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Executive summary

• X = Sn, En, Hn

• Aim: find explicit examples ofX-manifolds (with small volume).

• [Killing-Hopf]:

X-manifolds= Clifford-Klein space formsX/Π

Π acting properly, freely, by isometries

= X/Π with Π ⊂ Isom(X) discrete, torsion free.

(X 6= Sn)
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Coxeter groups

• (W, S) = 〈s ∈ S | (st)mst = 1〉 mst = mts ∈ Z
≥1 ∪ {∞}

mst = 1 ⇔ s = t

• Coxeter symbolΓ:

s t

mst

Coxeter

2

3

4

6

Dynkin

|Γ| := rankW

write W (Γ) := (W, S)
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Coxeter groups

W (∆) := 〈s ∈ ∆〉

visible subgroup

Γ

∆ ⊂ Γ
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Coxeter groups

Coxeter groups are (real) reflection groups!

V := 〈vs | s ∈ S〉R

B(vs,vt) := − cos
π

mst

σs(u) = u− 2B(u,vs)vs reflection

s 7→ σs givesW (Γ) → GL(V ) reflectional representation

• Eg: Γ =

s t

mst

v1 v2

v2

v1

Brent Everitt Weyl groups, lattices and geometric manifolds



'

&

$

%

Coxeter groups

• X = Sn, En, Hn: Coxeter polytopeP ⊂ X

W = 〈reflections inP 〉 ∼= a Coxeter group

π

mst
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Weyl groups

• W (Γ) Coxeter group,W (Γ) → GL(V ) reflectional representation

• W (Γ) aWeyl group
def
⇔ (i). there is aW (Γ)-invariant latticeL ⊂ V ,

(ii). W (Γ) finite.

• W (Γ) Weyl group⇔ Γ disjoint union of:

An (n≥1) Dn (n≥4) Bn (n≥2)

En (n=6,7,8) G2F4

(all ourΓ will be connected)
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Weyl groups

• W (Γ) = (W, S), S = {s1, . . . , sn}; w = s1 . . . sn Coxeter element.

• Γ tree⇒ all Coxeter elements conjugate;

Orderh = Coxeter numberof W (Γ).

• W (Γ) → GL(V ) reflectional representation; Coxeter elements

have eigenvalues

ζm1 , ζm2 , . . . , ζmn

ζ = primitive h-th root of unity;0 ≤ m1 ≤ · · · ≤ mn < h exponents.

• amazing facts: (i). the{mi + 1} = degreesof W (Γ).

(ii). |W (Γ)| =
∏

(mi + 1).

}
W (Γ) Weyl
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Weyl groups

• root latticeL := 〈λivi〉Z ⊂ V.

• weightlatticeL ⊂ L̂,

L̂ :=

{
u ∈ V :

2B(u,v)

B(v,v)
∈ Z,

for v ∈ L

}
.

= 〈wi〉Z ⊂ V

• wi := simple weight corresponding tovi,

|L̂/L| := index of connection

v1 v2

Ψ =

v1

v2
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Weyl groups

• root latticeL := 〈λivi〉Z ⊂ V.

• weightlatticeL ⊂ L̂,

L̂ :=

{
u ∈ V :

2B(u,v)

B(v,v)
∈ Z,

for v ∈ L

}
.

= 〈wi〉Z ⊂ V

• wi := simple weight corresponding tovi,

|L̂/L| := index of connection

v1 v2

Ψ =

v1

v2

w1

w2
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Weyl groups

• root latticeL := 〈λivi〉Z ⊂ V.

• weightlatticeL ⊂ L̂,

L̂ :=

{
u ∈ V :

2B(u,v)

B(v,v)
∈ Z,

for v ∈ L

}
.

= 〈wi〉Z ⊂ V

• wi := simple weight corresponding tovi,

|L̂/L| := index of connection

v1 v2

Ψ =
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Weyl groups

• vi ∈ Ψ, ui := |L̂/L|wi

Λi := 〈uW
i 〉Z ⊂ L Λi/2 = Λi/2Λi

•

W (∆k)-orbit of ui spans

subspace⊂ Λi/2 of

dimensionk + 1

• (Ψ,vi) admissible: (∗) all k odd;

specially admissible: (∗) all k.

v1 v2

Ψ =

v1
w1

u1

Ψ Weyl
vi

∆k




(∗)
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Weyl groups

• vi ∈ Ψ, ui := |L̂/L|wi

Λi := 〈uW
i 〉Z ⊂ L Λi/2 = Λi/2Λi

•

W (∆k)-orbit of ui spans

subspace⊂ Λi/2 of

dimensionk + 1

• (Ψ,vi) admissible: (∗) all k odd;
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Weyl groups

• vi ∈ Ψ, ui := |L̂/L|wi

Λi := 〈uW
i 〉Z ⊂ L Λi/2 = Λi/2Λi

•

W (∆k)-orbit of ui spans

subspace⊂ Λi/2 of

dimensionk + 1

• (Ψ,vi) admissible: (∗) all k odd;

specially admissible: (∗) all k.
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Ψ =
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Ψ Weyl
vi

∆k


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(∗)
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Weyl groups

• Can classify the admissible and specially admissible pairs(Ψ,vi).

• Eg:

ℓ = 2am1, k = 2bm2 with themi odd, anda < b

• Eg:

An          
          

ℓ

k

E6 E7

admiss.

spec. admiss.
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A homomorphism

• Eg: Γ = W = W (Ψ) → GL(V )

reflectional representation

L = root lattice⊂ V

L̂ = weight lattice⊂ V

ui = |L̂/L|wi, (i = 1, 2)

Λi = 〈uW
i 〉Z ⊂ L

Λi/2 = Λi/2Λi

form semi-direct product

(Λ1/2 × Λ2/2) ⋊ W (Ψ)

u1

v1
w1

v1 v2

Ψ
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A homomorphism

• Eg: Γ = W = W (Ψ) → GL(V )

reflectional representation

L = root lattice⊂ V

L̂ = weight lattice⊂ V

ui = |L̂/L|wi, (i = 1, 2)

Λi = 〈uW
i 〉Z ⊂ L

Λi/2 = Λi/2Λi

form semi-direct product

(Λ1/2 × Λ2/2) ⋊ W (Ψ)

u2

v2

w2

v1 v2

Ψ
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A homomorphism

Ψ
s1

t1

s2

t2

f1

(0, 0, s1)

(u1, 0, 1)

(0, 0, s2)

(0,u2, 1)





∈ (Λ1/2 × Λ2/2) ⋊ W (Ψ)

Ψ g
f2

(#t1 in g mod2,#t2 in g mod2) ∈ Z/2 × Z/2

⇒ ϕ = f2 × f1 : W (Γ) → (Z/2)2 × (
∏

Λi/2 ⋊ W (Ψ))

surjective homomorphism
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A homomorphism

Ψ
s1

t1

s2

t2

f1

(0, 0, s1)

(u1, 0, 1)

(0, 0, s2)

(0,u2, 1)





∈ (Λ1/2 × Λ2/2) ⋊ W (Ψ)

Ψ g
f2

(#t1 in g mod2,#t2 in g mod2) ∈ Z/2 × Z/2

⇒ ϕ = f2 × f1 : W (Γ) → (Z/2)2 × (
∏

Λi/2 ⋊ W (Ψ))

surjective homomorphism withkerϕ torsion free
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Theorem A: W (Γ) Coxeter group:

W (Ψ) Weyl group

rankn

exponentsm1, . . . , mn

⇒ have homomorphism

ϕ : W (Γ) → (Z/2)ℓ ×

(∏
Λi/2 ⋊ W (Ψ)

)

with kerϕ torsion free index2mn+ℓ
∏

(mi + 1)











ad
m

is
si

bl
e

sp
ec

.
ad

m
is

si
bl

e

Ψ

Γ

s1

sℓ

sℓ+1

sm






An (n≥1) Dn (n≥4) Bn (n≥2)

En (n=6,7,8) G2F4
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Theorem A (sketch)

• W (Γ)
ϕ
→ (Z/2)ℓ ×

(∏
Λi/2 ⋊ W (Ψ)

)

with kerϕ torsion free:

Ψ

An (n≥1)

Dn (n≥4)

Bn (n≥2)

En (n=6,7,8)

F4

G2

∆k

∼= (Z/2)k+1
⋊ W (∆k)
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Theorem B: W (Γ) Coxeter group

W (Ψ) Weyl group

rankn

exponentsm1, . . . , mn

Coxeter numberh = 2pq (p > 0, q odd)

ϕ : W (Γ) → (Z/2)ℓ ×

(∏
Λi/2 ⋊ W (Ψ)

)

⇒ there is a Coxeter elementξ ∈ W (Ψ) with

(x,v, ξq) ∼= Z/(2p) ⊂ (Z/2)ℓ ×

(∏
Λi/2 ⋊ W (Ψ)

)

andϕ−1
Z/(2p) ⊂ W (Γ) torsion free.











ad
m

is
si

bl
e

sp
ec

.
ad

m
is

si
bl

e

Ψ

Γ

s1

sℓ

sℓ+1

sm





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Theorem: W (Γ) hyperbolic Coxeter group

W (Ψ) Weyl group

rankn

exponentsm1, . . . , mn

Coxeter numberh = 2pq (p > 0, q odd)

⇒ Galois coverinĝM → M hyperbolic

N -manifolds with Gal(M̂, M) ∼= Z/(2p)

and

vol(M) = 2mn+ℓ−p
∏

(mi + 1)covolW (Γ),

whereN ≥ n is the largest rank of a finite visible subgroup.











ad
m

is
si

bl
e

sp
ec

.
ad

m
is

si
bl

e

Ψ

Γ

s1

sℓ

sℓ+1

sm






Geometric version
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Example

• In,1 := the odd self-dual Lorentzian lattice rankn + 1

• Aut(In,1)/center∼= POn,1(Z) acts cofinitely onHn.

• [Vinberg-Kaplinskaya] the index[POn,1(Z) : 〈reflections〉] < ∞

⇔ n ≤ 19

• 〈reflections〉 ∼= W (Γ) with Γ =

∞
n = 2

eA1

B3

n = 3
n 4 5 6 7 8 9

Ψ A4 D5 E6 E7 E8
eE8

4 ≤ n ≤ 9
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Example

Galois coverinĝM → M of hyperbolicn-manifolds

with Gal(M̂, M) ∼= Z/(2p) and

vol(M) = 2mn+ℓ−p
∏

(mi + 1)covolW (Γ).

Ψ n m = ℓ h = 2pq exponentsmi

A4 4 1 5 1, 2, 3, 4

E6 6 1 22 3 1, 4, 5, 7, 8, 11

E8 8 1 2 3 5 1, 7, 11, 13, 17, 19, 23, 29

vol(M) = 2n−p+1 (2
n

2 ± 1)π
n

2

n!

n∏

i=1

(mi + 1)

n

2∏

k=1

|B2k|.
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Example

Galois coverinĝM → M of hyperbolicn-manifolds

with Gal(M̂, M) ∼= Z/(2p) and

vol(M) = 2mn+ℓ−p
∏

(mi + 1)covolW (Γ).

Ψ n m = ℓ h = 2pq exponentsmi

A4 4 1 5 1, 2, 3, 4

E6 6 1 22 3 1, 4, 5, 7, 8, 11

E8 8 1 2 3 5 1, 7, 11, 13, 17, 19, 23, 29

vol(M) = 2n−p+1 (2
n

2 ± 1)π
n

2

n!

n∏

i=1

(mi + 1)

n

2∏

k=1

|B2k|.

n = 4: χ(M) = 2; n = 6: χ(M) = −2
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