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A simple construction... 2

e V finite dimensional space ov&r GL (V) = group of isomorphism§ Lv.
e partial (linear) isomorphisrof V. vector space isomorphisi — Y for X, Y C V

subspaces: /Y

geGL(V)onX, Ixlz = 9 xnzq
gx = . X
X undefined elsewhere. >

\/

e ML(V) := general linear monoid. (
Ves,

e G C GL(V); S system of subspacéar G- & 1 X, Y eS=XnNnY €S,
| SG = S.

e monoid of partial linear isomorphismd (G, S) := {gy |g € G, X € S}.
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... and a result 3

e EQ: foranyG C GL(V)thereis a“natural” choice of system, namely the subspaces,
Fix(H)={veV]|(v)g=vforallg e H},
forall H C G subgroups.

Theorem 1l LetG ¢ GL(V) be a finite groupS a finite system i/ for GG, and
M (G, S) the resulting monoid of partial linear isomorphisms. Then

M(G,S)| =) [G:Gx]

XeS

whereG x is the isotropy group oK € S:

Gx={g€G|(v)g=v, forallve X}.
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First exampleG = 6, 4

e VV Euclidean space with orthonormal baéss , . . ., x,, }.
e 5, C GL(V)viax;o = x;, (ie: permutation matrices).
eForJ CcI={1,...,n} let

= PRx; CV,

jeJ

sothatX (/) =V, X(J)o = X(Jo),andX (J1) X (J2) = X(J1 N J2).
= B ={X(J)|J C I}theBoolean system fo®&,,.
e Isotropy group ofX (J) is= &\ 5, so Theorem k-

M(6,,B)| = (61 : 61] = \anz()|6 R Z(Z)k'

JCI k=0

MBI =T, 1IN oy forg= (it 1)
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Second exampleiz = G, 5

A A
e V and&,, ¢ GL(V) as before. T o T o
Hzg —O-’ Hw' Jjo /

.A:{HZ,J‘lgz#JSn} ZC@'—ZCj:Ov Tic — Tjo = |

H = { ﬂ H|X C A} Coxeter arrangement system f6y,.
Hex

1
o |M(&,,H)| = EA:[GI :Gay XX By, | = (n) ; baril. .. A

(A = {Ay,...,A,} partition of I; N\; = |Asl; A = (Aq,..., ) partition of n;
by = b1!...by! (110 ... (n!)b~, b; = number of); = )

e (M(6,,,H) = monoid of uniform block permutations.)
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Reflection groups

o reflectionV 25 v ¢ G L(V) semisimple, fixes hyperplane pointwise.

reflection groupgV := (reflectionss € S) ¢ GL(V).
o finite reflection groups classified whéh= R, C,F,, Q,.

e Eg:F = F, (¢ 0dd),Q non-degenerate quadratic form &n

O(V, Q) = orthogonal group®@= (q), n even, orO°(q), n odd)

An—l (”ZU

Dn (TLZ4>

Bn (TLZQ)

e finite R groups:
+x
O
Ak S i
(x1,X9) = — CcOS —
v—X m

o I = C,F,: W finite = Wx a reflection group.
(F = C (Steinberg)F = [, (Nakajima-Serre))

Partial symmetry
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Reflection monoids 7

o ... aretheM (W,S) for W C GL(V) areflection group.
(< factorizable inverse submonoids bfL (V') generated by partial reflections

e EQ: +X; — X
X1 —X92 Xn—2—"Xn-—-1

X2—X3 Xn—1—"Xn

|dentifiesW (A,,_1) with &,, € GL(V) acting as before.

= two EQ’s earlier are reflection monoids
(write M (A —1,B), M(Ap—1,H) ...)

eie: W(A,_1) =2 6,.
M(A,_1,B) 2 1,.

Partial symmetry Brent Everitt



Boolean monoids 8

o B={X(J) = @yes By | C T ={L,....n}) oo

system forl¥ in types® = A, B andD P

M (®, B) theBoolean reflection monoids - 0—0
B, (n>2)

Theorem2 & = A,,_1, B, or D, S —

“/n 1
@B = W) W) = W@l Y (1)

(Pr =2NX(T))

e Eg: W (B,,) = group of signed permutations;
M (B, B) = monoid of partial signed permutations.
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Coxeter arrangement monoids 9

An— 1 (”Z 1)

o IV C GL(V) finite (real) reflection group. o oo

A = reflecting hyperplanes &’ (hyperplane arrangement).

H = { ﬂ H|X C A} Coxeter arrangement system Dﬁ,.(.@o@ O
HeX
(H = intersection lattice of arrangemed) S
H = the “natural” syster{Fix(H) | H C W} for W. O—0 - -0—G—D
M (W, H) Coxeter arrangement monoid o—O0—0—0—0— —O0—20

l E, (n=6,7,8)
Theorem 3 |M (W, H)| = Z[W : W'], sum oveparabolic subgroupd’ c W.

1

Eg: |M(B, = 2217 1(p))? Fy
« EQ: [M(By, H)| > oy

the sum over all < m < n and partitions\ of n — m. s
(dx = 4Pb A1l . L)) ==
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Algebraic monoids 1 10

| | variety overk + monoid M C M,
e algebraic monoidV := A T l_
Zariski closed submonoid &¥1,,

e algebraic groufs := M N GL,

e Eg: V = n-dimensionak-space
p:SL, - GL(V @ V)withglv®@v') = gv® (g~ 1)1’ ) _
G = k*p(SLy) C GL,» andM = G G = k"p(Go), M = G]

pdiag(tl,...,tn) = 441
o 0 [T = k*pTy
g maximal torus]
0
tit !
o— N1
X(pTp) := Hom(pTy, k*) spanned by;;(g) = ;t; * with gt = X »
Xij = XiEXje
X(pTp) free Abelianranke — 1 =V := X(pTy) ® R (n — 1)-dim real space
S, acts onV via x;i0 = Xio.jo [We=Weyl group]
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e understandind! (units= G, idempotents= FE):

We OX(T) ® R}G O E{E(T) O WG{conea CX(T)®R O Wg

o E(T) = face latticeF (o)
4 |-

AN

eEg(n=4): V =X(pTy) ® R 3-dimensional




Algebraic monoids 3 12

e IW/-action on coner = Sy := { ﬂ RT|X C ]—“(a)} a system foll;.
TEX
M (Wg, Sm) thereflection monoid associated k.

e Renner monoid®y; parametrises the “Bruhat decompositionf

Theorem 4 (M connected reductive with) There is a surjective homomorphism
f : M(WGalgM) — RM

which is injective if and only i is a simplicial cone.
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