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ABSTRACT. We consider certain abundant semigroups in which the idempotents form a
subsemigroup, and which we call bountiful semigroups. We find a simple criterion for
a finite bountiful semigroup to be a member of the join of the pseudovarieties of finite
groups and finite aperiodic semigroups.

INTRODUCTION

In the 1970s Schiitzenberger posed the problem of finding a characterisation of the
semigroups in the pseudovariety A V G where A is the pseudovariety of all finite aperiodic
semigroups, and G is the pseudovariety of all finite groups. McAlister answered this
question for orthodox semigroups [13] by showing that a finite orthodox semigroup S is
in AV G if and only if J# is a congruence on S. He subsequently generalised this result
to obtain a characterisation of the regular semigroups in A V G [14]. Recently, Steinberg
[21] has shown that McAlister’s results can be deduced from work of Rhodes and Tilson
[18] and that this approach allows McAlister’s theorems to be extended to a wider class of
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semigroups. Our purpose in this paper is to extend the result for orthodox semigroups in
a different direction.

Recall that the relation #Z* on a semigroup S is defined by aZ*b if and only if a and
b are Z-related in an extension of S. The dual of Z* is Z*, and J* = Z*N.L*. A
semigroup is abundant if every #*-class and every .Z*-class contains an idempotent. We
say that an abundant semigroup is bountiful if it is idempotent-connected (see Section 1 for
the definition) and its idempotents form a subsemigroup. Let u be the greatest congruence
contained in J#*. We now give the main result of the paper.

Theorem 1. Let S be a finite bountiful semigroup. Then S € AV G if and only if 7€ C u.

In the following section, we recall some basic results related to abundant semigroups.
Following [1], we say that an idempotent-connected abundant semigroup in which the
idempotents generate a regular subsemigroup is concordant. For a concordant semigroup
S with set of idempotents E(S), El Qallali and Fountain [2] gave a representation of S
as a full subsemigroup of the Hall-Nambooripad semigroup T(gs), with kernel . We use
this to prove the main result of Section 2: if S is a concordant semigroup in A V G, then
JC C poon S. Our proof also requires the corresponding result for regular semigroups,
due to McAlister [13]. In the final section, we complete the proof of the main theorem by
showing that if S is a bountiful semigroup satisfying 5 C u, then S € A V G. Our proof
is modelled on that for the orthodox case; we require a preliminary result to the effect
that a finite bountiful semigroup has a finite bountiful E-unitary cover of a special type.
The existence of bountiful F-unitary covers for bountiful semigroups has recently been
established by Simmons [20], but his proof does not give finite covers for finite semigroups.
Our proof mimics that of McAlister [13] for the orthodox case, and uses the fact that a
finite ample semigroup has a finite proper cover, a result due to the authors [6]. That ample
semigroups have proper covers was first shown by Lawson [11], and is also a consequence
of Simmons’ work on bountiful semigroups. However, their proofs do not give finite covers
for finite semigroups.

1. PRELIMINARIES

For basic semigroup notation and terminology, we follow [9]. In particular, F(S) denotes
the set of idempotents of a semigroup S. We recall the following alternative characterisation
of Z* from [12] and [16] which we shall use without further mention.

Lemma 1.1. The following are equivalent for elements a,b of a semigroup S':
(1) aZ*b,
(2) for all z,y € S*, xa = ya if and only if xb = yb.

This condition is simplified when one of the elements involved is an idempotent.

Corollary 1.2. Let a be an element of a semigroup S, and e € E(S). Then the following
are equivalent:

(1) aZ*e,

(2) ea = a and for all z,y € S, xa = ya implies ve = ye.
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We remark that Z* is a left congruence, and £* is a right congruence. Also on any
semigroup S we have Z C Z*. It is well known and easy to see that if a,b € S are regular,
then aZ*b if and only if aZb. In particular, if S is regular, then Z* = Z. If there is any
danger of ambiguity, we use Z*(5), etc. to denote the relation Z* on S. The Z*-class of
a € S will be denoted by R} or R:(S), and corresponding notation is used for .Z*- and
J*-classes.

A semigroup in which each #Z*-class and each .Z*-class contains an idempotent is said
to be abundant. From [2] we have the following lemma.

Lemma 1.3. Let U be an abundant subsemigroup of an abundant semigroup S such that
the idempotents of U form an order-ideal of those of S. Then

x*(U)=2x"(S)N (U x U).
The next corollary is an easy consequence of the lemma and its dual.

Corollary 1.4. Let S be an abundant semigroup. Then every full subsemigroup of S is
abundant, and if e € E(S), then eSe is abundant.

We say that a homomorphism ¢ : S — T of abundant semigroups is good if, for all
elements a, b of S, we have aZ*(S)b implies apZ*(T)bp, and a.Z*(S)b implies ap.Z*(T)bp.
A congruence p on an abundant semigroup S is good if the natural homomorphism S — S/p
is good. We remark that any homomorphism with regular domain is good.

Let S be an abundant semigroup and B be the subsemigroup generated by E(.S). We say
that S is idempotent-connected (IC) when for each element a of S and some idempotents
e, f in R and L? respectively, there is a bijection « : (E(eBe)) — (E(fBf)) satisfying
za = a(za) for all x € (E(eBe)). We remark that in [2] it is shown that the word “some”
can be replaced by “all”’, and that the bijection « is an isomorphism. It is also worth
mentioning that any regular semigroup S is IC since, for any a € S and idempotents e, f
in R, and L,, there is an inverse a’ with aa’ = e, a’a = f and we have an isomorphism
a:(FE(ad'Bad")) — (E(d'aBd'a)) with the required property given by za = d'xa.

More details about IC abundant semigroups, and alternative formulations of the defini-
tion can be found in [1], [2], [10], and [20].

As mentioned in the introduction, the congruence y on an abundant semigroup S is the
largest congruence contained in 5#*. Hence if S is regular, p is the largest congruence
contained in 7, and so it is the maximum idempotent separating congruence on S. Thus
our notation is consistent with the standard notation for regular semigroups. When more
than one semigroup is involved, we write pg for the relation p on S.

2. CONCORDANT SEMIGROUPS

A concordant semigroup is an IC abundant semigroup in which the idempotents generate
a regular semigroup. In this section we prove the following result.

Proposition 2.1. If S is a finite concordant semigroup in ANV G, then 5 C p.
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Our approach is to use a representation (due to El Qallali and Fountain [2]) of a con-
cordant semigroup S in a ‘fundamental’ regular semigroup obtained from (E(S)) by a
construction due to Hall [8]. First, we note the following alternative description of concor-
dant semigroups.

Lemma 2.2. An IC abundant semigroup is concordant if and only if the reqular elements
form a subsemigroup.

Proof. This is immediate by Result 7 of [§]. O

From [1, Lemma 2.4 and Theorem 2.5], we have the following two lemmas, the first being
what we might call Lallement’s lemma for concordant semigroups.

Lemma 2.3. Let S be a concordant semigroup and ¢:S — T be a good homomorphism.
If a € S is such that ap € E(T), then ap = he for some idempotent h € S.

Lemma 2.4. Let S be a concordant semigroup. If ¢:S — T is a surjective good homo-
morphism, then T is concordant.

We make use of results from [8] and [2] for which we need the following semigroup
constructed in [8] (see also [15]); given an idempotent generated regular semigroup (F)
with set of idempotents E, Hall constructs a regular semigroup Tig, such that (E(T(g)))
is isomorphic to (E) /). Moreover, Ty is fundamental, that is, the congruence fir
is trivial. The following theorem is due to Hall [8] in the regular case, and was extended
to concordant semigroups in [2]. The construction of Tig(g) does not play a part in the
arguments of this paper; all we need is that it exists, and some of its properties.

Theorem 2.5. Let S be a concordant semigroup with set of idempotents E and let (E) be
the subsemuigroup generated by E. Then there is a good homomorphism «: S — Tigy such
that

(1) p=aa™!, and

(2) Sais a full subsemigroup of Tigy.

1

Moreover, every full subsemigroup of T\g) is fundamental.

Note that as a consequence of the theorem, y is a good congruence on S.

By Lemma 2.4, Sa is concordant, and so, by Lemma 2.2, Reg(S«) is a subsemigroup
of Sa which is obviously full. By the theorem, Sa is a full subsemigroup of T, and so
Reg(Sa) is a full regular subsemigroup of T;py. Hence Reg(Sa) is fundamental.

Now, if S is a member of A V G, then so is Reg(S«), and so, by Proposition 1.6 of [13],
S is a congruence on Reg(S«a). Thus, 7 = u on Reg(Sa) so that Reg(S«a) is s -trivial.

Now let e € E(S). Then ea € E(Sa). By [5, Lemma 1.12], the J#*-class H} (S«a) of
ea in Sa is a cancellative subsemigroup of Sa; but S« is finite, so HY (Sa) is a group,
and hence coincides with the .7#-class of ea in Sa. Clearly, H (Sa) C Reg(Sa), and it
follows easily that it is also the .77*-class of e« in Reg(S«a). But Reg(Sa) is regular, so 5*
coincides with J# on Reg(Sa), and since Reg(S«) is 7-trivial, we see that H (S«a) =
{ea}. Thus all subgroups of S« are trivial, that is, Sae € A. By [17, Proposition 3.4.2], S«
is s -trivial, and since homomorphisms map 7#-related elements to 7 -related elements,
it follows that, on S, we have % C aa~! = pu. This completes the proof of Proposition 2.1.
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3. BOUNTIFUL SEMIGROUPS

A bountiful semigroup is an IC abundant semigroup in which the idempotents form a
subsemigroup. Thus a bountiful semigroup is concordant. In this section, we prove that
if S is a bountiful semigroup with ¢ C pu, then S € AV G. Our proof relies on a result
from [6] which we now explain.

An ample semigroup is a bountiful semigroup in which the subsemigroup of idempotents
is commutative. In an ample semigroup S, each Z*-class and each Z*-class contains a
unique idempotent. For a € S, we denote the idempotent in R} by a™, and that in L} by
a*. Thus we may regard an ample semigroup as a (2,1,1)-algebra with unary operations +
and *. We note that a semigroup homomorphism 6:S — T of ample semigroups is good
if and only if it is a (2,1,1)-algebra homomorphism.

As is well known, every semigroup S has a minimum cancellative congruence, and we
denote this by o. For regular or finite semigroups, o is, of course, the minimum group
congruence. An explicit description of ¢ on a bountiful semigroup is given in the next
proposition which is due to Simmons [20, Proposition 6].

Proposition 3.1. If S is a bountiful semigroup, then the minimum cancellative congruence
o on S is given by:

acb if and only if ea = bf for some e, f € E(S5).

An ample semigroup is proper if Z* No =1 = Z*No. It follows from [4], and is not
difficult to show, that a proper ample semigroup is F-unitary, and, of course, an inverse
semigroup is F-unitary if and only if it is proper. However, the semigroup of Example 3
in [4] is easily seen to be ample; it is noted in [4] that it is not proper but is E-unitary.

A proper ample semigroup P is a proper cover of an ample semigroup S if there is a
surjective good homomorphism « : P — S such that o maps E(P) isomorphically onto
E(S). The homomorphism « is called a covering homomorphism. From [6], we have

Theorem 3.2. Every ample semigroup S has a proper cover which can be taken to be finite
if S is finite.

As mentioned in the introduction, this result without the finiteness condition was ob-
tained by Lawson [11] and Simmons [20].

Let S be a bountiful semigroup. For e € E(S), we denote the Z-class of e in E(S) by
E(e). The relation 6§ on S is defined by the rule:

aob if and only if b = eaf for some e € E(h), f € E(k)
where h € E(S)N R, and k € E(S)N L.

It is shown in [3] that if 0 is a congruence, then it is the minimum ample good congruence

on S, and that #* NJ = «. Ronghua [19] and Guo [7] independently proved that § is

a congruence on any bountiful semigroup. Putting these results together, we have the
following proposition.

Proposition 3.3. A bountiful semigroup S is a subdirect product of S/u and S/S.
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An E-unitary cover of a bountiful semigroup S is an E-unitary bountiful semigroup 7'
together with a surjective good homomorphism ¢: 7" — S which maps E(T") isomorphically
onto E(S); v is called a covering homomorphism. We show that any bountiful semigroup
has an E-unitary cover on which ¢ N u = ¢. The latter property holds for all orthodox
semigroups by [13, Lemma 2.2], and so our result is simply a generalisation of the existence
of E-unitary orthodox covers for orthodox semigroups due independently to McAlister
[13], Szendrei [22] and Takizawa [23]. As mentioned in the introduction, Simmons has
established the existence of F-unitary covers for bountiful semigroups, but the covers he
constructs are always infinite.

Theorem 3.4. Let S be a bountiful semigroup. Then S has an E-unitary cover T such
thatc N =1 onT, and T can be taken to be finite if S is finite.

Our approach is inspired by that for orthodox semigroups in [13]. We start with the
construction of 7', and then in a series of lemmas show that 7" has the desired properties.

Let S be a bountiful semigroup. Then S/d is ample, and so by Theorem 3.2, it has a
proper cover V' with covering homomorphism « say. Let

T ={(sp,v) € Sju xV :va = sd}.

It is easy to see that T is a subsemigroup of the direct product S/u x V. We show, in a
sequence of lemmas, that T" is a cover of the required type.

Lemma 3.5. The congruence 0 is idempotent pure.

Proof. If s € S is such that s is idempotent, then since ¢ is good, we have s§ = hd for
some h € E(S) by Lemma 2.3. From the definition of J, we have s = ihj where i, j are
idempotents. As E(S) is a subsemigroup, we see that s is idempotent. 0

Lemma 3.6. The idempotents of T form a subsemigroup.

Proof. If e € E(S) and v € E(V) with va = ed, then clearly, (eu,v) € E(T).
On the other hand, if (su,v) € T is idempotent, then (su)? = sy and v? = v. From the
latter we have (s6)? = sd so that by Lemma 3.5, s is idempotent. It follows that

E(T) = {(ep,v) € S/ux E(V):e € E(S) and va = ed }.

Since E(S) and E(V') are subsemigroups of S and V respectively, it follows that E(T) is
a subsemigroup of 7. 0

Lemma 3.7. Let (su,u) € T. Ife € E(S)N R, then (ep,ut) € T.

Proof. Since (sp,u) € T, we have s§ = ua. Now « preserves Z*, and so u™aZ*ua, that
is, utaZ*sd. As § is also good and S/¢ is ample, this gives uta = ed and the lemma
follows. 0

Next, we describe Z* in T.

Lemma 3.8. Let (A,u), (B,v) € T. Then (A, u)Z*(B,v) if and only if AZ*B in S/u and
uZ*v inV.



Proof. Let (A u),(B,v) € T, and suppose that AZ*B and uZ*v. If (X,x),(Y,y) € T
and (X, z)(A,u) = (Y,y)(A,u), then XA = YA and zu = yu so that XB = Y B and
xv = yv, that is, (X, z)(B,v) = (Y,y)(B,v). Similarly, (X,z)(A4,u) = (A,u) implies
(X, z)(B,v) = (B,v). Together with the opposite implications, this gives (A, u)%Z*(B,v).

Conversely, suppose that (A, u)%Z*(B,v) and let A = ru, B = su. Now let e, f,ut,vT
be idempotents in the #Z*-classes of r,s,u and v respectively. Put F = ey and F' = fpu.
By Lemma 3.7, (E,u"), (F,v") € T, and, since p is good, AZ*E and B#Z*F. Hence,by
the first part, (A, u)Z*(E,u") and (B,v)%Z*(F,v") so that (E,u")%Z*(F,v"). But these
elements are idempotents, and so

(E,u™)(F,vo") = (F,v") and (F,v")(E,u") = (E,u").

Comparing coordinates gives EZF whence AZ* B, and, since V' is ample, u™ = v™ so that

uR*v. OJ

Notice that the second part of the proof shows that every element of T is Z*-related to
an idempotent. Similarly, each element is Z*-related to an idempotent so that we have
the following corollary.

Corollary 3.9. T' is abundant.

To show that T' is bountiful, we use the following characterisation of idempotent con-
nected abundant semigroups [1, Lemma 2.3].

Lemma 3.10. Let S be an abundant semigroup. Then S is IC if and only if it satisfies
the following two conditions for all a € S':

(1) for some h € E(S)N R} and all f < h, there exists b € S such that fa = ab:
(2) for some k € E(S)N L% and all e < k, there exists ¢ € S such that ae = ca.

We note that the elements b and ¢ can be taken to be idempotent, for if S is IC and
B = (E(S)), then there is a connecting isomorphism :(E(hBh)) — (E(kBk)) and b and
¢ may be chosen to be f3 and e3~! respectively. Furthermore, the discussion in [1] shows
that the word “some” in conditions (1) and (2) of the lemma may be replaced by the word
“all”. The proof of the following lemma uses both versions.

Lemma 3.11. T is bountiful.

Proof. By Corollary 3.9 and Lemma 3.6, T" is abundant and its idempotents form a sub-
semigroup. All that remains is to show that T is IC.

Let (sp,v) € T so that s0 = va, and let h € E(S) be Z*-related to s. By Lemma 3.7,
(hu,vt) € T, and by Lemma 3.8, (hu,v")%Z*(su,v). We show that condition (1) of
Lemma 3.10 holds using (hu,v") as the idempotent in the Z*-class of (su,v). First, we
remark that since (hu,v™) € T, we have

hé Q. (1)

—= ’U+
Let (eu, f) € E(T) where e € E(S), f € E(V) and fa = ed. If (eu, f) < (hp,v™), then
clearly ey < hu and f < vt. Hence ey = (eh)u = (he)u, and so, using (1),

(eh)s = (e8)(hd) = (fa)(v*a) = (fo*)a = fa.
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Similarly, (he)d = fa so that ed = (eh)d = (he)d. As pNJ = ¢, we obtain e = eh = he,
that is, e < h.

Now S is bountiful, so by Lemma 3.10 and the remarks following it, there is an idem-
potent k € S with es = sk.

Since V' is a proper cover of S/d, there is an idempotent v in V' with ua = k¢ so that
(kp,u) e E(T).

Now

(fv)a = (fa)(va) = (ed)(s0) = (es)d = (sk)d = (s6)(kd) = (va)(ua) = (vu)a.

As a preserves * and is one-one on E(V), we get (fv)* = (vu)* = v*u. Hence, since V'

is ample,
vu = vv'u =v(fv)" = fo.
Now we have (ku,u) € T and

(ep, [)(sp,v) = ((es)u, fv) = ((sk)p, vu) = (sp,v)(kp, w),
and so condition (1) of Lemma 3.10 holds for 7". Similarly, condition (2) also holds, and
so by the lemma, T is IC, and hence bountiful. O

Lemma 3.12. T is E-unitary.

Proof. Let (sp,v) € T so that s0 = va, and let (eu, f) € E(T) where e € E(S) and
ed = fa. Suppose that (su,v)(eu, f) € E(T). Then vf € E(V) and so v € E(V) since V'
is proper and hence E-unitary.

Also s6 = v is an idempotent of S/J and so, by Lemma 3.5, s is idempotent. Thus
(sp,v) € E(T) and it follows that T is E-unitary. O

We will find the following lemma useful; it is essentially part of Proposition 2.1 of [2].

Lemma 3.13. Let a,b be elements of an abundant semigroup S. Then the following are
equivalent:

(1) apsd,
(2) aeZ*be and ea.L*eb for all e € E(S).

Lemma 3.14. If (rp,u), (sp,v) € T and ((rp,u), (su,v)) € o N p, then (ru,u) = (su,v).

Proof. Let e € E(S) and f be any idempotent in V such that (eu, f) € E(T'). Then, by
Lemma 3.13 we have

(it ) (et £)98" (s, 0) (e £) and. (ep £)(rpts )2 (e, F) (st ).
By Lemma 3.8 and its dual, (ru)(epu)Z* (sp)(ep) and (ep)(rp)L*(ep)(sp). It follows from
Lemma 2.3 that every idempotent of S/u is of the form ey for an idempotent e of S, and
so, by Lemma 3.13 again, we have (ru, spt) € jig),. Hence by Theorem 2.5, jig), = ¢ so that
T = S
Now p C Z*, so that (ru, w)Z*(sp, v). By Lemma 3.8, we have uZ*v. As (ru,u)o(su,v),
we have (eu, f)(rp,u) = (s, v)(hu, k) for some idempotents (eu, f) and (hu, k) of T', so
that fu = vk, and, since V' is ample, it follows that uov. Now (u,v) € Z*No and V is
proper, so u = v. Hence (ru,u) = (sp,v). O



The proof of Theorem 3.4 is completed by the next lemma.

Lemma 3.15. The mapping 0 : T — S given by (su,v)d = s is a well defined good
homomorphism onto S which maps E(T') isomorphically onto E(S).

Proof. First, we note that if (ru, u) = (sp,v), then rd = ua = va = sd so that (r,s) € pNd,
and so, by the remarks preceding Proposition 3.3, » = s. Thus 6 is well defined. It is clear
that € is a homomorphism. If s € S, then, since « is surjective, there is an element v € V/
such that va = sd, so that (sp,v) € T and 6 is surjective; this also shows that § maps
E(T) onto E(S5).

To see that 6 is one-one on FE(T), let (e, v), (fu, w) € E(T) and suppose that (eu, v)d =
(fu,w)d. Then e = f so that certainly ey = fu. Also, v,w € E(V) and va = ed = f§ =
wa so that v = w since « is idempotent separating.

Finally, to see that 6 is good, suppose that (ru, u), (s, v) € T with (rp, u)Z*(sp,v). By
Lemma 3.8, ruZ*sp and uZ*v. From the latter, we get r0%*sé since 1) = ua, $6 = va
and « is good. Let e, f E(S) be such that eZ*r and f%*s. Then euZ* fu and edZ* f§.
It follows from this that (ef, f), (fe,e) € pNJ. Hence ef = f and fe = e so that eZ* f
and thus rZ*s as desired.

Similarly, 6 preserves .Z* and so 6 is good. OJ

Having proved Theorem 3.4, it is now easy to prove the following result which completes
the proof of Theorem 1.

Proposition 3.16. If S is a finite bountiful semigroup with 7 C u, then S € AV G.

Proof. Let T be a finite E-unitary cover of S with N o = and covering map 6:7 — S.
Now ptNo =, and so T can be embedded (as a subdirect product) in T'/u x T'Jo. Since
T/o is cancellative and finite, we have T'/o € G.

Now 7 C poon S, so S/u has only trivial subgroups, and hence S/u € A.

We claim that T'/u = S/u. To see this, it is enough to show that for a,b € T we have
aprb if and only if (af)us(bd). Using Lemma 3.13 and the fact that 6 is good, it is easy
to see that apupb implies (af)us(b0).

Conversely, if (af)us(bf), then, again by Lemma 3.13, we have that (ae)0Z*(be)f for
all e € E(T). Let f,h € E(T) be in the #Z*-classes of ae and be respectively. Since 6 is
good, we obtain f0%*hf. But these elements are idempotent, so (fh)d = (f0)(h0) = ho
and (hf)0 = f0. Now T is bountiful, so fh and hf are idempotents, and so fh = h and
hf = f since 6 is idempotent separating. Hence fZh and so aeZ*be. Similarly, ea.Z*eb
for all e € E(T') so that aurb.

Hence the claim is proved, so that T//u € A, and thus S € AV G, since S divides
T/uxT/o. O
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