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Xecutive summary

o X =S E" H"
e Aim: find explicit examples oKX -manifolds (with small volume).

e [Killing-Hopf]:
X-manifolds= Clifford-Klein space formsX/II
IT acting properly, freely, by isometries

= X/IT with IT C Isom(X) discrete, torsion free.

|

(X # 57)
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oxeter groups

o (W,S)=(seS|(st)™t =1) Mg = Mys € 221 U {00}
meg =1 s=1t

e Coxeter symbol™: Coxeter Dynkin
O0——0 O O
O0——0 O—0O
o—0 O —o0

| := rank W .
write W (T := (W, S) O——0 —0
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oxeter groups

.

ACT

W(A) := (s € A)
visible subgroup

/
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oxeter groups
Coxeter groups are (real) reflection groups!
Vi={(vs|s €S

70

B(vg, Vi) := — cos
M st
os(u) =u— 2B(u,vy)v, reflection

s +— s givesW (I') — GL(V) reflectional representation

oeEQ:I'=0—-"20
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oxeter groups

e X = S" E" H"™: Coxeter polytope’ C X
W = (reflections inP) = a Coxeter group
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Weyl groups

e W (I') Coxeter groupWV (I') — GL(V') reflectional representation

o W(I') aWeyl groupij:)ef (i). there is al/ (I')-invariant lattice. C V/,
(i). W(T) finite.

o W (I') Weyl group< T disjoint union of:

Ay, (n>1) D, (n>4) B, (n>2)
o0—O0—0—0—0—  —0—0 oO—Qa 00— o=——0¢)
l E, (n=6,7,8) Fy G

\ (all our T will be connected) j
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Weyl groups
e W)= (W,5),S={s1,...,8.}; w=51...5, Coxeter element

e I tree=- all Coxeter elements conjugate;
Orderh = Coxeter numbeof W (T).

e W(I') — GL(V) reflectional representation; Coxeter elements
have eigenvalues

SN G

¢ = primitive h-th root of unity;0 < m; <--- <m, < h exponents

e amazing facts(i). the {m; + 1} = degreeof W (I").
(- [W(I)| = 1 1(mi +1).
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Weyl groups
U = O—O
e rootlattice L := (\;v;)z C V.

e weightlattice L C L, .

~ 2B

L:=<uecV . (1, v) € Z, 0 ’
B(v,v)

forveL}.

= <Wz>Z cV

e w; := simple weight corresponding %o,
'L/L| := index of connection
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Weyl groups
U = O—O
e rootlattice L := (\;v;)z C V.

e weightlattice L C L, .

~ 2B

L:=3uecV: (u, v) <€ 2, 0 '
B(v,v)

forveL}.

= <Wz>Z cV

e w; := simple weight corresponding %o,
'L/L| := index of connection
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Weyl groups
e rootlattice L := <)\7;V7;>Z c V.

e Weightlattice L C Z,

~ 2B(u,v)
L = : 7,
{uE V Blv.v) e 4,
forv € L}.
= <Wz>Z cV

e w; := simple weight corresponding %o,
'L/L| := index of connection
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Weyl groups

ov;, €U, u; :=|L/Llw;

1

Vi

W (Ay)-orbit of u; spans
subspace- A; /2 of (%)
dimensionk + 1

e (U, v;)admissible (x) all £ odd;

\ specially admissibte(x) all k. j
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Weyl groups
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Weyl groups

e Can classify the admissible and specially admissible gdirss; ).

e EQ: ¢ A
O—O— - o - —O—O ® admiss.

® spec. admiss.

o EQ:
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homomorphism

e Eg:T = v W =W(¥) — GL(V)
Q___O—O 0O
V1 e reflectional representation

root latticeC V
weight latticeC V

L
L

w; = |L/L|w;, (i = 1,2)
Ai = <11W>Z C L

1

A; /2 = A; /24,

form semi-direct product
(A1/2 X A2/2) X W(\If)
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homomorphism

e Eg:T = v W =W(¥) — GL(V)
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/A homomorphism \ \
t2 (O, U9, 1)
52 (07 07 82)
\ J1 > € (A1/2 x Ay/2) x W (W)
51 (07 07 81)
t1 (111, 0, 1) )
f2 . .
vl g (#t1 In g mod2, #t5in g mod2) € Z/2 x Z./2
=@ =fax fr: W() = (2/2)* x ([TAi/2 x W(¥))
surjective homomorphism
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/A homomorphism \

t2 (O, U9, 1) )
52 (07 07 82)
\ J1 > € (A1/2 x Ay/2) x W (W)
51 (07 07 81)
t1 (111, 0, 1) )
[ . |
vlg (#t1 In g mod2, #t5in g mod2) € Z/2 x Z./2
= ¢ =fox fi: W(I) — (Z/2)* x (][ Ai/2 x W(¥))
surjective homomorphism witker p torsion free
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Theorem AW (T") Coxeter group: S @ O) =
. >-£

W (¥) Weyl group ] : £
rankn $ @ 0)§

t v 2
exponentsny, ..., my, | « @) 2
: =

— have homomorphism 5 &=
O

:WF—>Z2£><( A,L-2>4W\I!> Sm @
p: W() = (Z2/2)" x { ]I A/ (¥) o =1

with kery torsion free inde@™"+ [ (m; + 1)

Ap (n>1) D,, (n>4) B, (n>2)
O——o0O O oO—~O0O— - - —0——O0 O—QC—0o—-0 O — 0]
\ l E, (n=6,7,8) Fy Go j
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o W(T) % (Z/2)! (H A; /2 % W(\If))

with kery torsion free:

heorem A (sketch)

(}
Ay
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Theorem B W (I") Coxeter group 81@ \ 2
- (E
W (&) Weyl gro | =
(1) Weyl group «@_0)J ¢
rankn W e
exponentsn, ..., mny 1@ O) 3
Coxeter numbeh = 2P¢ (p > 0, ¢ odd) ) ' >§
_ S
' O
piw(r) - @2 x (A2 xww) [ " F—078

= there is a Coxeter elemefitc W (V) with

(x,v,&9) 2 Z/(2P) C (Z/2)" x (H Ai/2 x W(\If)>

andy~—17/(2P) c W(T') torsion free
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Geometric version T
)
Theorem W (T") hyperbolic Coxeter group 31@ 12
g
W () Weyl group 3 'c%
Ak , e—0J8
exponentsn,....m, (|  sn@—0)3
Coxeter numbeh = 27¢ (p > 0, g odd) | >§
_ S
— Galois covering\/ — M hyperbolic Sm?:O/ ‘z’_
N-manifolds with GalM, M) = 7./ (2P) ?
and
vol(M) = 2™ +4=P T](m; + 1)covolW (T),
where N > n is the largest rank of a finite visible subgroup.
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Example

e [,, 1 := the odd self-dual Lorentzian lattice rankt 1
e Aut(/, 1)/center= PO, ;(Z) acts cofinitely oriH".

e [Vinberg-Kaplinskaya] the indefPO, 1 (Z) : (reflections] < oo
& n <19

o (reflections = W (') with I" =

@ o——:0— - -O—CO___ O
O
n=2 O0——O 0O
Ay 4<n<9
n=3 O0——=CO O O
Bs n 4 5 6 7 & 9
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Example

Galois coveringll — M of hyperbolicn-manifolds
with Gal(M, M) = 7 /(2P) and

vol(M) = 2m =P [T (m; + 1)covolW (T).

U n m={ h=2Pg exponentsn;

Ay 4 1 5 1,2,3,4

E¢ 6 1 223 1,4,5,7,8,11

Es 8 1 235  1,7,11,13,17,19,23.29

23 + 11?7 —
vol(M) = vt (22 oy Lk [[(mi+1)
) i=1 k
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Example

Galois coveringll — M of hyperbolicn-manifolds
with Gal(M, M) = 7 /(2P) and

vol(M) = 2m =P [T (m; + 1)covolW (T).

U n m={ h=2Pg exponentsn;

Ay 4 1 5 1,2,3,4

E¢ 6 1 223 1,4,5,7,8,11

Es 8 1 235  1,7,11,13,17,19,23.29

n

22 + 1)1z E
vol(ar) = 201 22 DT T s 1) [T [

n!
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