)at
00 00
Inf xt W(x t)dxdt.
0

(2.11)

o'—.—i

Recognising that, due to the smoothness, of

%(u(t),v>0 <du( ),v>0, (2.12)

dt

and takingy(x,t) = y(t)v(x), with ydD(0,T) andvH?_(0,2m), we have

per

d

4 ), + c<d“() > +b(uh), =(1 (D)), in D(OT). (2.13)

dt< dx dx

If the sesquilinear forna: H*(02m)xH*(0.2m) - C is defined as

a(v,w):= <%ﬁ %V> +b(v,w), for all vOH*(02r) andwOH*(02m),  (2.14)

then it is continuous, i.e.

la(v, w) < [[al|m], ], wherd|a] := max{b, c} for all vO H*(0,.2r) (2.15)
andw I HY(0.2m),
and H*(0,2r7) -elliptic or H*(0,211)-coercive in the sense that
a(v,v)= aM for all vOH*(02m), wherea := min{b,c}. (2.16)

The forma is also clearly hermitian.

The equation (2.13) leads to the variational foatiah of the general linear diffusion problem:
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Chapter 2. General linear diffusion problem
Definition 2.1. General linear diffusion variational problem. The problem of finding a real-

valued function
uoL2((0,T),H2, (02m)n c°([0,T],L?(02m) (2.17)

such that, for almost allin (0,T),

d

a(u(t),v>0+a(u(t),v)=<f() v), for all vOlH},,(02r) (2.18)
u(0)=u,, (2.19)

with the derivative% in the sense of distributions, is called the @l formulation of the

general linear diffusion problem (2.1)-(2.3).

Remark 2.2. Strictly speaking, the test functiopL2((0,T),H%,,(0,2m)) is taken such that

%—TDLZ((O,T),LZ(O,ZH)) and y(T)=0, (2.20)

oy

WhereE is the derivative in the sense of distributiomgegration by parts in the variatlén the

first integral in (2.11) shows that, for anydL2((0,T),Hz,(0,2m)) satisfying (2.20), we have

—I< > dt+Ia

The equation (2.21) is an alternative variatiooairfulation of the general linear diffusion problem.

per

t)), dt+(uy, w(0)), - (2.21)

o!—,—i

This type of variational formulation is studied @g. Lions (1961: p. 44).

The variational problem (2.17)-(2.19) is closellated to the following eigenvalue problem of the

type studied in Section 1.2: Find

wH},.(02m) (2.22)
and O C such that
2
-c ((jjx\;v +bw=Aw on (02m) (2.23)
or, equivalently,
a(w,v)=M\w,v), for all vOH},(02m). (2.24)

Regarding this eigenvalue problem, we have thevoiig result:
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Chapter 2. General linear diffusion problem
Theorem 2.3.

(@) The eigenvalues in (2.23) and (2.24) are given by theyeognhbounded sequence
A, =ck’+b fork O Z. (2.25)

(b) Associated with each, is the eigenfunction

Wk(x):% < fork O Z. (2.26)

(c) The syster{w, },., is a Hilbert basis of2(0,2rm), and the syster{iwk} is a Hilbert
kOz

I

basis ofH?_ (0,2r) with respect to the inner produet

per
Proof. All we have to show is the explicit form &f andw, . By the properties of the hermitian

form a (cf. (2.15) and (2.16)), Theorem 1.2.15 guarantbasthe eigenvalues form an increasing

unbounded sequence of positive real numbers wittesponding eigenfunctions forming a Hilbert

basis ofL2(02m) and H’_(0,2m).

per

The solution to the ordinary differential equat{@?23) is of the form
i @x =i ﬂx
W(x):AeK +Be e . (2.27)
In view of the periodicity condition (2.22), we niusve
o [A-b iom APy
1=e V¢ andize Vo (2.28)
This implies that, for some] Z,

A —D
C

=k, (2.29)

and therefore\, is given by (2.25).

Fork O Z, let us definew, by (2.26). Clearlyw, satisfies (2.27). Moreove{wk} is a Hilbert

kOz

basis ofL2(02m).

Theorem 2.4. The variational problem (2.17)-(2.19) has a unigakitionu. With the eigenvalues

{A\J}.., and eigenfunction$w,}, defined in Theorem 2.3 has, fort J[0,T], the Fourier series

kOz

representation

kOz 0

ut)= Z(e‘“t<u0,wk>o + je‘“(t‘s)< f (s),wk>0dslwk : (2.30)
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Chapter 2. General linear diffusion problem

Proof. The proof will be done in two parts.

Part 1: Existence of solution.

We proceed by the Galerkin method, the four main stepdich are listed below.
1. Approximation of (2.17)-(2.19) in a finitedimensional space

For eachm I N, let

S,, :=spafqw, }i . (2.31)
Following Temam (1979: p. 44), the expanding seque(ﬁ;g);::l Is a Galerkin approximation to

the spaceH_(0,2m) due to the fact that

per

YS, is dense irH?, (0.2m). (2.32)

per
m=1

Consider the finite dimensional analogue of the vamtl problem (2.17)-(2.19): Faon O N,
find

u, 0L2((0,T),s, ) n c®(0,T],L2(02m) (2.33)

such that
%(um(t),v>0 +a(u, (t)v)=(f(t).v), for all vOS, andtO(0,T) (2.34)
u,(0)= Zm:<u0,wk>owk : (2.35)

The condition (2.33) shows that any solution 0882-(2.35) admits the representation
Un(t):= > o (t)w, for tO(0,T), (2.36)
k=—m
with unknown coeﬁicients{ak}f:_m. Fork=-m—-m+1K ,m, takev=w, in (2.34). Using (2.24)

and (2.35), it follows that solving (2.34)-(2.35) equivalent to solving, fok =-m-m+1K ,m,

the initial value problem

Lo ()40, 1) =( £ () w), fort0(0.7)

dt (2.37)
a, (0)=(uy, W, ),
Easy calculation shows that the unique solutiothefinitial value problem (2.37) is
t
o, (t) =™ (up, W), +J‘e‘“(t‘s)( f(s) w ), ds. (2.38)

0

Therefore the problem (2.33)-(2.35) has a uniquetisn given by
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Chapter 2. General linear diffusion problem
m t
um(t): Z (e—Akt<u0’Wk>0 +J‘e—?\k(t—s)< f (S)!Wk>0dS]Wk . (2.39)
k=—m 0
2. Apriori estimates
In this specific case of a Galerkin method, whihdlated to the Fourier series or diagonalization

method, thea priori estimates step amounts to proving t(nm)f;:l is a Cauchy sequence in both

c®(o,T],L3(02m) and L?((0,T),H".(02m) (For the general procedure involving priori

per

estimates, refer to Dautray & Lions (2000b: pp.-515)).

Since Parseval’s identity gives

2
Z‘(uo,wk>0‘ = ||u0||§
kOz

< 00

and

[ 1w fas= [ shwg) s

kOz

= ” f ||iz((0,T),L2(O,2T[))

<00,
it follows that
;
lim Zp: Kuo,wk>0‘220 and lim Zp: ﬂ(f(s),wk>0‘2dszo. (2.40)
Egg\k\zmﬂ Egg\k\zmﬂo

For anym O N andp OO N with p >m, we have

Ju (0)-un (1),
p
=2
[k|=m+1
) \/ $ e w) |+ \/
[K|=m+1
t t
< \/ Zp: & ug, W )| + \/ Zp: U e‘ZAk(t—S)ds]( | Kf(s),wk>0‘2ds] (Cauchy- Schwarzinequality)
[Kj=m+1 )
_ \/ T e m) [+ \/
[K|=m+1

It then follows that

t

2
e‘“t<u0,wk>0 +J‘e—7\k(t—s)< f (S), Wk>0d% (Formof u, j

Parsevaldentity

t 2
Ie‘“(t‘s)< f(s) Wk>0d% (Minkowski inequality)
0
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Chapter 2. General linear diffusion problem

o

p ~ Unllcoffor]2(02m)

_ SUpHUp(t)‘Um(tX‘O (Definition of ||[|1]Co([ O,T],LZ(O,Zn)))

t{o,T]
P 2 |1 & (5§ 2 -
s\/ D Kuowi)| + o > | [K(f(shw),| ds| (Definition of {A,},, )
[K|=m+1 [k|=m+1\_o
In view of (2.40),rllimmHup -u, co{or](o02r) =0, which shows that(um)"n::l is a Cauchy sequence in
p_.oo
p>m

c®([o,T],L2(02m).
For anym O N andp O N with p > m, anda the hermitian form defined in (2.14), we have
Jup €)=, 0);
< %a(up(t)—um(t),up(t)—um(t)) (H(0,27)-coercivityof a)

-1 Zp: Zp:a(ak(t)wk,al(t)wl) (Formof U, andup)

A |k=meafif=me

-2 3 5 amiNi v

A |k=meafij=m

P . 1
== S AJo(t) [Orthonormhty of{ Wk} ]
W

A f=ma
t 2
:% Zp: A, e—Akt<u0,Wk>0 + Ie—Ak(t—s)< f (s),wk>0d% (Formof O(k)
[K|=m+1 0
t 2
< s Zp: )\k[e 2hd <u0,wk>0‘2 + Ie‘“(t‘s)< f(s) Wk>0ds{ } ((x+ yf < 2(x2 + yz)).
k|=m+1 0
Thus
2 B T )
Hup Ul (o)t (02m) T ! Hup (t)- Um(t)Hl dt

2T p ‘2 t

S—I >N € (ug, W), +Ie‘Ak(t‘S)<f(s),wk>0ds dt

‘2

p T
—2\t
> I)\k e
0

(Ug, W), +Ie‘“(t‘s)<f(s),wk>0ds dt
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2
Un, mil2((07). L, (0,27))

h il t CauchySch
P L G | ( J e-”k‘“)ds}(f \<f(s),wk>ords]dt} (mZ‘:ﬁaﬁf waj

Ju, -

©

IN
Q|I—\ RN

ng %Mv

0

) f-e=)e je hoe w f(s)w, >0\2ds]dt]
Kuo,wk>0‘2+T(];‘<f(s),wk>0‘2ds}

Q|I—‘
I

)=0, and(u, )7, is a Cauchy sequence in

oo L?((0). 1L, (0,2m)

p_.OO
p>m

L2((0,T),H,(0,2m)) as well.

per
3. Passageto limit u
In the general situation, a weak compactness anguisi@sed in this step (see e.g. Dautray & Lions
(2000b: pp. 515-516)). This step is much simpleoun case, because of the specific method under

consideration.

Since both C°([0,T],L2(02m)) and L2((0,T)H2,(02m) are complete and continuously
embedded irL?((0,T)x(0.2m), there exists a unique0IL?((0,T),H2, (0.2m)n c*([0,T],L2(02m))
such that the Cauchy sequene,), converges tou in both C°([0,T],L?(02m)) and
L2((0,T),H,.(0,2m)). Note that, in view of (2.39), we have (2.30).

4. Confirmation that thelimit u isa solution to (2.17)-(2.19)
Fix ¢OD(OT) andn O N. For anym > n, multiplication of (2.34) by yields, by the

distributional definition of derivatives,

T . T T
~[(un(t) d—w +[alu, (i) v)oltht= [(f(t).v),w(tt for all vOS,.  (2.41)
0 0 0
Since, in (2.41),(um)°n::l converges tou in the sense of the space of vector distributions

D'((0T),H.(02m) n D((0,T),L2(02m)), it follows that

per

_<<u(t),v>0,(3j—tf>oy(m +(@(ult)v) W) o om :<<f(t)’v>0’l'p>o,(0:) forall vOS,. (2.42)

By (2.32), the relation (2.42) holds for &l0H per(0 2T[). Hence the function satisfies (2.18) on
(0.T) in the sense of distributions. Moreover, sifigg):_, converges taiin C°([0,T],L2(02m), it

follows from the pointwise convergencelif(0,2r) that
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Chapter 2. General linear diffusion problem
u(0)= lim u_(0)
m- o

m
=lm 2 (Ug, Wi ) W
k=-m
= (U Wi ), Wi

kOz
=U,.

Thereforeu satisfies (2.19).

Part 2: Uniqueness of solution

The solutioru is unique as a result of the representation (2.30).

Remark 2.5. The solutionu in (2.30) is real-valued, even though it is expressed asiessof

complex functions. Indeed, we have, {art)0(0,2m)x (0,T),

kOz

= 3| € (), + [ (), ) d S]W_k 0 ( 1., real- valued]

kCiz 0 W =W,

t
=> e™(up, W), + Ie‘“(t‘s)< f(s) Wk>0dS]Wk
0

kOz

t
u(x,t)=>" e‘m<u0,wk>0+Ie‘“(t‘s)<f s,wk>0ds]Wkix) (Formof u)
0

=u(x,t).

Theorem 2.6. The solutioru of (2.17)-(2.19) satisfies the inequality
t
Jut)], < e™ug|, + [ (s)],ds for tD[OT], (2.43)
0

from which it follows that the solutiom depends continuously upon the data, in the séiage t

e’ -1
14 ol ) or10loT].

Proof. By (2.30), we have
t
||u(t)||0 = Z(e_Akt<uo’Wk>o + Ie_Ak(t_S)< f (S)’Wk>0 dS]Wk
kOz 0
2.

> e‘“t<u0 , Wk>0Wk
kz kOz

Ze ktu W

0

(j e 1 (s), Wk>°dS}Wk

0

(Triangleinequality)

IN

+
0

0

IN

+IH€ 1 (hw o s
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Chapter 2. General linear diffusion problem

ot = 3 &) \4¢z-ﬂ

ce bt\/m"'je_bt s\/ Wk O‘st (Definition of {)\k}kDZ)
Koz

=e™||uy, +Ie =) £ (s)), ds (Parsevaldentity).

0

2 . .
Wk>0‘ ds (Parsevaidentity)

It then follows that

.
Ju(e), = fuol, + [ £ () s

0
. Cauchy- Schwar
< g, + \/Iezb ds \/I” | ds (inequality i

= ul, +

T”f”LZ ((0).L2(0,2m)

S(l*'\/i}m 0” ” ”L2 (o) 02n)))

Remark 2.7. It is possible to prove the inequality of contingsadependence (2.44) with a constant

not dependent on. If in (2.34), we set/:um(t) and use the relation

(%00, 0)) =3 Sl0al) 249

dt . 2dt

we obtain

Sl -3 >

] =21 oas
= j< f (s), um(s)>0ds— Ia(U(S)’ Um(s))ds

This means thati, satisfies the relation

Yo+ o ) (Shos=

Taking the limit asm — o, we have

2

+[(f(shun(s)),ds.  (2.46)

0o 0

Zm:<u0,wk>0wk

k=—m

—||u +Ia ds——||u0|| +I ).u(s)),ds. (2.47)

The relation (2.47) is called the energy equality, stheequantity
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Chapter 2. General linear diffusion problem
—||u 2y ja (2.48)

represents the energy of the system (see Dautrap@8sl(P0O00b: p. 520)).
We then have

I+ IIIu )ids< Zult); +O(IIIU ) ds

—||u ) +ja (H*(027)-coercivityof a)
0
_—||u0|| +j<f (Energyequality)
0
s§||u0|| +l s),|u(s)|,ds (Cauchy- Schwarzinequality)
_E||u0|| + = I|| s)ds+— I||u ) ds (Younginequality)
Jut); < Juofl, + f [#(s),ds

||U(tX|o s ”uO”o +a” f ||L2((0,T),L2(0,2T[))'

A further consequence of the energy equality (2.47) ictimtinuous dependence ofin the

norm osz[[O T), H})er[02njj with respect tau, andf, given by

||u||i2((0,T 1 (02m) = ||Uo|| e ” ” ((oT).L2(0.2m)" (2.49)
Indeed,
ul”u(t)”f dt< %”u(T )2+ ia(u(t), u(t))dt (H(0,27)-coercivityof a)
:1||u0||2 +I f(t)u(t)),dt (Energyequality)
||u0|| + I | £ @), |ut)],dt (Cauchy Schwarzinequality)

s-||u0|| + = I|| t)odt+— I||u ) dt (Younginequality)

O(IIIU i< fuof, = III )yt

”u”LZ((o,T),H},e,(o,zn)) Sa”uOHO +?” ||L2((0,T),L2(O,2n))'

We now present a regularity result:
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Chapter 2. General linear diffusion problem

Theorem 2.8. If the initial datau, is of classH?, (0 21'[), then the solution of the problem (2.17)-

per

(2.19) has the regularity

% 0L2((0,7),L%(02) (2.50)
and
u(t)OH?(0,2m) for almost allt 1(0,T). (2.51)

Proof. For anym OO N, andk =-m-m+1K ,m, takingv=w, in (2.34) and multiplication by

d

a(um(t),wk> results in
g<u (£) w ) 2+a~(u (t)g<u (£) w ) Wj=<f(t)g<u () w ) W> (2.52)
dtm’ko m’dtm’kok ’dtm’koko' )
Recognising tha&( (t), d:t (t)):%%a(um(t),um(t)), summation of (2.52) ovefm—m+1K ,m,

integration ovev[O,T] and rearrangement of terms yield, by the Palsgemtity,

)] o= 2l (0huu(0)- Salsa(Thun )« 102 ) c
< 5ol 00 0)+]{ 105 0)
< 2altn O, 0)+ 110 0] o oy o)
<Lalu, 0u, (o))+%l|| f (0]t +%; d, (t)( :dt (Younginequality)
1% 0=l 00D 1 1
<lelll 1 g (Boundednesof )

Hencea:;tm 012((0,T),L2(02m) for eachm O N, and, taking the limit as — o, it follows that

% 0L2((0,7),L2(02m)).

Sinceu satisfies (2.1) in the sense of distributions @eenark 2.9 below), withf (t)0JL?(0,2r)

2
and %()D L2(02m) for almost alltd(0T), it follows that—c%(t%bu(t)DLz(O,Zn) for
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Chapter 2. General linear diffusion problem

almost allt 0(0,T). Then, sinceu(t)0L2(02m), %DL (0,2m), and thereforeu(t)OH?(0,2m), for

almost allt (0, T).

Remark 2.9. The regularity (2.50)-(2.51) in Theorem 2.8 pesmit to give an interpretation of the
variational problem (2.17)-(2.19).
Suppose that is the solution of the problem (2.17)-(2.19). EiXJD(0,T) and v D(02m).

Substitution o in (2.18), multiplication byl and integration ove{0,2r)x (0,T) leads to

T2m

—ﬁnu(x,t)v t)dxdt c”u xt)—2 W(t)bdt +b HT (x,t V(x)w(t)dxdt

o3 (2.53)
”f (x tv(x)w(t)d>alt.
If
¢lxt):=v(x)u(t), (2.54)
then 1D((0,2r)x (0,T)) and (2.53) becomes
—”u xt)—(p (x,t)obdt - cﬁnu xt)d>dt+b”n (x,t ), t )bt
00 (2.55)

T21
= [ [ £ (cthelx thbat.
00
As the space consisting of finite linear combinagi@f functionsg of the form (2.54) is dense in
D((0,2m)x(0,T)), (2.55) is equivalent to

2
<6“ _CO_Xu+ bu, (p> =(f,q),,, for all @0D((02m)x(0,T)). (2.56)
D'xD

Therefore any solution of the variational proble2nil{)-(2.19) is also a solution, in the sense of
distributions, of the initial-boundary value profl€2.1)-(2.3).
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Chapter 3. A semi-discrete spectral method for
the general linear diffusion problem

The work in this chapter depends on the theory done &pt€h 2 (especially in Theorem 2.4). We
therefore continue with the notational conventions usdthe previous chapter. For convenience,
we will repeat the most important formulae here. Wealso assume that denotes the solution of
(2.1)-(2.3), or

ou 0%
E—cy+bu: f on(02m)x(0,T)
u(x,0)=u,(x) (3.1)

u(O,t) = u(2n,t),

in the sense of Theorem 2.4.

In this chapter, we investigate a semi-discrete (inxtkariable) approximation of the general
linear diffusion problem (2.1)-(2.3) (or (3.1)) or (2.17)-(2.XSiven the analysis done in Chapter 2,
it is natural to use a spectral method of Fourier-Galdgioe in the sense described below.

First requirement of the Fourier-Galerkin spectral method

With each positive integem, we associate the finite dimensional subsp&ceof H? (0,21'[)

per

defined in (2.31) by

S,,:=sparfw, }I__, wherew, (x) = 1 g (3.2)

Vo
Second requirement of the Fourier-Galerkin spectral method

For each positive integen, we approximate the solutianof (2.1)-(2.3) or (3.1) by, which is

represented in the form

U (t)= Yy (tw, . (3.3)

m
k=—m"*

with unknown coefficientfa, }
Third requirement of the Fourier-Galerkin spectral method

In general,u,, will not satisfy

ou d%
——Cc—+bu=f andul0)=u,, 3.4
at aXZ ( ) 0 ( )

i.e. the residuals
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Chapter 3. A semi-discrete spectral method for the geivezar diffusion problem

ou 0%u
=" —c—2+pu_ —-f andlu_:=u_(0)-u 3.5
qﬂ 6t axz m m m( ) 0 ( )

will not vanish everywhere. Consequently, the thieduirement of the Fourier-Galerkin spectral

method is to minimize the residuafyy,, and lu,, by demanding that

(Ru,(t).v), =0forallvOS, andt0(0T) a6
(lu,,v), =OforallvOs, (3.6)

or, equivalently, fork =—m,-m+1K ,m, that (2.37) be satisfied:
%ak(t)ﬂ\kuk(t):(f(t),wk>0 for t 0(0,T) whereh, =ck? +b 3.7

a, (0)=(ug, W),

Theorem 3.1. The Fourier-Galerkin spectral approximation (3&3§3.7) is them™ partial sum of

the Fourier series ofi. Consequently(u, ), converges tou in L%((0,T).H2,(02m) and

m=1
c*(lo,7].L?(02m)).

Proof. This is a consequence of (2.30) and (2.38), whHerd-burier series af and the solution to
(3.1) and (3.7) are given respectively. The conercg of the sequen(ﬁeem):;:l to u in the stated

topologies was established in Step 3 (p. 32) optbef of Theorem 2.4.

Remark 3.2. An alternative proof of the convergence of the retGalerkin spectral
approximation (3.3) & (3.7) can be found using thassical framework of Lax-Richtmyer, i.e.
consistency and stability (cf. Dautray & Lions (P@0p. 37)).

The approximation (3.3) & (3.7) is consistent ie #ense that there exist, for] N, projection
operatorsP, :L?(02m) — S, such that

lim [v=P,v, =0 for all vOL?*(02r). (3.8)

m

Indeed, takingP,v:= Z(v,wk >Wk , Theorem 1.1.3 immediately leads to (3.8).

k=—-m

In addition, the approximation is stable in thessethat
1 :
Jun E)f, < Juoll, +a|| f ||52((0,T),L2(0,2n)) where o =minb,c}. (3.9)

This follows directly from (2.46), since
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Chapter 3. A semi-discrete spectral method for the geivezar diffusion problem

e+ IIIu s)l, ds

A [IRCIRE

IN
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+
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o
(7]

0 271' -coercivityof a
Parsevahentlty

QD
—
[
3
—
()]
_\/
[
3
—
Z
o
()]

Z<u0’wk>o
2 U, Wi ),

Energyeq uahty)

m 2 Cauchy- Schwar
<2 S+ 116N oSl (inequamy ﬁ
< Zm:<u W), +—I|| s)[ds+— I||u s ds (Younginequality)
Jun(t Z‘u w, ) ‘ += I|| |ds
< ||u0||0 +a|| ||L2((O,T),L2 (o) (Besselnequality).

In addition to the above convergence results, we hiwee following exponential rate of

convergence.

Theorem 3.3. Form [0 N, there holds the pointwise error estimate

1(du
Ju(t)-u,(t), = &(t) 0 for t0(0,T). (3.10)

Furthermore, il satisfies the regularity condition
u(t)OH?(0,2m) for t0(0,T) (3.11)

for some integep > 1, then

1 (dPu
Ju(t)-u, )], < 5 W(t)( 0 for t0(0,T) (3.12)
Ju(t)-u, (1)), < mlp_l ‘;;:‘j (t)(l for t0(0,T). (3.13)
Proof. If u satisfies (3.11) for some N, then
Ju(®)-u, @) = kzr:n‘ ‘ (Parsevaidentity)
] gnkzp et wl,
= e k>mkp k>°‘2
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TORTQ IS ) IO

m?P
_ 1 |dfu ’ : .
=T e t) 0 (Parsevadentity).
Since
du du, > du _
)0, 0 =)0 [ 24600 i S22, 20

the estimate (3.13) follows from (3.12).

Remark 3.4. If u, OH?_(0,211), we know thaw(t)0H?(0,2m), i.e.p = 2 (cf. Theorem 2.8).

per

Remark 3.5. The estimates in Theorem 3.3 are sharper thare thb&ined by Thomée (1997:
Chapter 1), essentially because in this aasf) is the best approximation aft) in S with

respect to the inner produ<(£ﬂ[>]0 (cf. Reddy (1998: pp. 192-193), Canuto et al (198277)).

For example, Thomée (1997: Theorem 1.3) states that

N P = (Y

@(5)1 ds] (3.15)
ds" |,
under the assumptions

u(t)oH?(0,2m) and%(t)D H*(02m). (3.16)

0

Our rate of convergende(t)-u,,(t)| :O(%) in (3.10) is valid without this assumption. Even

when (3.16) is met, our estimate is sharper. Indesidg the seminorm 0H1(0,2n) defined by

dv

M=) forve H*(02m), (3.17)
0
we have
1(du
Jut)-u. (), <= &(t) 0
1
:E|u(t11
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) -, = +l%(s)d%

1

t 2
sl‘d—u" +I6u(s ds|.
mi |l dx |, gfoxot ",
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Chapter 4. Finite difference methods for a first
order initial value problem

This chapter is devoted to some numerical approximationsitafl value problems for ordinary
differential equations. In Section 4.1, we define, in aegal framework, the concepts of
consistency, zero-stability and convergence of finifeexdince methods that correspond to linear
one-step methods. These concepts are applied to theal@#smethod in Section 4.2. In Section
4.3, we design an original scheme, the non-stan@amethod, which has the advantage of

preserving some qualitative properties of the solution oinihial value problem.

4.1. Generalities

We consider the initial value problem for the first ordedinary differential equation

d .
DyEd—Bt’ =g(t,y)in (0.T)

y(0) =n.

We assume once and for all that the problem (4.Weill-posed, i.e. it has a unique solution that

(4.1)

depends continuously upon the data. Typically, thisrue when the functioft,z) - g(t,z) is
continuous or{0,T)x(-e,e) and satisfies the Lipschitz condition

l9(t,z)-g(t.z,) < Lz, -2, forall tO(0,T), z,O(-,00) and z, I(-0,00)  (4.2)
for some constarit (cf. Lambert (1991: p. 6), Burden & Faires (19p@: 256-257)). Consequently,
we assume that (4.2) is true. Whenever necessayassume more regularity @nso that the
solutiony is smoother.

For the numerical approximation of (4.1), we fixiategerN, and define the step-size

T
At=—. 4.3
N (4.3)

We then replace the continuous inter[@ﬂ'] by the mesh of equidistant points
{t.t, = natfor n= 01K ,NJ. (4.4)
Forn=01K ,N, y, is used to denote an approximationyff ), whereasg, denotesg(t,,y,).

The finite difference method entails solvingyp the equation

Da Yo = Fa(¥nr 04, (4.5)
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Chapter 4. Finite difference methods for a first orderainvalue problem

where D, is a difference operator such thix,y, approximatesDy(t,), and F,(y,.q,)

approximatesg(t,, y(t,)) in some way.

The finite difference method that we consider in thigkns a particular case of the linear one-

step methods investigated by Lambert (1973: Chapters 2 & 3, 19@piet 3). Consequently the

three concepts that form an integral part of conteanyanalysis of numerical methods are defined

below in accordance to Lambert.

Definition 4.1.1.

(@)

(b)

(€)

Consistency. (Lambert, 1991: p. 28) The finite difference scheme (4iByyed as a linear one-
step method, is called consistent, provided that for @ll-posed initial value problems (4.1)

with exact solutiory, the truncation errob,, y(t)-F,, (y(t), a(t, y(t))) satisfies
Iim (D y(t) - Fy (v(t) 9lt, ¥(t)))) = 0 for anytO[o,T]. (4.6)
Zero-stability. (Lambert, 1991: p. 32) The finite difference sclegih.5) is called zero-stable if

there exist constants > 0 andh, > Osuch that, for aIAtD(O,hO], the relationy, - ¥,|< Ke

holds Whenevek)n —Sn <¢ for a given accuracy > 0 and any two perturbatiof§, )2‘20 and

(Sn )nNzo of the data in (4.1) with corresponding perturbetitions (y, )., and (¥, )",
Convergence. (Lambert, 1973: p. 22) The finite difference sckefd.5), viewed as a linear
one-step method, is called convergent if, for allyosed initial value problems (4.1) with
exact solutiory, we have

IAltm0| y, - ¥(t) =0 for anyt0[0,T] 4.7)
nAt=t

for all solutions(y, ), of (4.5) satisfyingy, =n(At), WhereIAitmOr](At) =n.

In this conceptual framework, we have the followeguivalence theorem due to Dahlquist (cited
by Lambert (1973: p. 33, 1991: p. 36)):

Theorem 4.1.2. The necessary and sufficient conditions of thehowt(4.5) to be convergent are

that it be both consistent and zero-stable.
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Chapter 4. Finite difference methods for a first orderainvalue problem

4.2. The 6-method

The6-method for approximating (4.1) reads

Your = Yo — _
=0g,., +(1-8)g, forn= 01K ,N -1
At s +(1-0)g, forn=01 (4.8)

Yo =N,
WhereeD[O,l] is a given parameter. In the notation of (4.5) haee

DaY, = yn+lAt Yo andF,(y,.9,)=6g,., +(1-6)g, . (4.9)

As mentioned earlier, themethod (4.8) is a linear one-step method, thecira of a lineak-
step method being (Lambert, 1973: p. 4)

k k
iZal'yn’fj :Zngnﬂ for n=0L1K ,N-1. (410)
At j=0 j=0

For some specific values &fthe6-method is known under the names indicated below:

Valueof 0 Name of method
6=0 Forward Euler method
e:% Trapezoidal rule, Crank-Nicolson method
6=1 Backward Euler method

We now present the convergence of@hraethod.

Theorem 4.2.1. The6-method (4.8) is consistent, zero-stable and tbusergent.
Proof. To prove consistency, we consider any well-posatainvalue problem (4.1) with

continuously differentiable solutionon [O,T] . The truncation error of tilemethod (4.8) at a fixed
to[oT] is
t+At)—ylt
0= (agevn v a)+ b-glotyt). @

We therefore have

im v 0)= i 2o+, e+ 50+ 2-)ot ()
= im C(y“’“ U)-im g, y(+21)) +a-0)gt. )
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Chapter 4. Finite difference methods for a first orderainvalue problem

im ()= 2 0)- glt. o)
=0.
By Definition 4.1.1(a), this means that thenethod is consistent.
For zero-stability, it is difficult to proceed datly by using Definition 4.1.1(b). However, it is
known that the linear multi-step method (4.10) ésczstable if and only if every root of the first

characteristic polynomial
k .
p(2)=>a,z (4.12)
j=0

has modulus less than or equal to 1, and thosematthulus 1 are simple (cf. Lambert (1991: p.
35)). Since theéd-method (4.8) is a linear one-step method for whiah only root,z = 1, of the

corresponding polynomiqj(z) Is simple, we conclude that themethod is zero-stable.

Using Theorem 4.1.2, (4.7) follows.

Remark 4.2.2. Some clarification is necessary about the converggroved in Theorem 4.2.1. In
view of Definition 4.1.1(b), the zero-stability tlie 6-method simply means that this method is
insensitive to perturbations whenever the step-Aizapproaches 0. In other words, zero-stability
controls the manner in which errors accumulate, dnly in the limit asAt — 0. However, in
practice the limit ofAt is never reached. What one obtains are differastrete solutions
corresponding to different non-zero values\f

In this regard, there exist several examples @airmulti-step methods that are convergent, i.e.

consistent and zero-stable, but for which a vadlyef the step-size may be found such that, for
At > hy, the error of the method increasesMsincreases, whereas fét < h, it decreases. Let us

illustrate this fact for the forward Euler metho@.(6 = 0 in (4.8)). For this method, it can be shown
(cf. Burden & Faires (1997: pp. 264-266)) that éhkolds the error bound

MAt

I(e“n ~1) for n= 01K ,N, (4.13)

[Y(ta) = Yl <
whereL is the Lipschitz constant in (4.2) apds supposed to be of cIaéﬁ[O,T] such that

9 ()

o ()M < for t0[0,T] (4.14)

for some constari¥l. Furthermore, if one considers the perturbed Bulethod
V.=y +Aglt ,y )+ . forn=01LK , N-1
Vo = Vo + Bt 7o)+ 8, L (4.15)
Yo =11+ 0,
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where[3,|< & for n= 01K ,N, then Burden & Faires show that

y(t,)- | sg(%+£)(e“" ~1)+[5/e" for n= 01K ,N. (4.16)
LL 2 At
The error bound (4.16) is no longer linearAn. In fact, since
im (—Mm +£) =, (4.17)
ac-o\ 2 At

the error would be expected to become large fdicgrtly small values oft . Let
_MAt b

E(At):_T+E. (4.18)
Then

dE,\_M 3

a2 (29

and if At < ,/2—6 thenE(At)<0 andE is decreasing. Similarly, mt>1/2—6, thenE(At)>0
M dAt M dAt

andE is increasing. The minimal value Bfoccurs when

- |2
At _\/;. (4.20)

DecreasingAt beyond this value will tend to increase the tetabr in the approximation.

The above comments motivate the need for anotlailisy theory that applies whefit takes a
fixed non-zero value. For a fixed step-siae>0, stability of thef-method means that the

propagation of error is insignificant @&s— « . Following Raviart & Thomas (1983: Chapter 7), we

assume, as usual, that the deriva%ahge Is constant, and consider the model and test @nobl

oy
dy _ ..
g = Wi (0=) (4.21)
y(0) =n,
where, for convenience, we have
=% o (4.22)
oy
The solution of (4.21) is
y(t)=ne™. (4.23)

The6-method (4.8) applied to (4.21) yields
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Chapter 4. Finite difference methods for a first orderainalue problem
_1-(1-eAt
"7 1+ONAt
Yo =1,

y, forn ON

and therefore

:[1—(1—6))\&

forn O N. 4.24
1+ OMAL jn orn (4.24)

n

The exact solution (4.23) and the discrete solution (4.24)dargical at the initial time = 0. In

view of (4.23) and (4.24), the propagation of error will bégiméicant asn — o if and only if

1-{L-6hat <1, (4.25)
1+ OAAt
which is the condition of stability for tliemethod for a fixedAt . When
1-(1-8)\At 1, (4.26)
1+0OAAt

we say that thé@-method is absolutely stable for the fixed step-4iz to express the fact that
(y,)>, in (4.24) goes to 0 as - «, like y(t) in (4.23) agt - .
Remark 4.2.3. It is easy to see that Gz%, then thed-method is stable for anft > 0. According

to standard terminology, tltiemethod is then said to be unconditionally stahﬁléké, then thed-

method is stable only foft satisfying

A< —2 (4.27)
1-26
In this case, the-method is called conditionally stable.
Remark 4.2.4. Setting h:= -AAt, the number
X = M (4.28)
1-6h

is the only root of the stability polynomiaﬂ(r,h) (defined by Lambert (1973: p. 65)) for the

method (4.8) viewed as a linear one-step methatD)4lt is in terms of (4.28) and (4.26) that
Lambert (1991: p. 70) defines the concept of aliedtability.
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Chapter 4. Finite difference methods for a first orderainvalue problem

4.3. The non-standard 6-method

In this section, we will develop an original powerfuligat of the6-method. We assume that the

initial value problem for the first order differentiajuation (4.1) is autonomous, i.e.

py=" =g(y)in (0.7) (2.29)
y(0) =n,
the other conditions ogbeing satisfied.

Non-standard finite difference schemes for (4.28)enintroduced by Mickens (1994: Chapter 4)
as powerful numerical methods that preserve swmpniti properties of exact solutions of the
involved differential equations. Schemes were eicgdlly developed using a collection of rules set
by Mickens.

Anguelov & Lubuma (2000, 2001a, 2001b) provide samethematical justifications for the
success of these empirical procedures. In particaan-standard finite difference schemes can be

defined as follows by using two of Mickens’ rules:

Definition 4.3.1. The scheme (4.5) is called a non-standard firifferdnce method if at least one
of the following conditions is met:

(a) In the first order discrete derivatii, y, that occurs in (4.5), the traditional denominalxr
is replaced by a positive functiap such that
¢lat) =t +0((at)?) asat - 0. (4.30)

(b) Non-linear terms irg(y) are approximated in a non-local way, i.e. by dafle function of

several points of the mesh (e(g(t,))’ =V, Vi (V(t,)) = y2Y...)-

The power of the non-standard finite difference hndtover the standard method is expressed in

the next definition:

Definition 4.3.2. P-stability. (Anguelov & Lubuma (2000, 2001a)) Assume that sb@utions of
(4.29) satisfy some properfy. The numerical scheme (4.5) is called (qualitdyivetable with
respect to the property (or P-stable) if, for every value oft >0, the set of solutions of (4.5)

satisfy property.
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Chapter 4. Finite difference methods for a first orderainvalue problem

Our aim is to construct a non-stand@danethod that is stable with respect to the properties of
fixed-points of (4.29). Our construction is based on Dedinit4.3.1(a) (often referred to as
renormalization of the denominator). In other words,ane in view of (4.8), looking for discrete

schemes of the form

Y ~ Yn :egn+1+(1_e)gn forn=01K ,N -1, (431)

Ny
or, equivalently,
Yo =Y, +@(At)(6g,., +(1-6)g,)=G(at,y,,y,.,) for n= 01K ,N-1 (4.32)

with suitable initial values.

Definition 4.3.3. Fixed-point of differential equation. Any constanty such thatg(y):o, is
called a fixed-point of the differential equatiohZ9).

We consider fixed-points with regard to the behawiof the other solutions of the differential
eqguation around them. Generally, fixed-points wtittihact other solutions in some neighbourhood
whent - o, are called stable, those that repulse otherisolkiire called unstable. We restrict our
study to hyperbolic fixed-pointy, i.e. fixed-pointsy satisfying the relation

dg -

=2(¥)z0. 4.33

oY) (4.33)

The reason for this restriction is the Hartman &nan theorem (Stuart & Humphries, 1998: pp.

J

156 & 164), which guarantees that the asymptoti@b®ur of solutions of (4.29) with initial data

neary may be reduced to the behaviour of solutions efittear equation

de
= =J. 4.34
it (4.34)

The equation (4.34) may formally be obtained adofed. Consider the perturbed trajectory
y(t):=y +£(t). We have

de_dy
dt dt

=g(y+¢)

= o(y)+ £ (7)+0le’)

using a Taylor expansion gfaroundy . Since we are only interested in small values @fe retain

only the linear part of this differential equati@md (4.34) follows.
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Chapter 4. Finite difference methods for a first orderainvalue problem

Definition 4.3.4. Linear stability of fixed-point of differential equation. A hyperbolic fixed-point

y of (4.29) is called linearly stable provided tt@ solutiore of (4.34) corresponding to any small

enough initial data satisfidt'sn s(t) =0. Otherwise, the fixed-point is called linearly taide.

Remark 4.3.5. The linear stability of a hyperbolic fixed-poigt of (4.29) is equivalent to having
J<0in (4.33). Likewise, a fixed-poinj is linearly unstable if and only Jf> 0 in (4.33).

We now turn to the discrete analogue of our disonssn fixed-points.

Definition 4.3.6. Fixed-point of discrete scheme. A constanty is called a fixed-point of the

difference scheme (4.31) or (4.32)yif = y is a fixed-point of the mapping in (4.32).

Remark 4.3.7. In view of the definition of5, y is a fixed-point of the discrete scheme (4.38nidl
only if y is a fixed-point of the differential equation #.29).

Let y be a fixed-point of the discrete scheme (4.31ngRter, from (4.31), the discrete trajectory

y, =y +¢, and the discrete perturbation equation

Cr1 "% _gg(y+e, )+ (1-0)g(Y+¢,) for n= OLK ,N -1. (4.35)

¢lAt)
Taylor expansion of(y+¢,.,) andg(y+¢,) aroundy vyields, on retaining only the linear part in
€,, the equation

w1 "% _g3g_ +(1-0)Je, for n= OLK ,N -1, (4.36)

glar)

or equivalently

_ 1+ g(at)1- e)
= N
=J,E&, with 1- el

which is the discrete analogue of the error eqngtdo34).

for n= 01K ,N -1, (4.37)

Definition 4.3.8. Linear stability of fixed-point of discrete scheme. Assume thaty is a hyper-
bolic fixed-point of (4.29). As a fixed-point of @), thisy is called linearly stable provided that

the solution(sn) of (4.37) corresponding to any small enough ihitiata satisfiedime, = 0

n=0 nooo

Otherwise, the fixed-point is called linearly uridea
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Chapter 4. Finite difference methods for a first orderainvalue problem

Remark 4.3.9. The linear stability of a hyperbolic fixed-poigt of (4.31) is equivalent to having

5] <1 in (4.37). Likewise, a fixed-poiny is linearly unstable if and only |8, | =1 in (4.37).

We now formalize the stability under consideratias,a special case of tRestability in Definition
4.3.2:

Definition 4.3.10. Elementary stability. The finite difference scheme (4.5) is called elptagy

stable if, for any value of the step-siae, its only fixed-pointsy are those of the differential
equation (4.29), the linear stability propertieseathy being the same for both the differential

eguation and the discrete scheme.

Theorem 4.3.11. The standaré-method (4.8) is not elementary stable.

Proof. It is sufficient to consider the forward Euler nmadhi.e.6 = 0 in (4.8). Lety be a fixed-
point of the differential equation (4.29) and tleté difference scheme (4.8). The discrete error
equation (4.37) becomes
€., =(+JAt)e, for n= 01K ,N-1, (4.38)
so that
g, = (1+JAt)"e, for n= 01K ,N. (4.39)

Suppose that the fixed-point is linearly stable for the differential equatioh29) (i.e.J < 0).
However, (sn):’=l diverges forAtz%, which means thay is linearly unstable for the finite

difference scheme (4.8).

Remark 4.3.12. The only exception to the result in Theorem 4.3slthe Crank-Nicolson method,

i.e. 0 :% , Which is elementary stable (cf. Anguelov & Lubu(@@01a)).

In contrast to the negative result in Theorem 4.3vte have the following new elementary stable
non-standard scheme that extends the results aiedmg & Lubuma (2001a) and Mickens (1994
Section 4.2) regarding the forward and backwareEmnethods:

54



Chapter 4. Finite difference methods for a first orderainvalue problem

Theorem 4.3.13. Let ¢ be a real-valued function oR that satisfies (4.30) and the additional
condition
0<@x)<1 forx>0 (4.40)

(e.g. (p(x):l—e‘x). Assume that the differential equation (4.29 adinite number of fixed-points,
all hyperbolic. Set

dg/—\ /~
= max{\d—g(y)ug(y)w}. @.a1)
Then the non-standagdmethod

Yoa " Yo —gg  +(1-8)g, forn= 01K ,N-1

a tj
?Z]A (4.42)
Yo =1,
or
Dy Vs =y—(f;@ﬁyf and F (y,,9,)=6d,. +(1-6)g, (4.43)

q
in the notation of (4.5), is elementary stable.

Proof. By Remark 4.3.7y is a fixed-point of the differential equation (8)af and only ify is a
fixed-point of (4.42).
Suppose thay is a hyperbolic fixed-point of (4.29). The dis@&rror equation (4.37) reads

1+(p(th)(1—6)‘;

RS T [En for n=01LK ,N -1, (4.44)
1-¢(gat)e ™
q
so that
1+ gloat)1-6)>
g = 5 9| ¢, for n= 01K ,N. (4.45)
1—<p(th)eq

If y is linearly unstable for the differential equatig.e.J > 0), then

1+<p(qm)(1—e)~]\ 1+ fant)i-6)°
9 = 951, (4.46)

‘ 1—<p(th)e‘; ‘ 1—<p(th)e‘;
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Chapter 4. Finite difference methods for a first orderainvalue problem

which, in view of (4.45), implies the(tn) diverges. Thugy is also a linearly unstable fixed-point

n=1

of the non-standard scheme (4.42). If, on the ohi@awd,y is linearly stable for the differential

eqguation (i.eJ < 0), then

1+(p(th)(1—9)‘;‘ ‘1 @(aAt)(1- ‘;‘
J
el | | aeofondel) |
4 q
1-gop)a-9)1)
) N
1+(p(th)9q
<1

because of (4.40) and (4.41). Consequently, in \ﬂ'éMAS),(ﬁn) converges to 0. Therefong

n=1

is also linearly stable for the non-standard schém&?).

The non-standaré-method preserves the zero-stability, consistemclya@nvergence properties of

the standar@-method.

Theorem 4.3.14. The non-standaré-method (4.42) is consistent, zero-stable and ¢busergent.
Proof. This is a consequence of Theorem 6 in Anguelov &Uma (2001a), observing that the

function F,, in (4.43) satisfies the Lipschitz condition
SURFy (Yo 9(¥n)) = Fu (2, 9(2,)] < Lsury, - 2| (4.47)

for any two bounded sequendgs )", and(z,)7,, andL the constant in (4.2). Indeed,

IFae (Yo 9(a)) - Fue (20, 9(2,))
=68(a(Yn )~ (2o ) + (- )(( (v,)-9(z,))

g
<89(Vp1)-9(z.0) +@-0)a(y,)-9(z,)  (Triangleinequality)
< L(e| Yo ~ n+1| + (1 e)| n| (L|pSCh|tZ conditionon g)

< Lsupy, -z,
noN

Remark 4.3.15. The non-standar@-method is absolutely stable for all values &[ﬂ[o,l] and
At >0. Indeed, the non-standard analogue of (4.24 visrgby
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Chapter 4. Finite difference methods for a first orderainvalue problem

V. :(1—<p(mt)(1—e)J”n | (4.48)

1+@\At)D

Using (4.40), it follows that

1-g(\At)(1-6)
1+p\AL)D

<1. (4.49)

At the end of this chapter, we have the followimgnparative table, which clearly shows the power
of the non-standar@ method (4.42) over the standa@anethod (4.8):

Property Standard 0-method Non-standard 0-method
Consistency Yes Yes

Zero-stability Yes Yes

Convergence Yes Yes

Absolute stability for allAt  No Yes

Elementary stability for ab No Yes
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Chapter 5. Full discretization of the general linear
diffusion problem

In this chapter, we consider a fully discrete (i.ebaih thex andt variables) approximation of the
general linear diffusion problem (2.1)-(2.3) or (2.17)-(2.19):

ou 0%
E—cy+bu: f on(02m)x(0,T)
u(x.0)=u,(x) (5.1)

u(O,t) = u(2n,t).

The Fourier-Galerkin spectral method (3.3) & (3.7) isdufe the spatial approximation. For the
discretization in time, we will consider, in turieto-method (as discussed in Section 4.2) and the
non-standar@-method (Section 4.3).

We return to the notation used in Chapters 2 and 3. Incplart, we will make use of the

eigenvalue\, },, and eigenfunctiongw, },, of the eigenvalue problem (2.23), as given by

kOz

(2.25) and (2.26):

A, =ck?+b and wk(x):ie“. (5.2)

Vo
As previously, we will also assume thatlenotes the solution of (5.1) in the sense of Tdmwd.4.
In addition, for a given number of time stépsnd step-sizét defined by (4.3), we replace, as

before, the interva[IO,T] by the mesh (4.4). We adopt the notation

m

G = (F(tn). W), and o= Do(F(t) wi)ow (5.3)

k=-m

and denote by, , the finite difference approximation t, (tn). Moreover, we set

um,n = Zak,nwk ' (54)
k=—m
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Chapter 5. Full discretization of the general linear diffagiroblem

5.1. Spectral-0-method

For fixedm O N andk =-m—m+1K ,m, the sequencé)(kyn )::0 is determined by applying tite

method (4.8) to the initial value problem (2.3 Aay by

9, @) r,a,0)= (10w fort o)

(5.5)
ak(o):<u0’wk>'
In other WOI’dS,((XkYn )nN:O solves the difference equation
Oy — O
% +)\k (eak,nﬂ + (1_ e)(x k,n ) = egk,n+1 + (1_ e)gk,n forn= O’:LK ) N-1 (56)

Oyo =<u0,wk>0.
Multiplying (5.6) by w, , summing ovelk =-m,—m+1K ,m, taking the inner product with any
vOS,, (with S defined in (2.31)) and using the identity (2.24)successive order lead to the

spectralb-method

um n+. _umn
)l 9 (B 0 )
forn=01K ,N-1andvllS, (5.7)

Upo = D (Ug: Wi ) W

k=—-m

Remark 5.1.1. The simple structure of (5.5) is due to the orthonotsnali the basie{wk}[(“:_m of

S,.. In general, for an arbitrary ba;{rwk}f:_m, the analogue of (5.5) is obtained as follows. Define

the vectors

o (t) (Ugs W_ry ) (F(t) W),
8(t):: G_ml:jl(t) ,E:: <u°’W'\_/'I“+1>° andg(t):: <f(t)’vl\\:|_m+l>° , (5.8)

an) || (), (),
and the mass matrikl = m].):: (<Wj,vvi>0) as well as the stiffness matrR:(rij):: (a(wj,wi)).
Then the general form of (5.5) is the first-ordetial-value problem
M%(mR&’(t):ﬁ(t)form(o:)
80)=5
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Chapter 5. Full discretization of the general linear diffagiroblem
The6-method for the system (5.9) is

—|\/|(8n+1 8 )+R(EE . + )=68...)+(1-0)f(t Yorn= 01K ,N-1
80:8

Despite the simple structure of (5.5), it is afssiystem, as is the general system (5.9). The
stiffness of (5.9) means the following (Dautray dé&ths, 2000c: p. 68): Some of the characteristic
values of the system (5.9), i.e. eigenvalussatisfying

AME(t)=R&(t), (5.10)
have small or bounded modulus @s- «, i.e. the dimension of the system tendsct@which is
necessary to obtain convergence in space), whierethave very large modulus, which tendsoto

with m.

Theorem 5.1.2. For%s 0<1, the spectra-method (5.7) is stable in the sense of Lax-Ricleimy

ie.

u <
H m.nllg

mof, for nat<T (5.11)

for some constarK > 0.

Proof. We usediag(a, );._. to denote the diagonal matrix with entrigg )", and define
a—m,n
8,=| o (5.12)
mn - et :
a

Then (5.7) (withf = 0) is equivalent to

.

diag(L+AteA, )" &

k=—m "~ m,n+l

8m,n+1 = d|ag(%j 8m,n'
k=—m

iag(~At, )1, (66, +(1-6)d )

iag(l-At{L-on, )" &

-m - mn

D_D_

1+AtOA,

Using [fL. to denote the Euclidean norm, we have

8 . 1—At(1—6))\k " 9
1+4t6A, ) ™
- 2
1-At(1-O)\

k <1 for 1sesl (cf. Remark 4.2.3). Henq)&mn <
1+AtOA, 2 "le

= Hgmv” E

(5.13)

m, n+1

since

m,OHE . Thus
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Chapter 5. Full discretization of the general linear diffagiroblem

Z‘akn

Hum (Parsevaitentity)

:HUm,OHE (Parsevaidentity).

Remark 5.1.3. We know (cf. Theorem 2.4) that the problem (5.1) is welled (see Dautray &
Lions (2000c: p. 36)). Therefore, in view of the Lax equivedetineorem (Dautray & Lions, 2000c:

p. 37), the spectraél-method would be convergent f%rs 8<1, in the sense that

lim [u(t)- =0 for all tO(0,T) (5.14)

m- oo
At-0
nAt=t

m,n 0
under the assumption that the method is consistent.

We now present a result on the order of convergdottewing, to some extent, Raviart & Thomas
(1983: pp. 177-178):

Theorem 5.1.4. Form O N, the solution{umyn}nN=0 in S, of the scheme (5.7) satisfies the following

estimates:

(a) If %<6<1 and udcC'([0,T],H%, (02m)n c2(0,T],L?(02m)), there exists for anyy > @

per

constantC > 0 such that for al\t < h,, we have
“ldu,.

Cu o (s)

(b) If 6= E andu0C*{[0,T],HY, (02m)n c3(0,T].L2(02m)), then

4ldu, ,y du
o, -ult) flee- S

dt
whereC is independent ah, At andu.

1|du
S &(tn)o

=)

d
dt

| = ult,)

0

t, d
s+ e[ 4
AT

L

ds] . (5.15)

0

< Hjaug y

n
mjdx" ",

s, (5.16)

0

ds+C At I
0
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Chapter 5. Full discretization of the general linear diffagiroblem

(c) If 0<8 <% and unc}([o,T]H%, (02m)n c?(0,T],L2(02m)), we have, under the stability

(cf. (4.27)), the formula

%ldu du
+ ~s)——1s
RECET

condition A At < 2
1-26

1 du
Hum,n _u(tn) 0 s E &(tn)

ds, (5.17)

0

t, d
ds+catf| 48
)| dit

2 (S*

Proof. The proof is given in full by Raviart & Thomas (1983: p. 178 $Hall restrict ourselves to

whereC is independent ah, At andu.

a straightforward proof for the ca8e= 1, following Thomée (1997: Theorem 1.5). Consider
€ = Upp ~Un(ts), (5.18)
the error between the fully discrete approximation #nedsemi-discrete spectral approximation at

=t,. Adding and subtracting terms in (5.7) and rearrangenielat, yor all vLJS ,

At At

Using (2.18), (5.19) becomes

<em,n+1 ~ Gnn ,V> +a( "y ) <dU (tn+1)_ um(tn+1)_um(tn) ,V> for all vas, . (5.20)
At 0 dt At 0

>0, we obtain

m n+l? m n+1)

Substitutingv = ¢, ., into (5.20) and observing tha(

€nna ~Gnn . Up (ty) = Un(t,) du ) He Cauchy Schwar
At T : )At " dt * inequality
1 2 _|lu,lt,.)—u,lt,) du 1
At Hemn+1 S 1At dt (tn+1) H m,n+l||o E<em,n’em,n+1>0
U (ts) —un(t,) du Cauchy- Schwar
Hem'”+1 0= At|| At dt (tns H mnlo inequality
so that
Up (tre) = U (t,) _ du
o s st S ) e, 5.21)

Repeated application of (5 21) leads to

mties) = U (t) _%(tkﬂ)(

¢ ? ()l
< ”U k+1 mt _Utk+1 _Utk ”
AtZ” s, (Triangleinequality)
(k+l) ( )_%(tk *
dt
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n-1

% duy du, (2 d2u Taylor formula with integral
° SZ I(E(S) dt ( )) { +Z_(; tj( )dtz (S)d{ (form of theremainder J

tvdug y du, e d2y

<5 J[q0- o] aorad [l ) o

=tf U(s)- du, (s% ds+AtIn —(s) ds
|| dt d 0 ol dt®

Then we have
Hum,n _u(tn) 0 = ”um(tn)_u t , (Triangleinequality)
1|du 4ldu, ,\ du “ld2u
<l et a(s)holsmt!?(s)ods

due to (3.10) and our calculations here.

The error estimates can be improved upon by usiggegularity properties af.

Corollary 5.1.5. Suppose that
u(t)OH?(0,2m) and %(t) OH*(02m) (5.22)
(cf. (2.50)-(2.51)). Form O N, the soIution{umyn}nN:0 in S, of the scheme (5.7) satisfies the
following estimates:
(a) If %<6<1 and unc'([o,T]H%, (02m)n c?(0,T]L2(02m)), there exists for anyy > @

constantC > 0 such that for al\t < h,, we have

1 |d% d°u
U u(tn)osﬁy(t)(ow(E ! axat( 0o| Atj Ods]. (5.23)
(b) If 6 _% andu0C*{[0,T],HY, (02m)n c3(0,T].L2(02m)), then
1 ||d?u 92 u F
Humyn—u(tn)osﬁw(t) += j axa d +C(at ! (5.24)

whereC is independent ah, At andu.
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(c) If Ose<% and udcC'([0,T],H%, (02m)n c2([0,T],L?(02m)), we have, under the stability

per

2

condition A At <
1-26

(cf. (4.27)), the formula

1

d?u
05T (t)

d?

ds, (5.25)

0

d2
o - gy

L 52 t,
+1J‘ ﬂ(sﬂ ds+ CAtI
myjoxot ~ 7 5

0 0

whereC is independent ah, At andu.

Proof. These results follow easily by using (3.12).
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5.2. Spectral-non-standard 8-method

The choice of the spectrédmethod in Section 5.1, with lying in the intervalE,l] was

motivated by what we studied in Section 4.2. Int #ection, we proved that temethod, applied

to an initial value problem for a first order difatial equation, is stable for amyt >0 if and only

if BDE ,1} (cf. Remark 4.2.3).

However, in Section 4.3, we considered the nondstatf-method, which is elementary stable

(Theorem 4.3.13) as well as absolutely stable (Rema3.15) for anyAt >0 andGD[O,l]. It is

therefore natural to wonder whether the use ofribe-standarcd-method could provide fully
discrete spectral methods with better stabilityperties than the method we studied in Section 5.1.

In this section, we describe some possible spestialstandard-methods, the full analysis of
which will be done in further study. The procedto@esign non-standard schemes for initial value-
boundary value problems such as (5.1) is due tdkdhis (1994: Chapter 7) and formalized by
Anguelov & Lubuma (2001a).

The stationary case of the problem (5.1) is thenbaty value problem
2

d°u _
~cS g tbu= on(02m) (5.26)

u(0) = u(2m).
According to the analysis done in Section 1.2 ahdgfer 4, a discrete solution to (5.26) is obtained

by the Fourier-Galerkin spectral method as

un(x) = 2" o w (x), (5.27)
k=-m
or, equivalently,
i 5.28
a(u,,,v)=(f,v) forallvOs,, (5.28)

The space-independent case of (5.1) is the imvisilie problem

du —
o rou=f on(0,T) (5.29)

u(0)=u, =n.

For the decay problem
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du
—+bu=00n(0, T
dt ( ) (5.30)
u(0)=n,
the non-standarétmethod developed in Theorem 4.3.13 reads
Uy ~U, — —
menﬂ +(1-8)ou, =0for n= 01K ,N -1
e (5.31)

b
Uo:rla

where ¢ satisfies the conditions (4.30), (4.40). Noticatthis scheme is elementary stable, even if

b < 0. Another elementary stable non-standard schkatecould be considered for (5.30) is

‘infetb‘jp +bu, =0for n= 01K ,N -1
5.32
5 (5.32)
U, =N.
The scheme (5.32) is exact (cf. Mickens (1994:1)) ih the sense thal(tn): u, for u the solution

of (5.30).
In view of (5.31) and (5.32), the following non4stiard schemes may be considered for (5.29):

unﬂb;:ln +6bu,,, + (1— e)bUn =0f,., + (1_ 9) f,forn=01K ,N-1
Li 5.33
: (5.33)
Uy =N
linﬂ tbl:t“ +bu, =f forn=0LK ,N-1
e (5.34)

b
Uy =1.

We may now combine (5.28) and (5.33) to obtain the followiregtspl-non-standaré-method
for (5.1):

(B o + (1= 0) V),

3
>
hs
i
~—
3
>
<
+
Q
—_—
D
c
3
>
hs
+
=
D
o
[
3
>
<
N—
I

forn=01K ,N-landvS_ ; (5.35)

m
Upo = D (Ug, W) W

k=—m

Another spectral-non-standard scheme results 0B8] and (5.34), and reads as follows:
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u u

%tbmmyn’v +a(bum,n’v):<fm,n’v>0
b 0
forn=01LK ,N-1andvlS, (5.36)
Upo = D (Ug, Wi ), W
k=—m

Notice that the non-standard schemes (5.35) aB6)(5an be defined as such even wiien f(u)
in (5.1).

For m OO N fixed, applying the non-standafimethod (4.42) (withg satisfying (4.30) and
(4.40), andy defined by (4.41)) to (5.5) yields

a k,n+1 —-a k,n

W A, (eak,nﬂ + (1_ 9)(1 k,n): egk,n+1 + (1_ e)gk,n forn=12K,N
A

m

(5.37)

Oy o =<u0,wk>0.
If, in (5.1), we havd = 0, then the method (5.37) is elementary staijeTheorem 4.3.13). From
(5.37) it follows (similar to the derivation of B.from (5.6)) that

(B e + (1=6) V),

S ) alfu + (-0, )

forn=01K ,N-landvOS_ ; (5.38)

m
Upo = D (Ug, Wi ), W

k=—m

The spectral-non-standarétmethods (5.35), (5.36) and (5.38) obtained for (5.1) are all
elementary stable in the limit space-independent caf®)( Further qualitative properties (e.g.
convergence) of these schemes, as well as the studgnoeé numerical experiments, form an

integral part of our ongoing research.
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