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Permutation groups

bijectionsX — X
X ={12,...,n}
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Permutation groups

bijectionsX — X

Reflection groups|

V' Euclidean space\

X %.S’..Q.’"”n} basis{xy,...,x,}
R J o L7
x;—x;=0 |
group (reflectionsm C GL(V)
\ Sig ~7 (27]) /
Weyl groups
~ T R
G = GL,(F) L |
T = D (F) c GL,(F) torus °1._. 1 - (i)
W = Ng(T)/T permutation matrices 1 —Lo- ’

k\
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Partial permutations
bijectionsX DY — Y’ )?
X = {1 2, .
153 \ )
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Partial permutations

-

\

bijectionsX DY — Y’ X

~
X = {1,2

0\ B Symmetric
YN

inverse monoid

i

Renner monoids

-

T =

G =GL,(F)cM,(F) =M o ;
D;,(F) C D, (F) = T (Zariskiclosure)| o, |
W = Ng(T)/T C Ne(T)/T
partialpermutation matrices .
=Rook monoid ) )
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Partial permutations Reflection monoids

(uectlonsX DY — Y’ )? ‘ ? \
I 0\‘/- \ Symmetric
. ,

inverse monoid

i

Renner monoids

a G = GL,(F) C M,,(F) = M I o)
T = D*(F) c D,(F) = T (Zariski closure) "000 ! L
W = Ng(T)/T Cc Ng(T)/T 1'-.00 «/j AZ
partialpermutation matrices . :
0 o o

\\ =Rook monoid - - j/
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Reflection groups

ie: V— V e GL(V){

o [F field, VV space oveF, reflectionnF o F @ --- B F

)
ordere Z~1,

fixes hyperplange

.

. semisimple

e reflection group= (reflectionss € S) C GL(V).
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Reflection groups

ie: V— V e GL(V){

o8 id

C) ——

o [ field, V space oveF, reflection:F & Fo.-.-oF

)
ordere Z~1,

fixes hyperplange

.

. semisimple

e reflection group= (reflectionss € S) C GL(V).
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Reflection groups

o [' =[F, (¢ 0odd),Q quadratic form o/, O(V, Q) = orthogonal group.
(O(V,Q) = OF(q), n even, orO°(q), n odd)

o [ = C: Klein's quarticX?*Y +Y3Z + Z3X = 0 c CP?

Ga4 = (51, 82,83) C GL3C

mod | scalars

PSLF~;

/

Brent Everitt Reflection monoids




4 N

Reflection groups

o [ = R: Coxeter groups:

(W, S) = (s e S|(st)"st =1) mg € 221 U {0}
meg =1 s=1t

Coxeter symbol™: Coxeter Dynkin
O——0 O O
O0——0 O—0
O——0 a—o0
O——0 —0

\_ /
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Reflection groups
Coxeter groups are real reflection groups!

V= <VS|SEF>R

B(vs, Vi) := —cos i
Mgt
B(u,vy)
s — — 2
gs(u) =u B(VS,VS)V

s +— s gives(W, S) — GL(V) reflectional representation

e EQg: W finite & V Euclidean;+ fixes lattice inV =: Weyl group

Ap (n>1) D,, (n>4) B, (n>2)
O——o0O O oO—~O0O— - - —0——O0 O—QC—0o—-0 O — 0]
\ l E, (n=6,7,8) Fy Go j
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e VV space oveF, GL(V) = group of isomorphism¥ % V.

eV O X 3 Y C V partialisomorphisms between

subspaceX,Y C V:
gEGuV)//ij
gonxX, /’

O = g =
X undefined elsewhere. < >

e s reflection;s . partialreflection. /

e ML (V) := monoid partial isomorphisms.

e reflection monoidversion2) := (partial reflections ) C ML (V)

\_ /
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~

e VV space oveF, GL(V) = group of isomorphism¥ % V.

eV O X 3 Y C V partialisomorphisms between

subspaceX,Y C V:
gEGuV)//ij
gonxX, /’

O = g =
X undefined elsewhere. < >

T~

e s reflection;s . partialreflection. /

_ o _ Inverse, factorizable
e ML (V) := monoid partial isomorphisms.

e reflection monoidversion2) := (partial reflections ) C ML (V)
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¢ gxfy — ngng—l
Ix = S1.x, -+ Sk.x, = 9 = s1...5, € some reflection group.

| (V€ B,
o W C GL(V) reflection group._ X.YeB=XNY < B,
‘B system of subspacdar W
| BW = B.

reflection grou
* groupV (gx|ge W, X € B) CML(V)

systemB for W

reflection monoidversionl) M (W, B)

\_ /
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¢ gxfy — ngng—l
Ix = S1.x, -+ Sk.x, = 9 = s1...5, € some reflection group.

| (V€ B,
o W C GL(V) reflection group._ X.YeB=XNY < B,
‘B system of subspacdar W
| BW = B.

reflection grou
* groupV (gx|ge W, X € B) CML(V)

systemB for W

reflection monoidversionl) M (W, B)

units —
= /
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¢ gxfy — ngng—l
Ix = S1.x, -+ Sk.x, = 9 = s1...5, € some reflection group.

| (V€ B,
o W C GL(V) reflection group._ X.YeB=XNY < B,
‘B system of subspacdar W
| BW = B.

reflection grou
* groupV (gx|ge W, X € B) CML(V)

systemB for W

reflection monoidversionl) M (W, B)

units —T T— idempotents
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Hyperplane arrangements

e hyperplane arrangemedt C V; L(A) = intersection lattice.
{0}

e Eg: V = Euclidean space,

{x1,...,%,} orthogonal basis )

A = {x;-} Boolean arrangement

e W C GL(V) finite reflection groupA = reflecting hyperplanes.
reflection arrangement

e W C GL(V) finite reflection groupA C V arrangement
= B = L(AW) a system foiV/.

\_ /
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Boolean reflection monoids

V = <V1,V2>R — {Z Ir; = 0} C ‘7 = <X17X27X3>R,
A = {x;L} Boolean arrangement.

e

V2

Vi

\_

/
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Boolean reflection monoids

X1—X2 Xn—1—"Xn

[=4.; O—O— - —0—=0

(nodesg =V = {2, =0} = V = (x1,...,Xps1)r
W(F) >~ G611
A={xi), AW = A

B = L(A) Boolean lattice.

M(A,,B) =2 7,1 symmetric inverse monoid.

N\ /
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Boolean reflection monoids

o W =W(T') = Weyl group.
e W — GL(V), reflectional representation

e V <« ¥ Euclidean with orthonormal
basis{x;}.

B = L(AW).

e M(W,B)=MT,B) :=
Boolean reflection monoid of tyge.

\_

e A = Boolean arrangemefi;-}, O ©
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Boolean reflection monoids
o W =W(T') = Weyl group.
— Euclidean

e W — GL(V), reflectional representation

e V < V Euclidean with orthonormal
basis{x;}.

B = L(AW).

e M(W,B)=MT,B):=
Boolean reflection monoid of tyge.

\_

e /A = Boolean arrangemefi;-}, O ©
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Boolean reflection monoids

X1—X2 Xn—2—"Xn-—1 Xn

I'=B,: o—:_— - - O0—O O

Xo —X3 Xn—1—"Xn

W(B,) = & signed permutations.

M (B, B) = #* partial signed permutations.

I'= Fy: O0——=Q O——O

A={x{,...,x1}

= AW (Fy) = {v1|v “short root” in F; root systenk

\_ /
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Reflection arrangement monoids

e W C GL(V) finite reflection group
A = reflecting hyperplanesd(\WW = A)
H = L(A) system forlV.

eEQ W =W(o—ac—0)

B Boolean

o M (W, H) := reflection arrangement monoid

\_ /
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Renner monoids

e M affine variety (connected)
M x M — M morphism of varieties

e G (units)C M algebraic group

(reductive)
e ' C G maximal torus

e X(T) =Hom(T,F*)

e Weyl groupWg = Ng(T')/T
reflection group iX(7) ® R

/
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Renner monoids

e M affine variety (connected)
M x M — M morphism of varieties

e G (units)C M algebraic group

(reductive)
e ' C G maximal torus

e X(T) =Hom(T,F*)

e Weyl groupWg = Ng(T')/T
reflection group iX(7) ® R

Mqn (F)

GL,,(F) C M,,(F)

D" (F) = invertible
diagonal matrices.

O
xi(A4) = Ai

W = permutation
matrices= G,,

tiEZ}an

/
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Renner monoids Ry := Ng(T)/T = {x € M| 2T = Tx}.

e CT,E(T) = idempotents

e polytopeP C X(T) ® Q
A /

[ —

-

T

conelP

X(T)=%(T)NP
face lattice ofP

&
&
2

A = {(F)g | F € P top dimensiona
B = L(A) system folV; considerM (W, B)

\_ /
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Renner monoids Ry := Ng(T)/T = {x € M| 2T = Tx}.

e T CT,E(T)=idempotents D,,(F) = diagonal matrices
B(T) = {A| Ay = 0,1}

e polytopeP C X(T) ® Q

I /

X(T)=%(T)nP
face lattice ofP

&
=
2

A = {(F)g | F € P top dimensiona
B = L(A) system folV; considerM (W, B)

\_ /
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Renner monoids

e Theorem:here is a surjective homomorphisth(Wg, B) — Ry.
An isomorphisms Pa simplicial cone.

e Eg: M = Ad(G)F*, G = adjoint simple group typ&-,
Ad : G — GL(g) adjoint representation.

\_ /
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Renner monoids

e Theorem:Ry; Renner monoidp : Ry — ML (V) injective,

with p Ry a reflection monoid antV; C Ry acting essentially ol

= Wg = A,(n > 1), D,, (n odd) orE.

~

/
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Orders
o W(I') aWeyl group= Y (—1)!"I[W(I") : W(¥)] = 1.

vcr

e Theorem.W C GL(V), B system forV,

MW, B)[ = > [W: Wx]
XeB

) W = Weyl group typeX,,
B =L(A), A=Boolean
Dy,
>. o by M(W, B)| =
n
i > () e s wix
o—o0 - -0—a—0 / &

\_ /
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Orders
o W(I') aWeyl group= Y (—1)!"I[W(I") : W(¥)] = 1.

vcr

e Theorem.W C GL(V), B system fori¥/, [——isotropy group

MW, B)[ = > [W: Wx]
XeB

) W = Weyl group typeX,,
B =L(A), A=Boolean
Dy,
>. o by M(W, B)| =
n
i > () e s wix
o—o0 - -0—a—0 / K

\_ /
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Orders

eEg:I'=8B,: O— 0O - -O0—0_0
H = intersection lattice of reflecting hyperplanes

eqcZ7% \=(A1,...,)\,) partitionof q.
S1<M << AwithY A =q.

b)\ = bl'bg' .« o (1')b1 (2')b2 « o Cl)\ — 4pb)\)\1! .« o )\p'
b; = number of)\, that equaik.
1
_ o2n—1 2
o Theorem.|M (B, 30)| = 2" (n!)* ) ",

m,A\

the sum over all < m < n and partitions\ of n — m.

\_ /
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Presentations

oW =(S5),B=LAW).

e Theorem.M (W, B) has presentation,

generatorss € S andex (X € A/W)

(fix ey := g lexgforY e AW;fix Z =(Y; (x) for Z € B,

Y, ec AW, e, := Hé\yz)

relations:relations forlv,
£x’S commuting idempotents,
ez =]léy,,Z € B/W, Z =(Y; “different” from (x),
s€y = Eyyssfor(s,Y) € S x AW,

a “small” number ok ;g = &5 for g € Wy..

\_ /
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Presentations

9

I=A,
= W(I") W
B) = 7

(

O O— - — O
eyl group,B = Boolean system.
w11 Symmetric inverse monoid.

M(A,,B) = (s1,...,5n,€]| (s8i8;)™% =1,

e° =g,
ESnESn = SpESnE,
s;i€ =€s; (1 #n),

SnESnESy = SpESRE)

[Popova 1961]
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