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+
elliptic curveover , - . /!0�12 143 5 687 9�: ;(7 3�1�: <=3>9;�?@<BA ,

Taniyama-Shimura:+ C 5 DFE G , 0�H@IKJML ,

L N SL1KO definedby congruences:
thereis P A ORQ S , T H ?VUWUWUV? TYX A SL1 O
with T H 5 Id, suchthatL 5 Z T A SL1 O -[T \ T�] D mod P I for somê`_ U

acbbbbbbbbbbbdbbbbbbbbbbbe
f FLT

obstruction: is every L N�g SL1hO
definedby congruences?

Weil-Belyi f+ C 5 DFE G , 0 H IKJML where L N g SL1 O



Arithmetic groups and congruence subgroupsikj
a , -space,

i 5 iljnm o
.p . qsr D i I a realalgebraic, -group.t D C 5 O g I free O -modulein
ikj

,pYu 5 ZwvxA p - v D t I 5 t _ U
L N p

arithmetic y Lwz commensurable{%|~}M�
finite index in

{
and

}�� with
p u

for some
t

.

L N q semisimplerealLie group( � � components)is arithmetic y thereis
asemisimple

p
asabove,and�pB� epimorphism���������������� q ������ coveringp � (1). ���@�
� compact;

(2). � D���� H D pB�u I�I commensurablewith L .

L arithmetic; L D P I 5 Z�� A L - � \ Id (mod P I _ ;
A subgroupof L is congruence if f containsa L D P I for someP .

Congruence Subgroup Problem. Let L . q be arithmetic. Are all finite
index subgroupsof L congruencesubgroups?



Many positive solutions for L . q , rk � q � � .
[Serre,Bass,Milnor, Matsumoto,Raghunathan,Platinov, UVUWU ]
On the other hand:

ik� D�� : � I -dim. spaceover ¡ 5 o ? / or ¢¤£ quaternions

.¥ DF¦ ?¨§ I 5 �ª© H «¬H : ­ ]¯® 1 © ] « ] Hermitianform signatureD � ? � I .¡±° g 5 Z8§ A i �n² ¥ D §�?4§ I � ³�_ J § C ´ § ,
(“Projectivisedtime-likevectors”)
gives � -dim. ¡ -hyperbolicspace.

eg: ¡ 5 o ? � 5 µ : o ° g D 5 ¶ g I ? / ° g ? ¢·° g:¹¸ ° g (octavehyperbolicplane)UWUVU
UWUVU the(

o
-) rank � symmetricspaces.

SUH»º g D ¡ I 5 ¼ A SL D ik� I preservingform
¥

,UWUVU gives
o

-rank � simplegroups,

SOH½º g ? SUH½º g ? SpH»º g andF¾ U



Some negative solutions (rk � q 5 � )
Conjecture (Serre1970). L arithmetic . q simple,rk � q 5 � , then L fails to
have thecongruencesubgroupproperty.

Millson’s property: L�¿�N L with < H 5 rk À&° H D L�¿�I�Á5 ³ f L failsCSP.

(i). arithmetic L . SOH»º g D o I ? � Á5 Â(?@Ã , thenall haveMillson’sproperty;

[Millson, Li, Raghunathan,Venkataramana,Lubotzky, UWUVU ]
(ii). arithmetic L . SUH»º g D /ÄI , all haveMillson’sproperty;

[Kazhdan,Shimura,Borel,Wallach]

(iii). L . otherrk � 5 � groupsf rk À
° H D L�I 5 ³ U
Subgroup growth: If L to have congruencesubgrouppropertythenasymptoti-
cally, ÅÇÆ�È z�É g D L�I

numberof subgroupsof index Ê g C
ÅÇÆ�È �ÅÇÆ�ÈËÅÇÆ�È �

But, eg: if L . SOH½º g ? � 5 µÌ?4Â then Ékg D L�I growsquicker thanthis!



Property (A). L surjectsinfinitely many alternatinggroupsT g .UWUVU arosehistoricallyfrom UWUVU
The Hurwitz Problem: Í orientablecompact(resp. non-compact,finite vol-
ume)

o ° g -manifold;then

(1)
²
Aut Î D Í I ² N vol D Í I

vol D o ° g JML�I ?L 5 uniform(resp.non-uniform)latticein IsomÎ o ° g of smallestvolume.

Which finite (simple) q 5
Aut D Í I for Í acheiving (1)? y Which finite (simple) q ariseas� � Ï H D Í I � L � q � � ?

compact non-compact

� 5 µ
L 5 trianglegroupÐ Ð ÐÃ

“classicalHurwitz problem”
[Conder]

L 5 PSL1 O C 5 D O J µ O I�Ñ D O J Â O I
“ D µ¬?¨Â I -generationproblem”

[Miller]

� 5 Â L 5 D O J µ O I�Ò tetrahedralgroupÐ Ð Ð ÐÓ
[Everitt]

L 5 tetrahedralgroupÐ Ð Ð ÐÔ
[Everitt]

� Õ 6 ? ?



Some groups with property (A)

[Pyber-Müller] T Ñ ¥ for T ? ¥ finite, non-trivial, not both
C 5 O J µ O , surjects

almostall T g .
[Everitt,conjecturedbyG.Higmanc1969]Everylatticein PSL1 o ( Ö SOH»º×1 D o I )
surjectsalmostall T g .f eg: given � ?¨Ø
?`ÙxA O Q S prime,with

�� : �Ø : �Ù � � , thereis Ú A O Q S such

that T g is DÛ� ?¨Ø
?`Ù I -generatedfor all � Õ Ú .

To show L 5 ÜÝ7 Þ¨ß±à has property (A):

L � Sym á�â
finiteã

äæå
ä S finite coveringof ç·è -complexesUWUVU

UWUVUwhereÏ H D ä S I C 5 L , eg:

Look for complexesthatcanbe“pasted”together:éêcë ä ]åä S
a d
e ]Ûì H»íîíîí g �%� ïðï ä H UWUVU ä g ñ×ñå

ä S
Z L � Sym á ] _ ]Ûì H»íîíîí g L � Sym DòG ] á ]óI

Finally, useclassical“recognitiontheorems”for T g .



L . q arithmeticwith property(A) f L fails to havethecongruencesubgroup
property.

Question. Doesevery lattice L . q , simple,rk � 5 � haveproperty(A)?

“unambigously”rank �
SOH»º×1 D o I
SOH»º g D o I ? � Õ Â
SUH»º g D /ôI

ébbbbbbê bbbbbbë
SpH»º g D ¢ I
F¾

ébbê bbë“rank µ -ish” eg:
property D�õ I UVUWU

D T I
all L

someexamples
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all fail

all fail ö
all fail
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( ö someexceptionswhen � 5 Ã )


