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e Natural invariants.
e Not-natural invariants.

e Making Jones natural.

e Coloured posets.




Knots, links and invariants

e Link: L :=]]S* c S (as submanifold).
1~ Ly« S3 7, 53 orientation preserving withi (L) = f(Ls).

e diagrams L =~ L, < any two diagrams for thé&; related by
Reidemeister moves

e invariants well defined labelling of equivalence classes!
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Natural invariants: complement

e label byhomeomorphism typef S3 — L.

left — left

o EO

right «<» bottom

back«— back

bottom <« right

e Theorem [Gordon-Luecke 1989]: the homeomorphism type of the
complement of &notis acompletanvariant.
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Natural invariantsi; (the good news)

e label byfundamental grougr; (S® — L) (=: knot group)
e Theorem [Whitten, Gonzales-Acunafompleteinvariant for prime knots.

e Theorem [Mostow, Gromov].completanvariant for hyperbolic knots.

e Wirtinger presentation:

m T (5?’@) = (a1, a2,0a3,a4 | @103 = aga;,
a3z — a40as3,

v a2a4 — A407,
ao03 = A402)
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e A group islargeif it has a finite index subgroup that surjectsian-abelian free
group

e Theorem [Cooper, Long, Reid 1997]: “most” prime knots have
large knot groups.































Not natural invariants: the Jones polynomial
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Not natural invariants: the Jones polynomial

(8)-rm(e) = (o)

(Jones) (unnormalized Jones) (Kauffman bracket)
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e Easy to calculate!

 Not complete: J(@) _ J(@) but@ - @

e Conjecture.J(K) = J(unkot) = K = unknot  (seems pretty unlikely)




e Eg: naturality ofr :

0

e

)

e Khovanov’scategorificatiorof the Jones polynomial




e EQ: naturality ofr:
O @-0-©
1 (X) \

e Khovanov’scategorificatiorof the Jones polynomial




Formal nonsense: graded spaces

=2 -1 0 1 2
oV =--0Vo0V10VoViedV,®- - (V; =vector spaces ovei)
—2 —1 0 1 2 ..
.V[k]:"'@V—k—Q@V_k_1@V_k@v_k+1@v_k+2@...
(degree shift)

o tensor product ® U = PV @ U)p with (Ve U)y = D Vie U,
it j=k

e graded dimensiopdim V := >~ dim V;¢’ € Z[q, ¢ ']

e ¢dim(U ® V) = qdimU X qdim V
qdim V[k] = ¢* x ¢dim V
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Graded chain complexes (algebro-topological objects)

B

Oi+1 0

| U; graded spaces

|~ Imageo;. 1 C kernelo;

G* — > Uj41 —™ Uz - Uz’—l—’ 8220
e homologyH;(C,) = irizz;neeﬁlil (inherits grading front/;)

e gradedEuler characteristig (C,) = > (—1)*qdim H;(C,)
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The Khovanov complex 1
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The Khovanov complex 2

QO
g Cg'g)\élgj o / Vl \/
&

T\ / T
2 o

Ve?

Brent Everitt Knot invariants



add+’s to edge maps so squaraiicommute

Khovanov homologyKH, (@ , Q) = H.(X,)




Khovanov homology 1

@ 6 4 2 0 —2 qdim
§)
KHy | Q q Euler characteristig (X..)
KH Q ° -
1 q _ Z(_l)zqdlmKHZ (@7@)
KHo 0 6 2 2
KHs, Q|Q| 1+4q

key propertyl, essentially by construction:

AN

(=)= g™ 72 x(K) = J(K)

key property2, and minor miracleKH, an invariant (after a bit of nudging)
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Khovanov homology 2
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Other categorifications (or: just like the Jones)

e Alexander polynomial: Heegaard-Floer homology (CGzbvand Szat)
e HOMFLY polynomial: Khovanov-Rozansky homology

e chromatic polynomial: graph homology (Helme-Guizon anahéo
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Topology of posets 1

- reflexive,anti-symmetric, transitive

* Poset(f, S Eg: Braid lattice
set
e order(simplicial) complexA(P):

0-cells: P 1-cells: 2-cells: Y
€ iff x <y iff o <y <z
n-cells:oc =29 < -+ < x, L s

- AA&
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e P has al ///
= A(P) ~ cone onA(P —1). @

o . ) ) 9 0
e simplicial chain compleof A: -+ —Cpy1 —C, —=Cj_y —— - -

Cy 1= ZFS = (37 Nso}y, ez
O Ao o < -+ <xp) :=> (1) Ag(mo < -+ <Tj <+ < y)

e order homologyof posetP:  H,(P,Z) := H,(A(P —0,1),Z)

Folkman complex



Topology of posets 3

e Theorem [Folkman-Bprner]: P finite geometric lattice of rank
/ n =0,
H,(P,Z) =< 7m0l p—p 9

0 otherwise.

\

e Mobius functionu of a posetP: 1 := ¢! inincidence algebra aP

e Eg: P = (29, <) withm < niff m|n
1 = classical number-theoreticdbius function.
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simplexo € A } of { A, € R-Mod

facer C o fr:A, — A,

(A, &) system of local coefficients

e simplicial chain complex with local coefficients ﬂfl /
7./2
o 8> n+1 8>Cn 8>C’n—l 8>"' /

Cn — {Z AUU}AUEAG Z\ / \

7

Y 7R7 —~
O Mo o < -+ < ) Z/5\ / \

— Z(_l)jf;'()\a)xo < "'<£j << @y, Z\ 23

e homologyH.. (A, o) with local coefficients= H,(C,).




Coloured posets 1

—functor P — R-Mod 1 Ay
o (P,J)

f T
poset

NS

0 (A’s R-modules) Ao

e Eg: Khovanov colouring of a Boolean lattice!

V®3 [3]
N /T \

AN X K] T\ / T
: |/

%] A
25, S = crossings \ /
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Coloured posets 2

e coloured posetP, ) — complex with local coeff§A(P — 1), o)

n-cello = (xg < -+ < xyp)

AJ = 97(5130) P

e order homology with local coeffef coloured posetP, F):

AN

H.(P,F) := H.(AP - 1), o)

e Theorem [E-T]. order homology with local coeffs
of (Boolean J = Khovanoy = Khovanov homology.
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