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E elliptic curve overQ :

Y27 =4X3+aXZ?+b273

a,beQ

Taniyama-Shimura:

E =~ (#UQP)/T, /////

- a e e w -

[' < SL,Z definedby congruences:
thereism € Z°°, A,,..., A, € SLZ
with A; = Id, suchthat

I'={A € SLZ: A= A, (modm) for somei}.

definedby congruences?

Weil-Belyi =
E = (x UQP")/T wherel' <,, SLLZ

> = FLT

/

obstruction: isevery [’ <,, SLyZ



Arithmetic groups and congruence subgroups

Vo aQ-spaceV = Vg @ R.

G C GL(V) arealalgebraicQ-group.

A (=2 Z") freeZ-modulein Vg,
Gr={9€G:g(A)=A}

[' < G arithmetice I' commensurablavith G, for someA.

4
I' N Gy finite index in T andGy,,

[' < G semisimplerealLie group(< oo componentsjs arithmetic < thereis
asemisimpleG asabove,and

@O epimorphisr‘r’w> Go

(1). ker ¢ compact;
Plcwefing (2). ¥(p~(G%)) commensurableith T
(G_O
[ arithmetic;['(m) ={y €' : v =Id (modm)};
A subgroupof I is congruence iff containsal'(m) for somem.

Congruence Subgroup Problem. Let ' C G be arithmetic. Are all finite
index subgroup®f I' congruenceubgroups?



Many positive solutionsfor I' C G, rkgG > 1.
[Serre,Bass Milnor, Matsumoto RaghunatharRlatinoy, . . .]

guaternions

v
On the other hand: Vk (n + 1)-dim. spaceoverK = R, C or H.

B(u,v) = —ui01 + ), u;v; Hermitianform signaturg(1, n).
KH" ={v € Vx| B(v,v) < 0}/v ~ \v,

(“Projectivisedtime-like vectors”)
givesn-dim. K-hyperbolicspace.

RH™(= JI"),CH" ,HH"
+OH™" (octave hyperbolicplane) ..

... the(R-) rank1 symmetricspaces.

SU, ,(K) = f € SL(Vk) preservingorm B,

... givesRR-rank 1 simplegroups,
SO, SUrn, SP, andF;.



Some negative solutions (rkrG = 1)

Conjecture (Serrel970) I' arithmeticC G simple,rkgG = 1, thenI failsto
have the congruencesubgroupproperty

Millson’s property: I < T" with b; = rkz H,(I") # 0 = T failsCSP

(i). arithmeticl' C SO, ,(R), n # 3,7, thenall have Millson’s property;
[Millson, Li, Raghunatharienkataramand,ubotzky, . . .]

(if). arithmeticl' C SU, ,,(C), all have Millson’s property;
[Kazhdan,Shimura,Borel, Wallach]

(ii). T' C otherrkg = 1 groups=- rkz H;(I') = 0.

Subgroup growth: If T" to have congruenceubgrouppropertythenasymptoti-

cally,
logn

log 0,(T")
/

numberof subgroup®f index < n

~ loglogn

But,eg: if I' C SO, ,,, n = 2, 3 theno,,(I") grows quicker thanthis!



Property (A). I' surjectdanfinitely mary alternatinggroupsA,,.

... arosehistoricallyfrom . ..

The Hurwitz Problem: M orientablecompact(resp. non-compactfinite vol-
ume)RH"-manifold;then

N vol(M)
(1) AU (M) < SoiRe Ty

I' = uniform (resp.non-uniform)latticein Isom"RH" of smallestvolume.

Which finite (simple) G = o Which finite (simple) G ariseas
Aut(M) for M acheving (1)? l->mM)—>T —-G—1?

compact non-compact

[' = trianglegroup
['=PSLZ = (Z/27) x (Z/37)

n =2 o—olo “(2, 3)-generatiorproblem”
“classicalHurwitz problem” [Miller]
[Conder]
['=(Z/27Z)x tetrahedragroup [' = tetrahedragroup
n= 3 O O 5 O O O 6 O O O
[Everitt] [Everitt]




Some groups with property (A)

[PyberMiiller] A x B for A, B finite, non-trivial, not both= Z/27Z, surjects
almostall A,,.

[Everitt, conjecturedy G. Higmanc1969]Everylatticein PSLR (=~ SO, »(R))
surjectsalmostall A4,,.

: : .1 1 1 :
= eg: givenp, q,r € Z”Y prime,with = + - 4+ =~ < 1, thereis N € Z>° such

p q T
that A, is (p, ¢, r)-generatedor all n > N.
Toshow I' = (X; R) has property (A):
K
['— SymQ S 4 finite coveringof C'W-complees ..

K

finite

0
% 7, .
s N (6
...wherem(Ky) =T, eg: w S i

Look for complexesthatcanbe “pasted”together:

K, 1K ... K]
J — J
KO 1=1...n KO
{T' = SymQ;}i—1.» [' = Sym(Ui)

Finally, useclassicalrecognitiontheorems’for A,,.



[' C G arithmeticwith property(A) = I failsto have thecongruencsubgroup
property

Question. Doesevery latticel’ C G, simple,rkg = 1 have property(A)?
(A) CSP

P

SO, »(R) all T all fail

“unambigously’rank1¢ SO, ,(R),n >3  someexamples  all fail*

SU»(C) ? all falil
“rank 2-ish” eg: < SQ,n(H) ? ?
property(T)) ... 3 . 5

\

(* someexceptionswhenn = 7)



