
Partial symmetry, reflection monoids and Coxeter groups

Brent Everitt(York) andJohn Fountain(York)

arXiv:0701313v2 [math.GR]

Partial symmetry Brent Everitt



Partial symmetry Brent Everitt

2A simple construction...

• V finite dimensional space overF; GL(V ) = group of isomorphismsV
g
→ V .

• partial (linear) isomorphismof V : vector space isomorphismX → Y for X, Y ⊂ V

subspaces:

X

Y

gXfZ = gf
X∩Zg−1

gX :=







g ∈ GL(V ) onX,

undefined elsewhere.

• ML(V ) := general linear monoid.

• G ⊂ GL(V ); S system of subspacesfor G:
def
⇔















V ∈ S,

X, Y ∈ S ⇒ X ∩ Y ∈ S,

SG = S.

• monoid of partial linear isomorphismsM(G,S) := {gX | g ∈ G, X ∈ S}.
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3... and a result

• Eg: for anyG ⊂ GL(V ) there is a “natural” choice of system, namely the subspaces,

Fix(H) = {v ∈ V | (v)g = v for all g ∈ H},

for all H ⊂ G subgroups.

Theorem 1 Let G ⊂ GL(V ) be a finite group,S a finite system inV for G, and

M(G,S) the resulting monoid of partial linear isomorphisms. Then

|M(G,S)| =
∑

X∈S

[G : GX ]

whereGX is the isotropy group ofX ∈ S:

GX = {g ∈ G | (v)g = v, for all v ∈ X}.
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4First example:G = Sn

• V Euclidean space with orthonormal basis{x1, . . . ,xn}.

• Sn ⊂ GL(V ) via xiσ = xiσ (ie: permutation matrices).

• ForJ ⊂ I = {1, . . . , n}, let

X(J) =
⊕

j∈J

Rxj ⊂ V,

so thatX(I) = V , X(J)σ = X(Jσ), andX(J1)
⋂

X(J2) = X(J1 ∩ J2).

⇒ B = {X(J) | J ⊂ I} theBoolean system forSn.

• Isotropy group ofX(J) is ∼= SI\J , so Theorem 1⇒

|M(Sn,B)| =
∑

J⊂I

[SI : SI\J ] = |Sn|

n
∑

k=0

(

n

k

)

1

|Sn−k|
=

n
∑

k=0

(

n

k

)2

k!

• M(Sn,B) ∼= In → gX(J) for g = (i, i + 1).
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5Second example:G = Sn

• V andSn ⊂ GL(V ) as before.

• A = {Hi,j | 1 ≤ i 6= j ≤ n} xi − xj = 0

xi − xj

Hi,j
σ

xiσ − xjσ = 0

xiσ − xjσ

Hiσ,jσ

H =

{

⋂

H∈X

H | X ⊂ A

}

Coxeter arrangement system forSn.

• |M(Sn,H)| =
∑

Λ

[SI : SΛ1
× · · · × SΛp

] = (n!)2
∑

λ

1

bλλ1! . . . λp!

(Λ = {Λ1, . . . , Λp} partition of I; λi = |Λi|; λ = (λ1, . . . , λp) partition of n;

bλ = b1! . . . bn!(1!)b1 . . . (n!)bn , bj = number ofλi = j)

• (M(Sn,H) ∼= monoid of uniform block permutations.)
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6Reflection groups

• reflectionV
s 6=id
−→ V ∈ GL(V ) semisimple, fixes hyperplane pointwise.

reflection groupW := 〈reflectionss ∈ S〉 ⊂ GL(V ).

• finite reflection groups classified whenF = R, C, Fq, Qp.

• Eg: F = Fq (q odd),Q non-degenerate quadratic form onV ,

O(V, Q) = orthogonal group (O±
n (q), n even, orO◦

n(q), n odd)

• finite R groups:

• F = C, Fq: W finite⇒ WX a reflection group.

(F = C (Steinberg),F = Fq (Nakajima-Serre))

x

−x

H = x
⊥

x1 x2

m

(x1,x2) = − cos
π

m

An−1 (n≥1)

Dn (n≥4)

Bn (n≥2)

En (n=6,7,8)

F4

G2
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7Reflection monoids

• . . . are theM(W,S) for W ⊂ GL(V ) a reflection group.

(⇔ factorizable inverse submonoids ofML(V ) generated by partial reflections).

• Eg:
x1−x2

x2−x3

xn−2−xn−1

xn−1−xn

xi − xj

IdentifiesW (An−1) with Sn ⊂ GL(V ) acting as before.

⇒ two Eg’s earlier are reflection monoids

(write M(An−1,B), M(An−1,H) . . .)

• ie: W (An−1) ∼= Sn.

M(An−1,B) ∼= In.
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8Boolean monoids

• B = {X(J) =
⊕

j∈J Rxj | J ⊂ I = {1, . . . , n}}

system forW in typesΦ = A, B andD

M(Φ,B) theBoolean reflection monoids

Theorem 2 Φ = An−1, Bn or Dn,

|M(Φ,B)| =
∑

J⊂I

[W (Φ) : W (ΦI\J)] = |W (Φn)|

n
∑

k=0

(

n

k

)

1

|W (Φn−k)|
.

(ΦT = Φ ∩ X(T ))

• Eg: W (Bn) ∼= group of signed permutations;

M(Bn,B) ∼= monoid of partial signed permutations.

An−1 (n≥1)

Dn (n≥4)

Bn (n≥2)
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9Coxeter arrangement monoids

• W ⊂ GL(V ) finite (real) reflection group.

A = reflecting hyperplanes ofW (hyperplane arrangement).

H =

{

⋂

H∈X

H | X ⊂ A

}

Coxeter arrangement system.

(H = intersection lattice of arrangementA)

H = the “natural” system{Fix(H) |H ⊂ W} for W .

M(W,H) Coxeter arrangement monoid.

Theorem 3 |M(W,H)| =
∑

[W : W ′], sum overparabolic subgroupsW ′ ⊂ W .

• Eg: |M(Bn,H)| = 22n−1(n!)2
∑

m,λ

1

4m dλ

the sum over all0 ≤ m ≤ n and partitionsλ of n − m.

(dλ = 4pbλλ1! . . . λp!)

An−1 (n≥1)

Dn (n≥4)

Bn (n≥2)

En (n=6,7,8)

F4

G2
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10Algebraic monoids 1

• algebraic monoidM :=







variety overk + monoid

Zariski closed submonoid ofMn

• algebraic groupG := M ∩ GLn

• Eg: V = n-dimensionalk-space

ρ : SLn → GL(V ⊗ V ) with g(v ⊗ v′) = gv ⊗ (g−1)T v′

G = k∗ρ(SLn) ⊂ GLn2 andM = G

ρ diag(t1, . . . , tn) =
. ..

...

tit
−1
1

tit
−1
n

0
0

X(ρT0) := Hom(ρT0, k
∗) spanned byχij(g) = tit

−1
j with

χji = χ−1
ij

χij = χiℓχ
−1
jℓ

X(ρT0) free Abelian rankn − 1 ⇒ V := X(ρT0) ⊗ R (n − 1)-dim real space

Sn acts onV via χijσ = χiσ,jσ

[G = k∗ρ(G0), M = G]

[T = k∗ρT0
maximal torus]

[WG=Weyl group]

M ⊂ Mn

G ⊂ GLn

∩
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11Algebraic monoids 2

• understandingM (units= G, idempotents= E):

WG � X(T ) ⊗ R

}

G � E

{

E(T ) 	 WG

{

coneσ ⊂ X(T ) ⊗ R 	 WG

• E(T )
∼=
→ face latticeF(σ)

• Eg (n = 4): V = X(ρT0) ⊗ R 3-dimensional

σ = cone on:

σ
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12Algebraic monoids 3

• WG-action on coneσ ⇒ SM :=

{

⋂

τ∈X

Rτ | X ⊂ F(σ)

}

a system forWG.

M(WG,SM) thereflection monoid associated toM.

• Renner monoidRM parametrises the “Bruhat decomposition” ofM.

Theorem 4 (M connected reductive with0) There is a surjective homomorphism

f : M(WG,BM) → RM

which is injective if and only ifσ is a simplicial cone.


