Brent Everitt (York) —joint with Paul Turner (Fribourg)

ar Xi v: 0808. 1686
0711. 0103




Example: Jones polynomial 1
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Example: Jones polynomial 2
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Example: Khovanov complex A
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Example: Khovanov complex 5

Q V®3[3]
OO idM id;m id@
|
N - Cglb ™ % V29 V®2[9] V®2[9]
0 ~ O\ O A N
L X Q71 ”T ‘/\ u/\' T“
DD & " v v
N LS \ t /
& (squaresommute) " V!X) , "

Brent Everitt Coloured poset homology



Example: Khovanov complex 6

V®3 3] Ve [3]
\ d|
Ve2[2 V®2 2] Ve2[2 P vere]
T \ / T ....................... > d| j{*
Khovanov
EB Vil (chain)
\ + / d| complex
Ve Ve

add-+t’s to edge maps so squaraiicommute

Khovanov homologyKH, (@ , Q> = H.(X,)
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Example: Khovanov homology 7

@6420—2 gdim
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KHy | Q q Euler characteristig (X..)
KH Q 2 '

1 q — Z(_l)zqdlmKHz (@7Q>
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KHs Q|1 Q| 144~

o \(X,)“="Jones

e KH, an invariant (after a bit of nudging)
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Example: Khovanov homology 8
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e Alexander polynomial: Heegaard-Floer homology (Gabvand Szai)

e HOMFLY polynomial: Khovanov-Rozansky homology

e chromatic polynomial: graph homology (Helme-Guizon anahéo




Posets 10

e Boolean latticdB( X ) on a setX.

e Coxeter group with the Bruhat
order.

e “quiver” poset of a directed
graph.

e intersection lattice of a hyper-
plane arrangement.
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Poset homology 11

Yy
e posetP — | P| order (simplicial) complex.
iff x <y <z
e poset homology= simplicial homology of| P| X
le: H.(P, R) := H.(|P|, R) = homology of chain complex <
Co(P,R)= B R
o< <ITp

with differentiald : C\,(P, R) — C,,—1(P, R)

S

)\'($0<"'<£Ifn)li> (_1)j>\’(330<"'</$\j<"’<xn)
j=0

e Eg: [Folkman]P finite geometric lattice

- 7Ol = rkP — 2,

Hn(P \ {07 1}7 Z) — .
0 otherwise.
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e Eg: “Khovanov colouring”: idV .3@ ‘w“
—1 7
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e in general:P - R-mod (covariant) functor ve?

(= pre-sheaf of modules ovét)




Sheaf homology-£ Khovanov homology) 13

e P %, R-mod coloured poset/sheaf

e coloured poseor sheaf homologyH. (P, &) = homology of chain complex

8u(P.5) = @D F(o)

To<- - <ZTp

with differentiald : 8,,(P,F) — 8,,_1(P,F)

A (20 < - < an) ¥ Flwo <x1)(N) - (Fo < 21 < -+ < Tp)
Y (A (o < < Ty < < )
j=1

e Theorem [E-Turner]: B Boolean and J, R-mod a sheaf/colouring, then

~

KH,(B,F) =2 H,_1(B\ 1,F)

Brent Everitt Coloured poset homology



(Sheaf homology= Cellular homology) 14

e X regularCW-complex— P = S(X) = (closed) cells under reverse
S(X) 2, R-mod sheaf/colouring.

e cellular homology ofX (with coefficients in sheaff) H¢! (X, F) =
homology of chain complex

KX, 5) = P Fo) ro> Y [o:rF o< T

n-cellso (n—1)-cellst

(cf: Khovanov homology..)
e Theorem [E-Turner]: P = S(X), X regularCW-complex, P 7, R-mod

sheaf/colouring,
HEN P F) =2 3, (P, F)
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Application: Hochschild homology

e A = associativeR-algebra.
e P(I") = quiver poset of directed gragh

o P(T)

Fa

e Corollary [Turner-Wagnerl:

15
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S /
¢ P I

AR A ® A

/

ARA®A

H;(P(n-gon),F4) =2 HH;(A, R), (1 < n)

(HH.(A, R) = Hochschild homology)
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(an example of) Bundles of sheaves 16

e Take anN-crossing
link diagram D and fix k

crossings. KH, ( ? )

e Resolve each of the

remaining crossings as / \
usual.

e Put the resulting™ —*

diagrams on a Boolean KH*(@) KH*(@)
latticeB.

e Define a sheaf ois by \ /
taking KH,.(—). KI—I*(@)
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(an example of) Bundles of sheaves 16

e Take anN-crossing
link diagram D and fix k

crossings. KH*(@)

e Resolve each of the —

remaining crossings as

usual. / \

e Put the resultin@’v —*

diagrams on a Boolean KH*(@) KH*(@)
lattice B.

e Define a sheaf o by \ /
taking KH. (—). KI—I*(@)

Theorem [E-Turner] there is a spectral sequen )

: { o~
By = KH,(B, KHy) = KHpi4( )
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