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I.INTRODUCTION

The study of the behaviour of small networks of neurones frequently requires the
determination of measures of the strength of association between component neurones, an
assessment of their timing relations, and the identification of which neurones may interact
directly or are influenced by common inputs.

In many of these studies the principal quantities available for analysis are the sequences of
extracellularly recorded action potentials (neuronal spike trains). The subsequent analytical
work is then based entirely on the relations between the times of occurrence of the action
potentials recorded from different neurones. In these circumstances neuronal spike trains are
frequently represented as the mathematical entity known as a stochastic point process. These
processes are described by providing a probability law for a set of ordered times

T, <T_ <Tp<T; <7<,

to be thought of as the realized times of occurrence of the action potentials in a spike train. In
many respects point processes are like ordinary time series, that is, the usual signals that
occur in many dynamic analyses. There are, however, mathematically subtle differences
between point processes and ordinary time series that must be taken into account when
setting down definitions and in providing analysis techniques. Pertinent references to the
point process literature include Cox and Isham (1980), Cox and Lewis (1968), Cox and Lewis

Address for correspondence: J. R. Rosenberg, Department of Physiology, University of Glasgow, Glasgow
G12 8QQ, Scotland.

JPB 53:1-A



2 J. R. ROSENBERG et al.

(1972), Daley and Vere-Jones (1988), and Lewis (1972a,b), whereas a comparison of
ordinary time series and point processes may be found in Brillinger (1978).

There are several approaches to measures of association between spike trains. Following
on from the early work of Gerstein and Kiang (1960) and Griffith and Horn (1963) are those
procedures based on cross-correlation methods, or functions derived from them, such as the
CUSUM or the ratio of the peak of the estimated cross-intensity to its baseline. Examples of
this approach, applied to a variety of preparations, may be found in Bryant et al. (1973),
Ellaway and Murthy (1985a,b), Kirkwood and Sears (1982) and Toyama et al. (1981), and
were originally reviewed by Moore et al. (1966), discussed extensively by Perkel et al.
(1967a,b), and more recently reviewed by Kirkwood (1979) and Kirkwood and Sears (1980)
with special reference to the mammalian central nervous system; further assessed by Aertsen
and Gerstein (1985) and more recently extended by Melssen and Epping (1987), where
additional references may also be found.

Cox and Lewis (1972) and Lewis (1972a) indicate some of the difficulties, from a statistical
point of view, of the above approach to measures of association between spike trains.
Britlinger (1986) has also discussed the disadvantage of a cross-correlation based approach
to measures of association, and has also pointed out that the cross-intensity function used as
the basis for these time-domain measures of association is the point-process analogue of
covariance, and consequently may be expected to have the same limitations. The
disadvantages of the use of covariance as a measure of association are widely known and may
be summarized as follows: (1) it is dimensional, its value depends on the units of
measurement, and (2) it is not bounded, which means that although a zero covariance
indicates the absence of a linear relationship, there is no value indicating a perfect linear
relationship.

Given the limitations of covariance-based measures of association in many situations, one
usually turns to a regression type of analysis (Brillinger, 1986; Brillinger and Tukey, 1984),
which in the frequency-domain leads naturally to measures of association based on the
Fourier transforms of the processes (Brillinger, 1986). Regression analysis is associated with
correlation rather than covariance, and the correlation coefficient has the advantages that it
is both dimensionless and normative—zero indicating a lack of a linear relationship and the
values + 1 indicating a perfect linear relationship. All the values of the correlation coefficient
necessarily lie between —1 and + 1, and its square can be interpreted as a measure of how
well the linear regression accounts for the relation between two variables. One frequency-
domain measure of association, analogous to correlation-squared, called the coherence,
provides a normative measure of the strength of association on a scale from zero to one, with
zero occurring in the case of independence and corresponding to the absence of a linear time-
invariant relationship. Although there are some examples of coherence applied to model
generated data (Stein et al., 1972) and illustrations of its applications in a system
identification context (Brillinger, 1975a; Brillinger et al., 1976), or in relation to some aspects
of motor control (e.g. Clark et al., 1981; Houk et al., 1987), the wide range of usefulness of the
coherence for point processes seems in need of more exploration together with several related
frequency-domain measures of association that have not been developed and discussed in
relation to spike train analysis.

The object of the present report, therefore, is firstly to provide an extensive development
and description of the wide range of applicability of a Fourier approach to measures of
association and related problems, and secondly, to compare time- and frequency-domain
measures of association between spike trains with respect to different representations of
features of a data set. Of particular interest is the question of whether the association between
a pair of neurones is a consequence of a common input or of a direct connection, and the
extended question of how the relation between a pair of neurunes- -their strength of
association and relative timing—is influenced by the presence of several other inputs. We
have selected examples which illustrate how some frequency-domain parameters provide
alternatives to time-domain measures of association and allow one to set up simple statistical
tests for comparing the difference in the strength of association between pairs of spike trains
and for detecting synchronous activity. Frequency-domain measures of association between
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spike trains are also shown to be easily applied to the analysis of interactions between several
spike trains in a manner not possible by conventional time-domain methods.

Preliminary studies of some of these problems have been presented elsewhere (Amjad et
al., 1988; Rosenberg and Rigas, 1985).

II. NOTATION AND STOCHASTIC POINT PROCESS PARAMETERS

A realization or a sample of a point process may be represented by a counting measure,
denoted as

N(t)=#{z;, 0<7,<t} @.1)

where #{ }indicates the number of events in the interval (0, t] and {z} the set of spike times
in the sample. In defining point-process parameters it is convenient to introduce differential
increments of the process N defined as

dN(t)=N(t, t +dt] 2.2)

and giving the number of events in a small interval (¢, ¢t + dt] of duration dt.

It will be assumed (a) that the points of the process N do not occur simultaneously (the
process is orderly), (b) the parameters characterizing the process do not change with time
(the process is stationary), and (c) the number of events occurring in intervals widely
separated in time are essentially independent (the process is mixing). A full discussion of these
assumptions may be found in Cox and Isham (1980), Cox and Lewis (1972) and Daley and
Vere-Jones (1988).

The mean intensity of the process N is defined as

Py= 'lll_E% Prob{N event in (¢, t+h]}/h 2.3)

and since the process is orderly Py may be interpreted via the relationship
E{dN(t)} =Py dt 24

where E{ } denotes the averaging operator or mathematical expectation of a random
variable.

In the case that one has a bivariate point process, [ M(t), N(t)], the second-order cross-
product density at lag u, Py,,(u), is defined as

Pyy(u)= h,loé'rgo Prob{N event in (t+u,t+u+h] and M eventin (t,t+h]}/hh (2.5)

and may be interpreted through the relation

E{dN(t+u) dM(t)} = Py (u) du dt. (2.6)
A conditional mean intensity is defined as
Pypu
) = 22 @)
M

and may be interpreted as

My p (W)= 'lll_{ré Prob{N event in (t+u,t+u+h] givenan Meventatt}/h (2.8)

or in terms of expected values as

Pyar(u) du

E{dN(t+u)/M event at time t} = P
M

2.9)
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-In the case that u#0 the product density and conditional intensity may be obtained for
each process alone from (2.5) and (2.7) by setting M equal to N. The value of Pyy(u) at u=0is
defined to make the function continuous at that point.

For many processes of interest, specifically those that are mixing, as u becomes large,
increments of the process become independent, for example

|1|1m PNM(u) PPy, (2.10)

This phenomenon leads to the definition of cross-covariance density as

qNM(u)ipNM(“)—PNPM (2.11a)
which tends to zero as |u|— o0, and has the interpretation.

cov{dN(t+u), AM(t)} =qu () du dt, (2.11b)

where “cov” denotes covariance.
Following Bartlett (1963), the cross-spectrum between two point-processes at frequency 4,
Sum(4), is defined as

©

=55 [ e au @.12)

-0

whereas in the case of a single process, the auto-spectrum, fyy(4), is defined as

P ® .
=+ 5 [ e e @13)
The additional term in (2.13) corresponds to the inclusion of 6(u), the Dirac d-function, in the
definition of the auto-covariance density to handle the singularity in its behaviour at u=0
(Bartlett, 1963), and takes the value Py/2n because the var[dN(t)] =P, dt.

An interpretation of the point-process spectra defined by expressions (2.12) and (2.13) may
be obtained by considering the empirical Fourier transforms of the point-process data.

The empirical Fourier transform of a sample of duration T from process N with set of spike
times {7} is defined as

dTi(d)= Jre'“‘ dN(t)= Y exp{—iit;} 2.14)
0

0<t1$T

with a similar expression for the sample process M. The cross-spectrum, fy,,(1), between
processes N and M is then given by

1 —_
Suu)= lim —— E{dy () diy(A)}  A#0 (2.15)

»

where the overbar “ indicates complex conjugate. The auto-spectrum, fyy(4), is
obtained by replacing M by N. For T large and 150 the empirical Fourier transform has
zero mean (Brillinger, 1983), consequently, from expression (2.15) the cross-spectrum may
be seen to have the same form as a covariance parameter, and the auto-spectrum as a
variance parameter. Expression (2.15) also leads to a procedure for estimating point-process
spectra, as will be seen later.

II1. THE COHERENCE AS A MEASURE OF ASSOCIATION

One way to approach measures of association that leads directly to Fourier-based
definitions is to consider the problem of predicting some function of one point process from a
function. of a second point process. For cxample, consider the problem of predicting the
general linear combination
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f a(t) dN()=Y a(z;) : (3.1)
: j .

of the N-process with spike times {t;} by a linear combination, '
u+ [ bls) dM(s)=p+ Y b(oy) (3.2)
k
of the M-process with spike times {s,}; a(t) and b(t) may be thought of as weighting

functions.
It can be shown, by elementary arguments, that the mean-squared error of prediction,

E|Y a(z)—p—Y bloy)} (3.3)
Jj k
is minimized by the choice
Sum(A)
B(A)=A(4 34
(=472 (3.4)
and that the minimum value achieved is '
§ 1AL = |Ryae(A)|* funlA) dA (3.5)
where A(4) and B(A) denote the Fourier transforms of a(t) and b(t), respectively, and
}.)|2
Ryp(A)|? _ Vo) . 3.6
R = 7 e G9

|Ryp(A))? is called the coherence of processes N and M at frequency 4. The coherence is
symmetric in N and M. It may also be shown to be bounded by 0 and 1, with zero
corresponding to the case where knowledge of the M-process is of no use in linearly
predicting the N-process. |Ry,(4)|>=1 gives a mean-squared error of prediction equal to
zero, and corresponds to perfect linear prediction. Incidentally, the parameter

Juu)
Sun(2)

of expression (3.4) is referred to as the transfer function, at frequency A, for the predictioh.
From expression (2.15) above and the definition of correlation, denoted by “corr”, one can
see that

S(A) = 3.7

|Rupe(2)2= lim |core{d§(4), dE (D} (3.8)

Expression (3.8) provides an alternative interpretation of the coherence as the magnitude-
squared of the correlation between the empirical Fourier transforms of the processes N and
M. ‘

In contrast to expression (3.8), the cross-correlation based approach to measures of
association follows directly from a consideration of the correlation between events in one
spike-train displaced in time with respect to those in a second train. If [M(t), N(t)] represents
a stationary bivariate point process, we can write

Corr{dN(t +u), dM(t)}

to represent the correlation between the two processes, and it then follows from the earlier
definitions of Section II that

Corr{dN(t +u), dM(t)} = (Pyp (4) du dt — PyP,, du dt)/(PyP,, du dt)*?

=/ dudt qup(Wu)/\/PyPy. 3.9)

Expression (3.9) may be seen to be the basis of the use of the cross-covariance as a measure
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of association between spike trains. An indication of the non-normed character of this

measure of association is provided by the occurrence of the term ./du dt in (3.9).

As suggested by the development above, an alternative to the cross-covariance based
approach to measures of association is to consider, following (3.8), the behaviour of the
correlation between the empirical Fourier transforms of the processes.

In order to be able to make inferences concerning population parameters it is necessary to
estimate them using the data, and to have approximations to the sampling fluctuations of
these estimates. As an estimate for the cross-spectrum, f,,(4), one can consider, for example,

1 L
fuu@) =377 ¥ A& ) (@, ) (3.10)

where the original time period of observation, of duration L7, has been broken into L
disjoint sections each of duration T (Brillinger, 1975b). d%(4, /) denotes the empirical Fourier
transform of the events of process N for the I™ section. The coherence, |Ry,,(4)|?, may be
estimated by

Ryt = e (3.11)
T i@

and its statistical significance examined by referring its value to the point 1 — (1 —a) L~ 1 at
each frequency 4, where L is the number of disjoint sections averaged according to the
procedure set out above, and « is the desired level of confidence. Values of | Ry, a(2)|? less than
the level defined by 1 — (1 —a)'©~1 can be taken as providing evidence for a lack of a linear
association between the processes M and N at that frequency (Brillinger, 1975b).

The quantity Ry (4) =/l (frere(A) fun(2)*2, whose modulus squared is the coherence,
is referred to as the coherency (Wiener, 1930). The phase-spectrum, defined as the argument
of the coherency, is given by

dnuld)=arg Ry (4)=arg fy)(1)=arg S(A) (3.12)

supposing fyy(4) and fy,,,(4) to be non-zero. As will be shown next, the phase-spectrum may
be used to assess the timing relations between processes N and M.

Suppose, for example, that [o,, ;] represent the spike times for the bivariate process
{M(t), N(t)}. The cross-spectrum between N and M, as seen above, is given by

4 1 —iAt ida
S = 11‘1—1'130 WE<§C li)(;e" k>. (3.13)
If process N is a lagged version of process M, with lag z, i.e. 1;,=0;+1, then
H 1 —id(o;+t ide,
B

=e~ %, (A) (3.14)
so that
PrpD)= — 1. (3.15)

Therefore, in the case of a pure delay, ¢(4) is proportional to 4, with 1, the delay, equal to the
constant of proportionality. If 7 =0, the two processes N and M would be synchronous, and
one could expect the sample phase-spectrum to be close to zero. The application of
expression (3.15) is valid in the large number of cases where the relation between two spike-
trains can be assumed to be dominated by a delay, and where the fitted linear phase curve fits
the estimated phase-spectrum quite well. If Asp and O<4,u<m, then the
cov{@(4), ¢(u)} =0 (Brillinger, 1975b), and, therefore, the delay between processes N and M
may be well estimated as the slope of the least-squares line relating ¢(4) to 4, taking suitable
note of the fact that the phase is only defined up to a multiple of 2x.
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The phase-spectrum may be estimated from the estimated cross-spectrum between the two
processes. If the sp-ctral estimation procedure set out above is followed, then an
approximate 95% confidence interval for the phase at frequency 4 may be set as,

1 1 12
T, (1) + 1.96[Z <m - 1)] (3.16)

where L is again the number of disjoint sections averaged.

IV. EXAMPLES OF COHERENCE AND PHASE

The examples to be presented in this section illustrate several ways in which the coherence
provides useful additional information about interactions between spike trains beyond that
given by the cross-intensity function. Although the coherence may be considered in some
ideal sense as mathematically equivalent to the cross-intensity, that is only true for the
population parameters. When one is working with data, however, they display features
differently and the sample coherence may well represent important features of the data more
clearly than the sample cross-intensity. The usefulness of both time- and frequency-domain
representations of a data-set has already been illustrated for the auto-intensity compared
with the auto-spectrum by Brillinger et al. (1976) and Rosenberg and Rigas (1985).

The following examples are based on experiments in collaboration with M. H. Gladden on
cat tenuissimus muscle spindles where the primary (Ia) and secondary (II) endings from the
same spindle were isolated in dorsal root filaments following a modification of a procedure
introduced by Bessou and Laporte (1963). Single static fusimotor axons (y,) were isolated in
cut ventral root filaments. Static fusimotor axons were stimulated separately or indepen-
dently and concurrently with sequences of pulses derived from Geiger counters driven by
separate radioactive sources. The length of the parent muscle containing the muscle spindle
could be altered by a servo-controlled muscle stretcher. In our experiments random length
changes were imposed on the parent muscle. The random length changes had a Gaussian
distribution of amplitudes and a constant spectral density over the range 0—100 Hz. The
responses of the Ia and II sensory endings were recorded simuitaneously during stimulation
of one or several fusimotor axons in the presence and absence of a concomitant random
length change or in the presence of a length change alone. The preliminary physiological
results of these experiments have been presented elsewhere (Halliday et al., 1988).

Figure 1 illustrates the application of both cross-intensity (Fig. 1a, b) and coherence
(Fig. 1c, d) to the same data-set to provide a comparison of the effects that each of two static
fusimotor axons has alone on the response of the same Ia sensory ending during concurrent
and independent stimulation of both fusimotor axons with the parent muscle held at a fixed
length. In this example the two cross-intensities (Fig. 1a, b) differ both in shape and in peak
value. The ratio of Py,,(u)/ Py P, provides one possible time-domain measure of the strength
of association between two point-processes (Brillinger, 1975a). Sears and Stagg (1976) used
the maximum value of this ratio, referred to by them as the k-value, to assess the strength of
association between two spike trains. For example, the cross-intensity represented in Fig. la
has a k-value of 2.56, whereas the k-value for the cross-intensity represented in Fig. 1bis 3.26.
The coherences confirm this difference in the strength of association, but also allow a further
characterization of the differences between the effects of the two fusimotor axons on the same
Ia ending. The coherences (Fig. 1c, d) suggest that ,y_ has a stronger effect on the Ia ending
than 7y, at each frequency over a broad range of frequencies.

The range of frequencies over which the the strength of coupling of the two fusimotor
axons to the Ia ending differ can be made more precise by the introduction of a simple
statistical test. Brillinger (1975b, chap. 8) demonstrated that for two bivariate processes,
under the hypothesis that |R 45(4)|=|Rcp(4)], for all values of A, that {Tanh™!|R (1)~
Tanh™ l|RCD(,I)|} will be, for T large, approximately normally distributed with zero mean
and variance 1/L, where L is the number of periodograms averaged in the computation of the
components of |R,z(4)| and |Rcp(4)]. When |R,5(4)| and |Rcp(4)| are estimated from
independent experiments one may plot the standardized difference of the moduli of the
transformed coherencies and investigate the hypothesis that |R ;5(4)| =|Rcp(4)| by referring



8 : J. R. ROSENBERG et al.

03- (8) el (b) la

0.2}

Ak

b gt T B G S RA T

¥

0.1

%536 30 20 0 0 10 20 20 4 5 50 40 30 20 10 0 10 20 30 40 50
Lag u (msec)

10, (c) it - (d)

2%~la

08 L
06+
IRy |2

04

0.2}

o 2 ) 80 0 100
Frequency A (Hz)
FiG. 1. Comparison of (a, b) the square-root of the estimated cross-intensity functions with (c, d) the
estimated coherences of the response of a muscle spindle Ia sensory ending to concurrent and
independent stimulation of two static fusimotor axons denoted as y, and ,y,. The fusimotor axons
were stimulated for periods of 60 sec, with sequences of pulses having an exponential distribution of
intervals. In (a, b) the horizontal dashed line is the asymptotic value of the square-root of the
estimated cross-intensity function equal to the square-root of the mean rate of the Ia discharge. The
horizontal solid lines represent an approximate 95% confidence interval for the value of the cross-
intensity function for any specific value of the lag u under the assumption that the two processes are
independent (Brillinger et al., 1976). In (c, d) the horizontal dashed line represents the upper level of
the approximate 95% confidence interval for the coherence for any specific value of the frequency 4
under the hypothesis that the two processes are independent (Brillinger, 1975b, chap. 8).

the value of this difference for any given value of 1 to the value of a standardized normal
variate at, say, the 5% level of significance. Figure 2 gives an example of the difference plot
corresponding to the coherences illustrated in Fig. 1c, d. Under the hypothesis of equal
coherences an approximate 95% confidence interval is represented by the horizontal solid
lines in Fig. 2. Points that lie outside this interval indicate frequencies where the difference
between the strength of association of the pair of processes may plausibly be inferred to be
non-zero. The difference plot (Fig. 2) suggests that the two coherences shown in Fig. 1c, d
exhibit a small but significant difference over the range from 0 to about 20 Hz. Over this
range of frequencies ,7y, is more strongly coupled to the Ia ending than ,y,. Above about
20 Hz the difference between the two coherences is not significant.

The covariance structure of the estimate for the cross-intensity does not allow this type of
test to be constructed easily (Torres-Melo, 1974). Therefore, in addition to providing a
normative measure of the strength of association between two processes (a property not
possessed by the k-measure of the strength of association between two spike trains) the
modulus of the coherency may be transformed and used to express the difference between the
strengths of association between pairs of processes.

The second example compares cross-intensities with coherences in describing the
effects of independent stimulation of two fusimotor axons on the responses of the Ia and II
endings from the same muscle spindle. Fusimotor stimulation occurred in the presence of a
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F1G. 2. Graph of the difference of the tanh ~! of the moduli of the coherencies corresponding to the

estimated coherences shown in Fig. 1c, d along with the approximate 95% confidence interval—solid

horizontal lines—for the hypothesis that the two moduli are equal at any given frequency A. Points

lying outside this interval indicate frequencies where the difference between the strength of association
of the pair of processes may plausibly be non-zero.

randomly varying length change applied to the parent muscle containing the spindle. In this
situation one would expect the structure of the cross-intensities to be different. The only
apparent difference, however, is that in the presence of three inputs applied simultaneously to
the muscle spindle the Ia ending discharges at a higher rate in response to the ,y, ending
(Fig. 3a) than the II ending discharges in response to the ,y, ending (Fig. 3b). The two
coherence plots (Fig. 3c, d), on the other hand, demonstrate that the ,y, is not coupled to the
Ia response, which is also obvious in Fig. 3a, but that ,y, exhibits a small but significant
coupling to the Il ending at low frequencies, which is not apparent from the estimated cross-
intensity for the same case (Fig. 3b).

The phase curve for the relationship between fusimotor input and the response of the 11
ending is taken as the argument of the estimated coherency corresponding to the coherence
shown in Fig. 3d. The estimated phase is approximately linear over the range where the
coherence for this relation is significant (Fig. 4). Above about 15 Hz the estimated phase
curve oscillates erratically about the zero phase line, indicating the absence of coupling
between the two processes (Jenkins and Watt, 1968). The slope of the linear phase curve gives
an estimated delay of 29.8 msec, uncorrected for conduction delays, with a 95% confidence
interval about the estimate equal to 29.8 +2.18 msec.

Figure 4 is a dramatic example of the use of a frequency-domain measure to estimate a
time-domain parameter in a situation where the same parameter could not be estimated from
the direct time-domain measurement. Even in cases more favourable to the use of the cross-
intensity function for estimating the time delay, Fig. 1a, b, for example, its determination
depends on the estimation of the time of occurrence of a single point, the peak of the cross-
intensity curve, whereas the delay estimated from the phase curve takes into account more of
the information in the data. In addition, one can use regression theory to estimate the
standard error of the estimated delay. In situations where the coherence is not constant,
weighted least-squares would have to be used (see Appendix). Therefore, even when the peak
of the cross-intensity may be reasonably well-defined it is better to estimate delays from the
phase curve, where one can also determine the standard error of the estimate. (For an
estimate to be useful one needs an estimate of its uncertainty.)

The next two examples illustrate, in a qualitative manner, how the coherence may be used
to assess changes in the relation between two processes brought about by the addition of
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FiG. 3. Comparison of (a, b) the square-root of the estimated cross-intensity functions with (c, d) the
estimated coherences of the response of the Ia and II sensory endings from the same muscle spindle to
independent stimulation of two static fusimotor axons (,7, and ,y,) during the presence of a randomly
- varying length change imposed on the parent muscle. The estimates in (a) and (c) are computed for the
Ia response to ,7,, and those in (b) and (d) for the II response to ,y, stimulation. Approximate 95%
confidence intervals for the value of the cross-intensity function for any specific value of the lag
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FiG. 4. Estimated phase, ®(1), for the response of a muscle spindle II ending to stimulation of a static
fusimotor axon. The coherence for the same relation is illustrated in Fig. 3d. The dashed line
represents the linear regression line fitted to the phase curve over the range of frequencies where the
coherence shown in Fig. 3d is significant. The slope of the linear phase curve gives an estimated delay
of 29.9 msec with 95% confidence limits of 29.9 +2.18 msec.
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other processes. Figure 5 illustrates how the coupling between one static fusimotor axon and
the Ia and II endings from the same muscle spindie is influenced by the presence of a second
fusimotor input and a continuously varying length change imposed on the parent muscle.
Figure 5a compared with Fig. 5b shows that ,y, is coupled to both the Ia and II endings with
approximately the same maximum strength, but that the coupling occurs over a slightly
broader frequency range in the case of the ,y, onto the Ia ending. The activation of a second
static fusimotor axon, ,y, (Fig. 5c, d), reduces, significantly, the strength of the coupling of
17, onto the Ia at all frequencies below about 40 Hz (Fig. 5b compared with Fig. 5d), whereas
the presence of ,y, activity has only a very small effect on the ,y, to II coherence at frequencies
less than about 5 Hz (Fig. 5a compared with Fig. 5c). The ,y, to II coupling remains
unchanged following the addition of the length input to the parent muscle along with the
stimulation of ,y, (Fig. Sc compared with Fig. 5¢), whereas under the same multiple input
conditions ,y, activity becomes completely uncoupled from the Ia response (Fig. 5d
compared with Fig. 5f). In this example the addition of a length input causes only a very
small increase in the mean rate of discharge of the II ending, but more than doubled the Ia
rate, although the ,y, activity became uncoupled from that of the Ia ending (Fig. 5f). This
example suggests that within the same muscle spindle the II ending is largely unaffected by
the presence of a dynamic length change imposed on the spindle while remaining strongly
coupled to the fusimotor input, whereas the Ia ending becomes uncoupled from ,y, and
responds to a combination of the dynamic length change and the ,y, input. This
interpretation of the results set out in Fig. 5 is consistent with the known differences in the
behaviour of Ia and II endings of the muscle spindle examined separately in response to
dynamically imposed length changes (e.g. Matthews, 1981), with the additional information
that the II ending, in the presence of dynamic length changes still responds primarily to the
fusimotor imputs, and that the Ia ending responds to only one of the static fusimotor axons
activated simultaneously with the length change, although it responds to both static
fusimotor axons alone. These observations highlight the difficulty in making inferences
about the behaviour of a complex system like the muscle spindle based on observations from
single input single output experiments.

Figure 6 illustrates how the coupling between two output processes, the Ia and IT endings
from the same spindle, depends on the input conditions imposed on the spindle. In the
presence of the independent stimulation of two static fusimotor axons the Ia and II endings
are coupled in the range from about 1-18 Hz (Fig. 6a), whereas in the presence of a
dynamically changing length signal the Ia and II endings are coupled over the range of
approximately 20-60 Hz (Fig. 6b). If all three inputs are present, two distinct regions of
coupling between Ia and II occur—a low-frequency, fusimotor-dependent range of
frequencies and a second distinctly different length-dependent range of higher frequencies
(Fig. 6c).

It is also of interest, in the light of recent work by Edgley and Jankowska (1987), to
examine how the phase relation between Ia and II responses to fusimotor input becomes
altered by changes in fusimotor input. In this example the delay estimated from the phase
between Ia and II responses, computed in the presence of ,y, (Fig. 7¢) is 2.45 msec—a phase
lead of Ia over II—over the range of frequencies where the coherence shows significant
coupling between the Ia and II endings (Fig. 7a). This small difference in phase between the
Ia and II responses at the level of input to the spinal cord, where their activity was recorded,
occurred in spite of the large difference in their respective conduction velocities. On the other
hand, in the presence of ,7, alone (Fig. 7d), there is a significantly larger phase lead of the Ia
response over that of the I response over the range of frequencies where the Ia—II coherence
is significant (Fig. 7b). This phase lead corresponds to a delay of 16.1+2.9 msec which is
substantially greater than one would expect on the basis of conduction velocity differences
alone. The significance of this result has been discussed elsewhere (Halliday et al., 1988).

V. THE COHERENCE AS A MEASURE OF PARTIAL ASSOCIATION

The examples presented in Section IV indicate, in a qualitative manner, how the coherence
and phase may be used to demonstrate the alterations that occur in the strength of



12 J. R. ROSENBERG et al.

107 (@) - (b)

1Ys—+ll 1 Yg—>la

IR ml?

(s>IDf 2% (1Ys->la)| 2¥s

IR, 0|2

1.0r (e) . ()

(1~ | (s +£) (1¥s~>18)| (;Yg +.£)

IRl

Frequency A (Hz)

F1G. 5. Estimated coherences between the responses of Ia and II sensory endings from the same muscle
spindle (a, b) to stimulation of a single static fusimotor axon, (c, d) to stimulation of the same static
fusimotor axon, and (e, f) in the presence of the stimulation of a second static fusimotor axon during
the application of a random length change to the parent muscle. The fusimotor axons were stimulated
independently for 60 sec at the same mean rate with sequences of pulses having an exponential
distribution of intervals. The horizontal dashed lines in each panel indicate the upper level for the
approximate 95% confidence interval for the coherence for any specific value of the frequency A under
the hypothesis that the two processes are independent.

association and timing relations between two processes brought about by the presence of
other factors. The method used in Section IV to derive the coherence may be extended to
allow the consideration of a broader class of questions than those discussed in that section,
and which only examined changes in coherence and phase between two processes brought
about by the direct activation of experimentally accessible inputs to the muscle spindle.

It is not always possible, however, to add, remove or hold constant a process that is
suspected of influencing the relation between other processes. It may, however, be possible to
record its activity. Suppose, for example, that three point processes, L, M, N are found to be
pairwise associated; can it be inferred that the observed relation between some two, say M
and N, is a consequence of a common input L, or that it is simply the result of a direct
connection between M and N? The partial coherence provides a means of answering this
question.

It was shown in Section III that the coherence, | Ry, (4)]?, provides a measure of how well a
linear combination of the N-process (3.1) could be predicted from a linear combination of the
M-process (3.2).



The Fourier approach to the identification of functional coupling

1.0

(a)

08}

T2
‘Rlauml 08
0.4 H

02t

o8}
Ia
l—<
T 2
IRyw|* osf i

04

1.0p

(c)

O.Br- )

ia
|Rmn‘”| os| e 1

04

02 \

0 20 40 €0 80 100

Frequency A (Hz)

FIG. 6. The estimated coherence between the responses of a Ia and II sensory ending from the same

muscle spindle (a) during independent stimulation of two static fusimotor axons, (b} in the presene of

an imposed random length change, and (c) in the presence of both fusimotor stimulation and the

imposed length change. The horizontal dashed line in each panel indicates the upper level for an

approximate 95% confidence interval for the coherence for any specific value of the frequency A under
the hypothesis that the two processes are independent. ‘

13

The partial coherence, |Ry,,.(4)|?, provides a measure of how much this prediction is

improved by M if a linear combination of the L-process,
ferydL(r)

is also included in predicting the linear combination of the N-process.
Following the method of Section III, one now considers the problem of predicting

f a() dN(2)
by the linear combination

p+ § b(s) dM(s)+ | c(r) AL(r)

(5.1)

(5.2)

(5.3)
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F1G. 7. The estimated coherence (a, b) and phase (c, d) between the responses of a Ia and II ending

from the same muscle spindle during stimulation of two different static fusimotor axons as indicated.

The fusimotor axons were stimulated for 60 sec with sequences of pulses having an exponential

_ distribution of intervals. The horizontal dashed lines in (a, b) indicate the upper level for the

approximate 95% confidence interval for the coherence for any specific value of the frequency A under
the hypothesis that the two processes are independent.

where a(t), b(t) and c(t) are weighting functions as in Section III.
In this example the minimum mean-squared error may be written as

§ A0 = | Ry . (W) *1fun(A) dA (5.4)

where
IRN . ML('D' 2= IRNL(A)l 2+ |RNM/L('1)| 1- |RNL('1)|2] (5.5)

is the multiple coherence at frequency 4 of the process N on the processes M and L, which
takes into account the fact that two processes are now being used to predict a third
(Brillinger, 1975b; Jenkins and Watt, 1968).

|R,,,M,L(A)|2 in (5.5) is called the partial coherence of processes N and M in the presence of
process L. It may be explained as the relative improvement of predicting N from M at
frequency A having already taken into account process L, and can be written in terms of
ordinary coherences, suppressing the dependencies on 4 for simplicity in writing, as

R - RNM_RNLRLM
NMIE L = |Ry)®) (1 = [Rppf D1

The partial coherence also has limits between 0 and 1, with 0 now corresponding to the
situation where the relation between N and M is entirely accounted for by taking into
account their individual dependencies on process L.

The Fourier transforms of the functions a(*), b(*), and c(") above satisfy the normal
equations

(5.6)

B(A) fum(A)+ CA) fLp(A)= A(2) fyp(4) (5.7a)
B(A)fur(A)+ C(A) fr(A)= A(A) fyr(4). (5.7b)
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Suppressing the dependencies on 4, one has

_ g SusaSii—IniSin
B T Tofur.

The question of whether the L-process provides any improvement in predicting the
N-process from the M-process may now be formulated as the question of whether B=0. B
may be shown to be a multiple of the partial coherency, Ry,,,.(4), as B(4) of (3.4) is a multiple
of the ordinary coherency Ry, (4). For variants of these “partial” quantities in the case of
ordinary random variables see Kendall and Stuart (1961, chap. 27).

One may define the partial phase as

Oy (A)= arg{RNM/L(A)} = arg{fNM/L(i)}' (5.9)

Expression (5.9) may be written in terms of the basic spectra of the component processes,
since

(5.8)

IniAnA)
Ju(d)

where fy),,.(4) is defined as the partial cross-spectrum between processes N and M taking
into account process L (Tick, 1963). Partial auto-spectra are defined by equating N and M in
expression (5.10).

If one considers the problem of predicting the contribution that the L-process makes to
each of the processes M and N on the basis of a linear time-invariant point-process model
(Brillinger, 1975a), then the partial coherence may be written, suppressing the dependencies
on 4, as

Sami ) =fuu(A) — (5.10)

2

(5.11)

corr{d; —{}:—: dl, d%, —?M—: d{}
L

'RNM/LI2 = TI‘_‘,‘:o

where fy, /fiL, i /fu, may be thought of as regression coefficients giving the best linear
predictors of dT and d, in terms of d7 for large T. The development of expression (5.11) leads
to (5.6). The partial coherence may now be seen to be the correlation between the Fourier
transforms of the N and M processes after removing the linear time-invariant contribution
that process L makes to each of these processes.

VI. EXAMPLES OF PARTIAL COHERENCE, PARTIAL SPECTRA AND
PARTIAL PHASE (ORDER-1)

The following examples demonstrate several practical applications of partial coherence,
partial spectra and partial phase, first to computer generated data and then to real data taken
from experiments on mammalian muscle spindles. In the first example a simple neuronal
network is simulated on an analog computer in which two model neurones, simulated by an
“integrate to threshold and fire model” (e.g. Holden, 1976), have a common excitatory input,
N,(t), in addition to another independent input. In the absence of the common input, the
spike trains of the two neurones are independent. The common input to the model neurones
is derived from the response of a Geiger counter driven by a radioactive source, and may
therefore be considered as a realization of a Poisson process. In the presence of the shared
input the discharge of each neurone, denoted by N,(t) and N,(t), has two components—one
dependent on the input process and the other independent of this process. These two
components are themselves independent. The structure of the simulation corresponds to the
assumptions (5.1-5.3) for the model of partial coherence. The sequence of input pulses to the
model neurones and the corresponding output pulse sequences from each model neurone
were recorded on FM tape and subsequently digitized to give computer files containing the
ordered times of occurrence of events for each process. The ordinary pairwise coherences
(Fig. 8a, b, c), computed according to expression (3.6), show that the three processes are
pairwise coupled. The partial coherence between the outputs of the pair of model neurones
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taking into account the input process, (Fig. 8d), demonstrates that the coupling between the
discharge of the two neurones is due entirely to the presence of the common input. In the case
of three processes, therefore, the partial coherence may be used to identify the presence of a
common input (of one sort).
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FiG. 8. Anexample of the application of partial coherence to spike trains derived from model neurones

(see text for details of model structure) in response to a common random spike train. N, represents the

input process common to both model neurones, whose output processes are denoted as N, and N,.

(a, b, c) Estimated pairwise coherences, (d) estimated partial coherence between N, and N, taking

into account the contribution from process N, . The horizontal dashed line indicates the upper level of

the approximate 95% confidence interval for the partial coherence for any specific value of the
frequency 4 under the assumption that the two processes are independent.

A simple example of partial coherence, applied to real data, is taken from the case where
the responses of a primary (Ia) and secondary (II) ending from the same muscle spindle are
recorded during stimulation of a static fusimotor axon innervating the muscle spindle
(Gladden et al., unpublished observations). In the absence of fusimotor stimulation the
discharge of the Ia and II endings were uncorrelated, whereas in the presence of fusimotor
stimulation, as would be expected, they are strongly correlated (Fig. 9c) over the range of
frequencies determined by the coupling of the fusimotor input to the Ia and II endings
(Fig. 9a, b). Figure 9d, the partial coherence between the responses of the Ia and II endings
taking into account the presence of the fusimotor input, shows that the coupling between
these responses is due entirely to the presence of fusimotor stimulation.

In some situations it is also useful to examine partial spectra as well as the partial
coherences. Christakos et al. (1984), for example, presented some work in which they
attempted to identify the contribution that different motor units make to the discharge of a
single afferent from a muscle spindle. They attributed peaks at particular frequencies in the
auto-spectrum of the Ia discharge to the effects of stimulating single motor units at these
frequencies.
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F1G. 9. (a)-(c) The estimated pairwise coherences between a fusimotor input and the responses of Ia

and Il sensory endings from the same muscle spindle. (d) The estimated partial coherence between the

responses of the Ia and II endings taking into account the presence of the static fusimotor input. The

static fusimotor axon was stimulated for 60 sec with a sequence of pulses having an exponential

distribution of intervals. The horizontal dashed line in each panel represents the upper level of an

approximate 95% confidence interval for the coherences for any specific value of the frequency 4
under the assumption that the two processes are independent.

The partial spectra allow studies of this kind to be extended to experiments where the
activity of several motor units is recorded simultaneously with that of the discharge of a
single muscle spindle afferent. It then becomes of interest to determine if any or all of these
motor units affect the Ia discharge. Figure 10a is the auto-spectrum of the discharge of a
single spontaneously active Ia afferent from a gastrocnemius muscle spindle recorded in
continuity with the spinal cord and simultaneously with two motor units from the same
muscle (Amjad et al., unpublished observations). The two motor units were firing almost
synchronously at about 12 Hz. The peak in the Ia auto-spectrum (Fig. 10a) at this frequency
suggests that one or both of these motor units influences the Ia discharge. The partial auto-
spectrum taking into account the activity from one of the motor units («, ) (Fig. 10b) remains
largely unchanged, and indicates that this motor unit does not significantly contribute to the
Ia discharge. The partial auto-spectrum of the Ia discharge taking into account the activity of
the other motor unit (z,) (Fig. 10c), however, shows a substantial reduction in the peak at
12 Hz suggesting that this motor unit contributes significantly to the Ia discharge. The
residual peak at 12 Hz in this partial auto-spectrum further suggests the possibility of the
presence of other motor units whose activity influences the Ia discharge.

This example is particularly interesting because the two motor units were themselves
coupled, and the cross-intensity between either of them and the Ia discharge would indicate
that both affect the Ia discharge. The auto-spectra of the two motor units, however, were
different, and consequently the partial auto-spectra could be used to demonstrate that only
one of the motor units was effective in modulating the Ia firing rate. This example illustrates a
situation in which the use of cross-intensity alone may have been misleading.

The partial coherence only gives information on how the strength of coupling between two
processes may be influenced by the action of a third process, and the magnitude of the partial

JPB 53:1-B
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FI1G. 10. (a) The estimated auto-spectrum, f;,;,(4) of a spontaneously discharging la afferent from a
muscle spindle in the gastrocnemius muscle recorded in continuity with the spinal cord along with the
recorded activity from two single motor units from the same muscle. (b) Estimated first-order partial
auto-spectrum of the Ia discharge taking into account the presence of the discharge of one of the
motor units, (&), fi(4). (c) Estimated first-order partial auto-spectrum of the Ia discharge taking
into account the presence of the discharge of the other motor unit, («,), fju1./(4). Solid horizontal lines
in (a)—~(c) are approximate 95% confidence intervals for the auto-spectra. Estimates are plotted on log
scale. :

spectra allows the identification of contributions that one process may make to another.
Neither of these measures provide information on how the timing relations between two
processes may be altered by the activity of a third process. Controlled changes in the relative
timing between two spike trains that converge onto the same neurone, however, can have a
strong effect on regulating the output of this common neurone. The partial phase is a
parameter which provides a measure of the extent to which the timing between two spike
trains is influenced by a third.

An understanding of how partial phase works may be obtained by considering four spike-
trains constructed in the following manner. Let N, () and N,(t) be two independent Poisson
processes with the same mean rates. Process N,(t) is formed as the superposition of N, (¢) and
N,(t), that is, N,(t)=N,(t)+ N,(t). Process N,(t) is the superposition of delayed versions of
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processes N, (t) and N,(t), so that N,(t)=N,(t+d,)+ N,(t+d,), where d, and d, represent
the delay times. Consider processes N,(t) and N,(¢) as inputs to, and processes N,(t) and
N,(¢) as outputs from a linear time-invariant point process system.

By elementary manipulations one has

faa(R)=e74f, (D) +e ™y, (1) (6.1)

fa(M)=e71,,(3) (6.2)

Jaa(A) =741, (1) (6.3)

f31A)=f11(A)=f13(1) (6.4)
and

22D =f22(A)=123(2). (6.5)

From expression (5.10) we can write the partial cross-spectrum, fy;,(4), i.e. the
cross-spectrum between processes N,(t) and N,(t) after having accounted for process N, (t),
as

an() =1y 1250030, (66)
Substituting expressions (6.1), (6.2) and (6.4) into (6.6) gives
faan)=e""4f,(1) (6.7)
from which it follows that the partial phase, ®,;/,(4), is
D3, (A)=arg{fo3, (A} = —4d,. (6.8)
Similarly, the partial phase, ®,;,,(4) is
D,52(A)=arg{fys2(A)} = — Ad;. (6.9)

The partial phases given by (6.8) and (6.9) are the phases that one would expect between
processes N,(t) and N,(t) if only one of the input processes were present—refer to expression
(6.1).

The phase, ® (1) is

(6.10)

d’43(1)=af8{f43(1)}=tan‘1{lmf43(l)}.

Re fi3(4)

Substitution of the real and imaginary parts of (6.1) into (6.10) gives, after some
simplification,

| U1D)[f22(2)) (sin Ady) +sin Ad,
Da3(d)=tan [(fu(wua» (cos 4d;) +cos Mz:I ¢
which further reduces to
O,,(1)= —/1(#). 6.12)

In the presence of both inputs, the derived delay between processes N (t) and N,(t) will be the
average of the delays introduced into each of the processes N, (t) and N,(t). Figure 11 shows,
on the same graph, the derived phase and partial phases for data from the model described
above with d; =2 msec and d, = — 2 msec (dashed lines). The same parameters derived from
the estimated auto- and cross-spectra are also plotted on the same graph (solid lines). The
good agreement between the derived and estimated values of the three phase-curves provides
a clear example of how one might interpret the partial phase. In this example, with both
inputs present, the delay between processes N,(t) and N, (t) is the average of the two delays,
whereas mathematically removing the effect of one input resuits in a delay between processes
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N,(t).and N,(t) equal to that which would be expected to occur in the presence of a single
input, as can be seen from expression (6.1).

The equivalence between mathematically removing the influence of one input and
physically removing that same input can also be illustrated with an example from the muscle
spindle data. This example takes advantage of the statistical properties of the estimated
partial phase to set up a test for zero phase or synchrony between two processes. The
estimated phase at any frequency is asymptotically normal with variance given from (3.16),
and the covariance between estimates at different frequencies is asymptotically zero. One can
then set approximate 95% confidence intervals for the hypothesis that the phase at each
frequency is zero. Figure 12a, c illustrates the coherence and phase relations between the
responses of a pair of Ia and II sensory endings from the same muscle spindle during
independent stimulation of two static fusimotor axons. Figure 12e, which gives the graphical
representation of the test for zero phase, suggests that with the exception of frequencies below
about 4 Hz the phase is non-zero over the range where the coherence is significant (Fig. 12a).
The slope of the phase curve is 6.28 +0.26 msec. If the effect on the phase relation between the
Ia and I responses to the stimulation of a second static fusimotor axon, (;7,), occurred
independently of the effect of stimulating the first fusimotor axon (,7,), then the partial
coherence and partial phase, taking into account the effect of ,y,, would be similar to the
coherence and phase between the Ia and II responses during stimulation of the ,y, alone. In
this example, the partial coherence between the Ia and II responses taking into account the
presence of ,y, (Fig. 12b) is close to the coherence between the Ia and II endings in the
presence of ,y, alone (Fig. 7a, c). The test for zero-phase (Fig. 12f) shows that the partial
phase is not significantly different from zero up to about 4 Hz. The slope of this partial phase-
curve over the range 0—4 Hz was found not to be significantly different from the slope of the
phase curve in Fig. 7c, where only ,y, alone was active.

In this example, the effect of the mathematical removal of the influence of one input is seen
to give results very close to the effects of having only the other input present. The real data
satisfies the assumptions for the derivation of the partial coherences and phases, and
consequently suggests for this particular example that the phase between the Ia and II
responses changes additively with the activation of a second fusimotor axon. The fact that the
successive recruitment of fusimotor axons to a muscle spindle results in graded changes in the
phase between the Ia and II responses from the spindle, can be an important parameter in
regulating the output from neurones which receive inputs from both of these axons.

VII. COHERENCE AS A MEASURE OF PARTIAL ASSOCIATION (ORDER-K)

The measures presented in Section V for describing how the predictability of a linear
combination of one process from a linear combination of a second process is improved by
taking into account the contribution of a third process, may be extended to a consideration of
how this prediction may be further improved by bringing into account any number of
processes, say M,, ..., M,_,. The coherence between the N-process and the M,-process
taking into account M,, ..., M,, where k<r—1, is referred to as the partial coherence of
order-k, and is denoted as |Ryy . ... s (D)%

To facilitate this presentation we set out some additional notation for vector-valued and
matrix-valued processes. M(t) represents an r-vector valued point process with component
processes M, ..., M,(t). Fy;,(4) is an r x r matrix of spectral densities, whose principle
diagonal consists of the auto-spectra of the components of M(t), and the off-diagonal
elements the cross-spectra between these components. Fy,(4) is an r-vector with
components, the cross-spectra between the N-process and each of the components of M(t).

Following the procedure of Section V one now considers the question of predicting

{ a(t) dN(r) (7.1)

by the linear combination

p+ }j by(t) AM ). (7.2)
i=1
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FiG. 11. Derived (dashed lines) and estimated (solid lines) phase [®,;(2)] and partial phases
[D43/1(4), ®y3;5(4)] for computer generated data.

The resulting minimum mean-squared error is

§ [AQ)|*Unn(A) — Fyp(2) Fagpg (A) Fyyy(A)1 d2 (7.3a)
or
§1AM)0L =Ry . D21 fun (D) (7.3b)
where
Fypd(4) Frant () Fyin(4)
R, . A 2__ MM MM MN 74
| N M( )| leq(A:) ( )
is called the multiple coherence at frequency A of the N-process with the processes
M,....M,.

The multiple coherence of order-k may be written in terms of ordinary coherences and
lower order partial coherences as

|Ry . ad* = |Ruae,|* + | Rungyne | 2T — [ Ruae |*1 +
| Rovatsrmeaneal 01— | Ryng |21 01— | Rypgyne |21+ - +
IRNM,./Ml e M,-llz[l - |RNM1|2] [1 - |RNM1/M1|2] LI [1 _IRNM,...I/M1 e M,--2|2] (7'5)

suppressing the dependencies on A.
The partial coherences themselves may be expressed in terms of lower order coherences,
suppressing the dependencies on 4, as
2
2 _ |RNMr/M1 ... Mr—Z—RNMr—l/Ml ... Mr—zRMr—er/Ml .- Mr—-2|

2] (- |RM,_,M,/M. . M,._—;P]

The Fourier transforms of a('), b,(), by(),...,b,(), denoted as A(i), B,(4),
B,(4), ..., B.(A), respectively, satisfy the normal equation

By A)FanlA) = A(A)Fpf4) 7.7

(1.6)

IRNMr/Ml P Mr—ll

[1 _IRNM,._llM, oo Mo

where

Byy(4)=[B8,(4), B,(4), . .., B(A)] (7.8)
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FiG. 12. A comparison of (a) the coherence and (b) the phase of the response of Ia and II sensory
endings from the same muscle spindle during independent stimulation of two static fusimotor axons
with the (c) partial coherence and (d) partial phase taking into account the contribution of the activity
of one of the fusimotor axons. (e, f) Graphical representation of the test for zero phase in (a) and (b),
respectively. Points lying outside the the horizontal dashed lines in (¢, f), indicating an approximate
95% confidence interval, indicate frequencies where the phase difference is likely to be non-zero. The
horizontal dashed lines in (a, b) represent the upper level of an approximate 95% confidence interval

for the coherence for any specific value of the frequency 4 under the hypothesis that the two processes
are independent.

and Fy,,(A) is the transpose of Fy,,(4),

S, B) o Sre, (A)
FypdA)=
S, B) o S, (D)
and
(A= Lvnd, (A)s fune,(A)s - - s funa, (AN

Expression (7.7) may also be written as

7.9)

(7.10)
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Byy(A)= A(M)Fyp(A)Fypa(A). (7.11)

These results simply extend the results presented earliér and may be further generalized to
a pair of vector processes as follows.

Let [N(t), M(t)] denote a stationary bivariate point process, where N(t) and M(t) are
respectively s- and r-vector valued processes.

Consider the problem of predicting the vector of values

fa,) le(t)T
: (7.12)
falt)dN()
from
 by(s)dM(s) ]
: . (7.13)
§ b(s) dM,(s) |
Let
A,(4) [ e Ha,(e)dt
A(A)= : = : (7.14)
A(2) [ e t#a (e)de
The minimum mean-squared error achieved is
§ AR)A'(2) # LEww(D) — Fusd D F st Fagn(4)] d2 (7.15)

where “»” denotes Hadamard product. Expression (7.15) may also be written as

§ ADA' () * {FH2 (D) U= Fap (A Fanfd D F s W Fyn(AF i 2(A)IF a2 (A)} dA (7.16)

where
Funt (W) Ep (A Fygpg (A Fyn{A)F oy (2) (7.17)
may be thought of as the generalized multiple coherence between vector-valued processes
N(t) and M(z).
Further, the elements of the matrix
Fun(A) = Fd ) Fypa Fyn(A) (7.18)

from expression (7.15) are defined as the partial spectra between components of N(t) after
removing the contribution of M(t). The elements of (7.18) may be denoted as fy y ;u(4) Where
i=j gives the partial auto-spectra and i #j the partial cross-spectra of the components N, N;
of N(t) after removing the contribution of M(t).

The partial coherence between the i'® and j™ components of N(t) after removing the
contribution from M(t) may be written in terms of the partial spectra as

)2
Ry )] = : 7.19
Rt sl = o) ol (7.19)
The partial phase is written in terms of the entries of (7.18) as

Dy,n ,/M('l) =arg{fy~ ,/M(}v)} . (7.20)

Expressions (7.18)-(7.20) may also be evaluated for k <r to obtain partial spectra, partial
coherences and partial phases of order-k, for k components of M(t), by making the
appropriate changes to Fy,,(4), F,,, and F,,(4). Once the basic auto- and cross-spectra have
been computed all the coherences and coherence-related parameters of all orders may be
found by simple algebraic combinations of these spectra.
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VIII. EXAMPLES OF PARTIAL COHERENCE AND PARTIAL PHASE
(ORDER-1, 2)

The examples of this section describe further applications of partial coherence and partial
phase of order-1 followed by their extensions to order-2, first to simulated data to allow a
comparison between derived and estimated parameter values for processes that are simply
related, and then to real data on muscle spindles where several inputs are under independent
experimental control.

The simulated data-set given in this section extends the example of partial coherence
(Fig. 8) and of partial phase (Fig. 11) for the simulated data of Section VI to the case where
one can examine how more than one spike train can influence both the strength of
association and timing between two other trains. This example approaches more closely to
real conditions where several spike trains from different sources act simultaneously on a
group of neurones (e.g. Baldissera et al., 1981).

The simulated data-set is constructed as follows. Let I, II, III, ¢,, and ¢, represent five
independent stochastic point processes with o;; the time of occurrence of the j*" event of the i'®
processfori=1,2,...,5andj=1,2,....Thesefive processes are arranged according to the
scheme set out below to form four processes which are assumed to be the observable
processes. In the superimposed processes the I, II, III, ¢,, and ¢, components are not
separately observable, i.e., particular spike times cannot be associated with particular
component processes. The observable processes are taken to be

N,(t)=I

N,(t)=II

Ny(t)=T+11+1 +¢,

N (8)=(I+d,)+ 1+d,)+ (1 +d;) +¢,

where d, , d, and d, are fixed time delays. Consider the problem of estimating the strength of
association and the phase between processes N,(t) and N (t) when the contributions from
processes N,(t) and N,(t) are taken into account first separately and then together. The
analytic solution to this problem depends on the computation of a number of point-process
spectra, and is a direct application of the expressions set out in Sections III, V and VIL

The observed coherences and phases for the simulated data take on particularly clear and
easily interpretable forms if the processes I, I and III are chosen to be independent Poisson
processes with the same mean intensities, and the delays, d, , d, and d, are equally spaced, as
well as small to avoid the biases that can occur in naive phase estimates for long delays
(Brillinger and Tukey, 1984). Under these assumptions the derived parameters have
particularly simple forms. The derived phase, for example, is

®,5(A)= —(dlL‘;z-‘-—%)i 8.1)
and the derived partial phases are
Duuuth=—(252)s 82
Gusat)=~(252): 63)
and
Dyyy2(A)= —d;4. (8.4)

This special case is not only instructive in illustrating the usefulness of partial coherence
and partial phase, but actually occurs in a number of real data cases where delays
predominate and the input processes can be chosen to be realizations of Poisson processes
(Halliday et al., 1988).
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The estimated coherences and phases in the following examples are based entirely on the
auto- and cross-spectra of the sets of spike times for the observable processes N, (), N,(t),
N,(t) and N,(t). The derived curves follow from the application of the appropriate
expressions given in Sections III, V and VII. The derived and estimated coherence and phase
between N;(t) and N,(t), in the presence of the observable processes N,(t) and N,(t), are
shown plotted on the same graph (Fig. 13a, b), and clearly illustrate the close agreement
between derived and estimated values for both. In the presence of both N, (t) and N,(¢) the
coherence remains significant to approximately 65 Hz decreasing slowly from a peak value of
approximately 0.52, while the linear phase curve indicates a system dominated by a delay of
approximately 2 msec, with process N,(t) leading process N,(t).

If one takes into account the contribution of process N,(t) to the coherence and phase
between N,(t) and N,(t), illustrated in Fig. 13c, d, the peak value of the coherence is now
about 0.4, but remains significant to about 100 Hz, in contrast to the ordinary coherence
which was significant only to approximately 65 Hz. The change in phase is dramatic
(Fig. 13d compared with Fig. 13b). Removing the linear contribution of process N,(t)
suggests that process N,(t) alone synchronizes processes N,(t) and N,(t), whereas the main
contribution of process N, () is to induce a phase shift between N,(¢) and N,(z).

Taking into account the linear contribution of N,(t) to the coherence between N,(r) and
N,(t) produces quite different consequences.

The partial phase (Fig. 13f) remains the same as the original phase (Fig. 13b), whereas the
partial coherence (Fig. 13e) becomes strikingly periodic, although it does not reach the same
peak value as the ordinary coherence (Fig. 13a). These results suggest that when both
processes N,(t) and N,(t) are present, process N,(t) has a predominant effect on the
coherence between N,(t) and N ,(t), whereas N,(t) primarily affects the timing between N,(t)
and N, (¢). It is far from clear how one could be led to such conclusions by time-domain
analyses.

The second-order partial coherence (Fig. 13g) is small but significant, whereas the second-
order partial phase (Fig. 13h) indicates a phase lag of N,(¢) with respect to N;(t). These two
measures taken together suggest the presence of another source of coupling. This situation is
most likely to occur when recording several processes simultaneously within the central
nervous system. The phase dependence of output processes on input conditions was
demonstrated for muscle spindle data in Section VI.

Figure 14 is an illustration of the application of the second-order partial coherence to the
responses of the Ia and II sensory endings from the same muscle spindle in the presence of an
imposed dynamic length change with concurrent independent stimulation of two static
fusimotor axons. The ordinary coherence (Fig. 14a) shows two distinct regions of coupling
between the responses of the Ia and II endings in the presence of the three inputs. The first
region covers the frequency range from O up to 17 Hz, whereas the second region occupies the
range from about 3060 Hz. The second-order partial coherence taking into account the
contribution of the activity of the two static fusimotor axons shows a significant reduction of
the coherence in the low frequency range alone—the coherence in the higher range remains
unchanged (Fig. 14b). This result suggests that the coupling in the 30-60 Hz range is entirely
length dependent, whereas that in the lower range is not entirely accounted for by the linear
contribution from the fusimotor input and, in addition, there may be a length contribution to
the low-frequency coupling. The former supposition may be examined by considering a more
complicated contribution of the fusimotor input to the Ia-1II coupling than that provided by
the linear prediction of the contribution of the fusimotor input as well as taking into account
the contribution of the length input to the coherence at low frequencies.

IX. CONCLUDING REMARKS

We have extended, particularized and elaborated the applications of Fourier methods to
the analysis of the interactions between spike trains by considering a broader range of
questions than discussed by previous authors (e.g. Stein et al., 1972), and by drawing upon
many examples from both simulated and real data. Throughout the presentation we have
implicitly stressed the necessity for having approximations to the statistical uncertainty of all
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F1G. 13. Derived (unbroken curves) and estimated (a) coherence, (b) phase between computer

generated processes N, and N, (c, d) partial coherences, (e, f) partial phases of order-1, (g) partial

coherence and (h) partial phase of order-2 between computer generated processes N, and N, taking

into account the effects of processes N, and N, separately and together. The horizontal dashed line in

the coherence plots represents the upper level of an approximate 95% confidence interval for the

coherence for any specific value of the frequency 4 under the hypothesis that the two processes are
independent.

the estimates of the parameters defined and applied to the various data sets. The approximate-
sampling fluctuations of the data-based estimates allow one to set up statistical tests and to
make inferences concerning the population parameters.

In this paper we have dealt with two main issues: (1) the importance of alternative
representations of the data, and (2) the use of Fourier-based measures that give rise to
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FI1G. 14. (a) Coherence between the responses of Ia and II sensory endings from the same muscle

spindle in response to independent stimulation of two fusimotor axons during a random length

change applied to the parent muscle. (b) Partial coherence of order-2 between the responses of the Ia

and II endings taking into account the linear contribution from both static fusimotor axons. The

horizontal dashed lines represent the upper level of an approximate 95% confidence interval for the

coherence for any specific value of the frequency 4 under the hypothesis that the two processes are
independent.

techniques for analysing neuronal interactions that are not available within a cross-intensity
based framework. Our concluding remarks relate to these two issues.

It is sometimes assumed that time- and frequency-domain methods give equivalent
representations of a data set, because they are mathematically equivalent and both contain
the same information about the processes involved; and consequently, it is sufficient to use
only one of these representations (Tukey, 1978; Koopmans, 1983). A further example to
those presented in Section IV forcefully illustrates again that because of the finite amount of
data mathematical equivalence does not imply equivalent representation (Tukey, 1978). The
curves shown as solid lines in Fig. 15a, c, ¢ are the estimated auto-intensities of the Ia
responses from a muscle spindle under three different input conditions imposed on the
spindle. These auto-intensities were computed directly from the times of occurrence of the
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spikes of the Ia discharge. The shapes of the auto-intensities do not differ greatly, although in
Fig. 14a the spindle was subjected to a randomly varying fusimotor input, whereas in
Fig. 15¢ a random length change was imposed on the parent muscle, and in Fig. 15¢ both of
these inputs were applied simultaneously.

Square-root of estimated Logy¢ estimated
auto-intensities auto-spectra
0.4( (a) 1.6 (b)
0.3
2.0
i) L
0.1

of

0.1

0 20 40 60 80 100 0 100 200 300 400 500

Lag u (msec) Frequency A (H2)

FIG. 15. (a, ¢, ¢) The square-root of the estimated auto-intensity functions computed directly from the
times of occurrence of the Ia spikes (solid lines) and from the Fourier transforms of the auto-spectra
(dashed lines). (b, d, f) The estimated auto-spectra computed directly from the Ia spike times (solid
lines) and from the Fourier transform of the auto-intensity function (dashed lines), during (a, b)
random stimulation of a single static fusimotor axon, (c, d) in the presence of a randomly varying
length change, and (e, ) with both fusimotor and length inputs present. The solid horizontal lines in
(a, c, €) give an approximate 95% confidence interval for the auto-intensity function for any specific
value of the lag u. The solid horizontal lines in (b, d, f) are an approximate 95% confidence interval
for the auto-spectra for any specific value of the frequency 4.

Under these different input conditions one would expect the auto-intensities to be quite
different. The right-hand column of Fig. 15 represents the auto-spectra of the Ia discharge,
also computed directly from the times of occurrences of the Ia spikes, for the same three input
conditions. The shape of the auto-spectra are quite different for each of the different input
conditions. The differences in shape of the auto-spectra in Fig. 15b, d, fled to the sug-
gestion that, under certain conditions, the spectrum of the Ia discharge when both length
and fusimotor inputs are present simultaneously is a linear combination of the effects
produced by each input alone (Rosenberg and Rigas, 1985). That the representations of the
data in Fig. 15a, c, e are mathematically equivalent to those in Fig. 15b, d, fis demonstrated
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by the dotted lines, which in Fig. 15a, c, e are the Fourier transforms of the corresponding
member of the pair in Fig. 15b, d, f. In addition, the dotted lines in Fig. 15b, d, f are the
Fourier transforms of the corresponding member of the pair in Fig. 15a, c, €. The extremely
close fit between the measure computed directly from the data with that derived from the
Fourier transform of either the auto-intensity or the auto-spectrum indicates the
mathematical equivalence of these different representations. The striking differences between
the appearance of the representations of the data illustrates that mathematical equivalence
does not always lead to equivalent emphasis of distinctive features of the data. In this
example the Fourier representation of the data happens to be more useful. In general, it
seems that one should use both time- and frequency-domain representations, particularly
when faced with the problem of revealing the properties of complex systems (Tukey, 1978).

It is of interest to note that both the framework for multiple spike train analysis proposed
by Gerstein et al. (1985) and Gerstein and Aertsen (1985), and the Fourier-based methods
presented in this paper lead to analyses within the standard mathematical statistical
framework of multivariate analysis. The former may use cluster analysis to examine the
dynamic evolution of neural assemblies along the lines suggested by Wright (1977), whereas
the latter draws mainly upon regression analysis.

In conclusion, frequency-domain analyses based on coherence measures considerably
extend the range of tools available for the analysis of spike trains and can lead to new insight
and understanding of the interactions between spike trains.
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APPENDIX

In neural systems whose dynamics are dominated by delays, the phase relation between
input and output spike trains, ®(1), is given as

(1) = —1A - (10.1)

where 7 is the time delay between these processes. The delay may be estimated as the slope of



The Fourier approach to the identification of functional coupling 31

the least squares line fitted to the estimated phase curve. In most cases, however, the
coherence between input and output processes is not constant, and consequently a weighted
least squares procedure must be used to estimate the delay and its standard error.

If we let ®7(4,) = ®, represent the estimated phase defined at 4,=2#i/T,i=1,2, ..., n,then
a regression model through the origin of the following form may be set down

®,= A+, (10.2)

where f= —1, and the ¢; are approximately normally distributed with mean zero and
variance o2, and covariance

cov{e;, &;} =0 for i#j. (10.3)

From Section III we have that the variance 67 is

1 1

where L is the number of disjoint periodogram sections from records of duration T used in
estimating the spectra required to estimate ®(1).

The non-constant variance given by expression (10.4) suggests a weighted least squares
estimate of B, that may be obtained by minimizing

1
¥ @—piy (10.5)

(e.g. Wonnacott and Wonnacott, 1981).
If we set

(8]

(10.6)

2 _
g; =

Z|9
N

where w; is the weight for the i® value of the variance, then the weighted least squares
estimate of § is given by

_ Z w4,
B= S wi? (10.7)
Expression (10.7) is an unbiased estimate of §, and is approximately normally distributed
with variance

Var(8) = f%f (10.8)

An obvious estimate of 62 is given by

62 = Z wi((bi_ﬁ'li)z ]

= (10.9)

A simple but plausible and common choice for the weights is to take the w, as inversely
proportional to the estimated variance given by

1
Wi = (10.10)

(e.g. Weisberg, 1985).
An approximate 95% confidence interval for the delay is then

é
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o \/Zwij'iz

(10.11)

where o is given by (10.9).



