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Partial mirror symmetry: reflection monoids
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Reflection groups

• F field, V space overF, reflection:F ⊕ F ⊕ · · · ⊕ F

ie: V
s

−→ V ∈ GL(V )






order∈ Z>1,

fixes hyperplane,

semisimple.

• reflection group:= 〈reflectionss ∈ S〉 ⊂ GL(V ).
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Reflection groups

• F field, V space overF, reflection:F ⊕ F ⊕ · · · ⊕ F

×ζ
id

      

ie: V
s

−→ V ∈ GL(V )






order∈ Z>1,

fixes hyperplane,

semisimple.

• reflection group:= 〈reflectionss ∈ S〉 ⊂ GL(V ).
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Reflection groups

• F = Fq (q odd),Q quadratic form onV , O(V, Q) = orthogonal group.

(O(V, Q) = O±
n (q), n even, orO◦

n(q), n odd)

• F = C: Klein’s quarticX3Y + Y 3Z + Z3X = 0 ⊂ CP2

A

A

B

B C

C

D

D

E

E

FF

G

G

G24 = 〈s1, s2, s3〉 ⊂ GL3C

PSL2F7

mod scalars
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Reflection groups

• F = R: Coxeter groups:

(W, S) = 〈s ∈ S | (st)mst = 1〉 mst ∈ Z≥1 ∪ {∞}

mst = 1 ⇔ s = t

Coxeter symbolΓ:

s t

mst

Coxeter

2

3

4

6

Dynkin
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Reflection groups
Coxeter groups are real reflection groups!

V := 〈vs | s ∈ Γ〉R

B(vs,vt) := − cos
π

mst

σs(u) = u− 2
B(u,vs)

B(vs,vs)
vs

s 7→ σs gives(W, S) → GL(V ) reflectional representation

• Eg: W finite⇔ V Euclidean;+ fixes lattice inV =: Weyl group.

s t

mst

An (n≥1) Dn (n≥4) Bn (n≥2)

En (n=6,7,8) G2F4
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• V space overF, GL(V ) = group of isomorphismsV
g
→ V .

• V ⊃ X
α
→ Y ⊂ V partial isomorphisms between

subspacesX, Y ⊂ V :

X

Y
g ∈ GL(V )

α = gX :=





g onX,

undefined elsewhere.

• s reflection;sX partialreflection.

• ML(V ) := monoid partial isomorphisms.

• reflection monoid(version2) := 〈partial reflectionssX〉 ⊂ ML(V )
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• V space overF, GL(V ) = group of isomorphismsV
g
→ V .

• V ⊃ X
α
→ Y ⊂ V partial isomorphisms between

subspacesX, Y ⊂ V :

X

Y
g ∈ GL(V )

α = gX :=





g onX,

undefined elsewhere.

• s reflection;sX partialreflection.

• ML(V ) := monoid partial isomorphisms.

• reflection monoid(version2) := 〈partial reflectionssX〉 ⊂ ML(V )

inverse, factorizable
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• gXfY = gf
X∩Y g−1

gX = s1,X1
. . . sk,Xk

⇒ g = s1 . . . sk ∈ some reflection group.

• W ⊂ GL(V ) reflection group

B system of subspacesfor W :
:=






V ∈ B,

X, Y ∈ B ⇒ X ∩ Y ∈ B,

BW = B.

• reflection groupW

systemB for W




 〈gX | g ∈ W, X ∈ B〉 ⊂ ML(V )

reflection monoid(version1) M(W, B)
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X∩Y g−1
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systemB for W
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units
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• gXfY = gf
X∩Y g−1

gX = s1,X1
. . . sk,Xk

⇒ g = s1 . . . sk ∈ some reflection group.

• W ⊂ GL(V ) reflection group

B system of subspacesfor W :
:=






V ∈ B,

X, Y ∈ B ⇒ X ∩ Y ∈ B,

BW = B.

• reflection groupW

systemB for W




 〈gX | g ∈ W, X ∈ B〉 ⊂ ML(V )

reflection monoid(version1) M(W, B)

units idempotents
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Hyperplane arrangements

• hyperplane arrangementA ⊂ V ; L(A) = intersection lattice.

• Eg: V = Euclidean space,

{x1, . . . ,xn} orthogonal basis

A = {x⊥
i } Boolean arrangement:

• W ⊂ GL(V ) finite reflection group,A = reflecting hyperplanes.

reflection arrangement.

• W ⊂ GL(V ) finite reflection group,A ⊂ V arrangement

⇒ B = L(AW ) a system forW .

V

x
⊥

1 x
⊥

2 x
⊥

3

〈x3〉 〈x2〉 〈x1〉

{0}
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Boolean reflection monoids

V = 〈v1,v2〉R →֒ {
∑

xi = 0} ⊂ V̂ = 〈x1,x2,x3〉R,

A = {x⊥
i } Boolean arrangement.

v2

v1

v1

v2

x1

x2

x3

P

xi=1

x1−x2

x2−x3
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Boolean reflection monoids

Γ = An:

〈nodes〉R = V = {
∑

xi = 0} →֒ V̂ = 〈x1, . . . ,xn+1〉R

W (Γ) ∼= Sn+1

A = {x⊥
i }, AW = A

B = L(A) Boolean lattice.

M(An, B) ∼= In+1 symmetric inverse monoid.

x1−x2

x2−x3

xn−1−xn

xn−xn+1

x1

x2

x3

P

xi=1

x1−x2

x2−x3
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Boolean reflection monoids

• W = W (Γ) = Weyl group.

• W → GL(V ), reflectional representation

• V →֒ V̂ Euclidean with orthonormal

basis{xi}.

• A = Boolean arrangement{x⊥
i },

B = L(AW ).

• M(W, B) = M(Γ, B) :=

Boolean reflection monoid of typeΓ.

Γ

An (n≥1)

Dn (n≥4)

Bn (n≥2)

En (n=6,7,8)

F4

G2
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Boolean reflection monoids

• W = W (Γ) = Weyl group.

• W → GL(V ), reflectional representation
Euclidean

• V →֒ V̂ Euclidean with orthonormal

basis{xi}.

• A = Boolean arrangement{x⊥
i },

B = L(AW ).

• M(W, B) = M(Γ, B) :=

Boolean reflection monoid of typeΓ.

Γ

An (n≥1)

Dn (n≥4)

Bn (n≥2)

En (n=6,7,8)

F4

G2
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Boolean reflection monoids

Γ = Bn:

W (Bn) ∼= S±
n signed permutations.

M(Bn, B) ∼= I ±
n partialsigned permutations.

Γ = F4:

A = {x⊥
1 , . . . ,x⊥

4 }

⇒ AW (F4) = {v⊥ |v “short root” inF4 root system}

x1−x2

x2−x3

xn−2−xn−1

xn−1−xn

xn
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Reflection arrangement monoids

• W ⊂ GL(V ) finite reflection group

A = reflecting hyperplanes (A W = A)

H = L(A) system forW .

• Eg: W = W ( )

• M(W, H) := reflection arrangement monoid

B Boolean H

W = W ( )
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Renner monoids

• M affine variety (connected)

M × M → M morphism of varieties

• G (units)⊂ M algebraic group

(reductive)

• T ⊂ G maximal torus

• X(T ) = Hom(T, F∗)

• Weyl groupWG = NG(T )/T

reflection group inX(T ) ⊗ R
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Renner monoids

• M affine variety (connected)

M × M → M morphism of varieties

• G (units)⊂ M algebraic group

(reductive)

• T ⊂ G maximal torus

• X(T ) = Hom(T, F∗)

• Weyl groupWG = NG(T )/T

reflection group inX(T ) ⊗ R

Mn(F)

GLn(F) ⊂ Mn(F)

D∗
n(F) = invertible

diagonal matrices.

{χt1
1 . . . χtn

n | ti ∈ Z} ∼= Zn

χi(A) = Aii

WG = permutation

matrices∼= Sn

Brent Everitt Reflection monoids



'

&

$

%

Renner monoids

• T ⊂ T , E(T ) = idempotents

• polytopeP ⊂ X(T ) ⊗ Q

X(T ) = X(T ) ∩ P̂

E(T ) ∼= face lattice ofP̂

P

coneP̂

A = {〈F 〉R |F ∈ P̂ top dimensional}
B = L(A) system forWG; considerM(WG, B)

RM := NG(T )/T = {x ∈ M |xT = Tx}.
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Renner monoids

• T ⊂ T , E(T ) = idempotents

• polytopeP ⊂ X(T ) ⊗ Q

X(T ) = X(T ) ∩ P̂

E(T ) ∼= face lattice ofP̂

Dn(F) = diagonal matrices

E(T ) = {A |Aii = 0, 1}

X(T )

100

010

001

110

011

101 111P

coneP̂

A = {〈F 〉R |F ∈ P̂ top dimensional}
B = L(A) system forWG; considerM(WG, B)

RM := NG(T )/T = {x ∈ M |xT = Tx}.
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Renner monoids

• Theorem:there is a surjective homomorphismM(WG, B) → RM.

An isomorphism⇔ P̂ a simplicial cone.

• Eg: M = Ad(G)F∗, G = adjoint simple group typeB2,

Ad : G → GL(g) adjoint representation.

E(RM) B
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Renner monoids

• Theorem:RM Renner monoid,ρ : RM → ML(V ) injective,

with ρRM a reflection monoid andWG ⊂ RM acting essentially onV

⇒ WG = An(n > 1), Dn (n odd) orE6.
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Orders

• W (Γ) a Weyl group⇒
∑

Ψ⊂Γ

(−1)|Ψ|[W (Γ) : W (Ψ)] = 1.

• Theorem.W ⊂ GL(V ), B system forW ,

|M(W, B)| =
∑

X∈B

[W : WX ]

• Eg:
An

Dn

Bn






Xn

W = Weyl group typeXn

B = L(A), A = Boolean

|M(W, B)| =
∑

k

(
n

k

)
[W (Xn) : W (Xk)]
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Orders

• W (Γ) a Weyl group⇒
∑

Ψ⊂Γ

(−1)|Ψ|[W (Γ) : W (Ψ)] = 1.

• Theorem.W ⊂ GL(V ), B system forW ,

|M(W, B)| =
∑

X∈B

[W : WX ]

isotropy group

• Eg:
An

Dn

Bn






Xn

W = Weyl group typeXn

B = L(A), A = Boolean

|M(W, B)| =
∑

k

(
n

k

)
[W (Xn) : W (Xk)]
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Orders

• Eg: Γ = Bn:

H = intersection lattice of reflecting hyperplanes

• q ∈ Z>0, λ = (λ1, . . . , λp) partitionof q.

⇔ 1 ≤ λ1 ≤ · · · ≤ λp with
∑

λi = q.

bλ := b1!b2! . . . (1!)
b1(2!)b2 . . . dλ = 4pbλλ1! . . . λp!

bi = number ofλj that equali.

• Theorem.|M(Bn, H)| = 22n−1(n!)2
∑

m,λ

1

4m dλ

the sum over all0 ≤ m ≤ n and partitionsλ of n − m.
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Presentations

• W = 〈S〉, B = L(AW ).

• Theorem.M(W, B) has presentation,

generators:s ∈ S andεX(X ∈ A/W )

(fix ε̂Y := g−1εXg for Y ∈ AW ; fix Z =
⋂

Yi (∗) for Z ∈ B,

Yi ∈ AW , ε̂Z :=
∏

ε̂Yi
)

relations:relations forW ,

εX ’s commuting idempotents,

ε̂Z =
∏

ε̂Yi
, Z ∈ B/W , Z =

⋂
Yi “different” from (∗),

sε̂Y = ε̂(Y )ss for (s, Y ) ∈ S × AW ,

a “small” number of̂εZg = ε̂Z for g ∈ WY .

Brent Everitt Reflection monoids
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Presentations

• Eg: Γ = An

W = W (Γ) Weyl group,B = Boolean system.

M(W, B) ∼= In+1 symmetric inverse monoid.

M(An, B) = 〈s1, . . . , sn, ε | (sisj)
mij = 1,

ε2 = ε,

εsnεsn = snεsnε,

siε = εsi (i 6= n),

snεsnεsn = snεsnε〉

[Popova 1961]
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