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ABSTRACT. If A is a stable basis algebra of rank n, then the set S;,_; of endomorphisms of
rank at most n— 1 is a subsemigroup of the endomorphism monoid of A. This paper gives
a number of necessary and sufficient conditions for S,,_; to be generated by idempotents.
These conditions are satisfied by finitely generated free modules over Euclidean domains
and by free left T-sets of finite rank where T is cancellative monoid in which every finitely
generated left ideal is principal.

INTRODUCTION

One of the most natural ways in which semigroups arise is as the semigroup of endo-
morphisms End A of a given (universal) algebra A. For certain A the structure of End A is
well known. Our motivating examples are the cases where A is a finite set (an algebra with
no operations), or a finite dimensional vector space. In each case End A is the union of a
finite chain of ideals and the Rees quotients of successive ideals are completely O-simple.

In the abstract theory of semigroups, idempotents play a major role in structural inves-
tigations. It is therefore natural to attempt to describe the subsemigroup (E) generated by
the idempotents E. In particular, what is (E) where F is the set of idempotents of End A
for some algebra A? To make results easier to state we exclude the identity map from F
(hence from (E)). Howie [14] showed that if A is a finite set then (F) is the semigroup of
non-bijective mappings; the analogous statement for finite dimensional vector spaces over
a field was proved by Erdos [5]. An alternative proof of the latter was given by Dawlings[4],
and the result was generalised to finite dimensional vector spaces over division rings by
Laffey [16].
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More recently, Fountain and Lewin [10] showed that the results of Howie, Erdés, Dawl-
ings and Laffey are special cases of a more general theorem for independence algebras.
Independence algebras (also known as v*-algebras) are defined by two conditions; the first
says that the closure operator (_ ) satisfies the exchange property, the second requires that
independent sets be free generators. Sets and vector spaces are examples of independence
algebras. Any subset and, in particular, any subalgebra of an independence algebra A has
a well defined rank, namely, the cardinal of any maximal independent subset it contains.
We define the rank of a € End A to be the rank of Im a. If A has finite rank n then A is
the union of a finite chain of ideals with completely O-simple Rees quotients [11], and (E)
consists of all endomorphisms of rank strictly less than n [10].

The endomorphism monoid of an independence algebra is regular. But perhaps sur-
prisingly, regularity of End A is not necessary for the above results concerning (FE). For
example, Laffey [16] showed that if A is a free module of finite rank n over a Euclidean
domain, then (F) is the subsemigroup of endomorphisms of rank strictly less than n.

Basis algebras provide a class of algebras in which we attempt to put the results of Laffey,
and later work of Fountain [7] and Ruitenberg [18], into a more general setting. In a basis
algebra the closure operator PC (pure closure) satisfies the exchange property and directly
independent subsets (that is, subsets independent with respect to PC) are free generators.
Finitely generated free left modules over Bezout domains and and free left T-sets over
cancellative left Ore monoids are examples of basis algebras. Corresponding to the case of
independence algebras, rank is well defined for subsets, subalgebras and endomorphisms
of basis algebras, where now the rank of a subset is the cardinality of a maximal directly
independent set that it contains. In an earlier paper [9] we showed that if A is a basis
algebra of finite rank of a special kind we call stable, then End A is the union of a finite
chain of ideals with Rees quotients that are primitive abundant semigroups in which all
the non-zero idempotents are D-related. The latter have a structure analogous to that
of completely 0-simple semigroups, being isomorphic to a Rees matrix semigroup over a
cancellative monoid [6]. This structure allows us to give a number of equivalent sufficient
conditions for (E) to consist of all endomorphisms of rank strictly less than n. We conclude
the paper with a number of examples of basis algebras satisfying these conditions.

The structure of the paper is as follows. In Section 1 we give a brief resumé of the
concepts and definitions behind basis algebras. Section 2 gives some facts concerning
endomorphisms of basis algebras together with technical results needed for our result on
products of idempotents. Section 3 is devoted to proving the latter. In Section 4 we
illustrate the result with a number of examples.

Further details of the results we quote in Sections 1 and 2 may be found in the two
predecessors of this article [8, 9].

1. BASIS ALGEBRAS

By an algebra A we mean an algebra in the sense of universal algebra. For basic ideas
of universal algebra we refer the reader to [2], [12] or [17]. For convenience the symbols m
and n are always reserved for natural numbers.
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A constant in an algebra A is the image of a basic nullary operation. If A has any
constants, then (@) denotes the subalgebra generated by them, and (@) consists of those
elements a for which there is a unary term operation with unique value a (see, for example,
[12, p.40, Corollary 3]). If an algebra has no constants, then we make the convention that
() is a subalgebra so that in this case, ()) = (. We say that an algebra A is constant if
A = (D). All the algebras studied in this paper have the property that if the algebra has no
constants and more than one element, then none of the unary term operations are constant
functions.

We are concerned with algebras having two closure operators. One is the standard
subalgebra closure operator (_ ), the other is the operator PC.

For an element a of an algebra A and a subset X of A, we write a < X if

a € (D) or {a) N (X) # (D)
and we put
PC(X)={acA:a=< X}

The operator PC need not be a closure operator. Where it is, it is algebraic and the
closed subsets are subalgebras. We say that A is a weak exchange algebra if PC is a closure
operator satisfying the exchange property. The latter ensures that subsets of A have well
defined rank, where the rank of X is the cardinality of any maximum PC-independent
subset of X. We refer to PC-independent subsets as directly independent. Clearly, rank is
monotonic. We require the following result from [8], most of which is classical and can be
taken from [2].

Lemma 1.1. [8] Let X be a subset of a weak exchange algebra A. Then
(1) rank(X) = rank X = rank PC(X) < |X|;
(2) if X is finite and rank(X) = |X|, then X is directly independent.

A subset X of an algebra A is A-free if every function from X to A can be extended to
a morphism from (X) to A. An A-free subset X of A is a basis of A if X N () = () and
X generates A. A weak independence algebra A is a weak exchange algebra in which every
directly independent set is A-free.

We say that an algebra A is torsion-free if each unary term operation ¢ such that Im ¢
is not contained in the constant subalgebra, is injective. Notice that any constant algebra
is therefore torsion-free. It follows from the results of [8] that a basis of a torsion-free
weak independence algebra is exactly the same thing as a generating set that is directly
independent.

In a weak independence algebra A a pure subalgebra is a subalgebra that is PC-closed.
We remark that from Lemma 4.2 of [8], any subalgebra of A is a weak independence algebra.
From Corollary 1.12 of [8], if B and C' are subalgebras with B C C', B pure in C' and C
pure in A, then B is pure in A.

We are interested in weak independence algebras in which pure subalgebras have bases
which can be extended to bases of the parent algebra.

Lemma 1.2. [8] Let A be a torsion free weak independence algebra. If X is a basis for A
andY C X, then (Y) is pure.



A basis algebra A is a torsion free weak independence algebra which satisfies the following
condition:

(PEP) if P, @ are pure subalgebras in A with P C @, and X is a basis for P, then there
is a basis Y for @ with X C Y.

It follows from this definition that every pure subalgebra of a basis algebra has a basis,
and in particular, every basis algebra has a basis. Moreover, from Proposition 7.2 of [8],
every pure subalgebra of a basis algebra is itself a basis algebra.

Suppose now that A is a basis algebra, rank A = n and B is a pure subalgebra of A
with rank B = n. Since any basis of B can be extended to a basis of A, we must have that
A=B.

Finally we say that a basis algebra A is stable if every subalgebra of A having a generating
set of cardinality at most rank A has a basis.

The following result is a consequence of the monotonicity of rank.

Lemma 1.3. Let A be a stable basis algebra and let B be a pure subalgebra of A. Then B
15 a stable basis algebra.

Independence algebras are stable basis algebras. If R is a Bezout domain (that is, a
domain in which every finitely generated one sided ideal is principal), then a free left R-
module of finite rank is a stable basis algebra [8]. Our third canonical example of a stable
basis algebra is a free left T-act over a cancellative principal left ideal monoid 7. Further
details of these examples may be found in [8] and in the final section of this paper.

2. ENDOMORPHISMS OF BASIS ALGEBRAS

This section gives some necessary background material on the monoid of endomorphisms
of a stable basis algebra. We assume the reader to be familiar with elementary semigroup
theory, including Green’s relations #,.%, 7 and 9.

On a semigroup S, the relation Z* is defined by the rule that for any a,b € S, a Z*b
if and only if a Z b in some oversemigroup of S. Equivalently, a Z* b if and only if for all
z,y €S,

xa = ya if and only if xb = yb.
It is easy to see that if a, b are regular elements, then a Z b if and only if a Z* b. In general,
however, the relation &% is strictly contained in Z*. The relation .Z* is defined dually; we

put 7 = L*NZ* and D* = LV Z*.

Lemma 2.1. Let x,y be elements of a semigroup S such that xy is reqular. If xy Z* x,
then x is regular. Dually, if vy £* vy, then y is reqular.

Proof. Since zy is regular, xy = (xy)t(xy) for some ¢ € S. Suppose now that xy Z* .
Then, since 12y = (zyt)zy, we have 1z = (xyt)x so that x is regular. O

For the convenience of the reader we now give a number of results from [9].

Lemma 2.2. [9, Corollary 4.2] Let A be a basis algebra. Then for any o, 3 € End A,
aZ” B if and only if Kera = Ker 5.
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Lemma 2.3. [9, Corollary 4.6] Let A be a basis algebra. Then for any a, 3 € End A,

a L B if and only if PC(Ima) = PC(Im ).
Lemma 2.4. [9, Lemma 4.7] Let o € End A where A is a basis algebra. Then « is regular
if and only if Ima = PC(Im «).

Lemma 2.5. [9, Theorem 4.9] Let A be a stable basis algebra. Then every F*-class of
End A contains a reqular element. Consequently, * = %* o L* = L* o Z*.

We briefly consider certain ideals in End A where A is a stable basis algebra. First, for
a € End A, we define rank v = rank Im «v. From [9], we have the following easy but crucial
result.

Lemma 2.6. [9, Lemma 6.1] If o, 3 are endomorphisms of a stable basis algebra A, then
rank o < min{rank o, rank 5}.

Now for a non-negative integer m with m < rank A we define
Sm ={a € End A : ranka < m}.
It follows from Lemma 2.6 that S, is an ideal of End A.

Lemma 2.7. [9, Lemma 7.2] Let A be a basis algebra. Then Sy # 0 if and only if (0) # 0.
When So # 0, it is a left zero semigroup.

Lemma 2.8. [9, Proposition 7.3] For a positive integer m with m < rank A, the Rees
quotient semigroup Sy,/Sm-1 1S a primitive abundant semigroup in which all the non-
zero idempotents are P-related. Consequently, S,,/Sm—1 s isomorphic to a Rees matriz
semigroup MO(S; I, A; P) where S is a cancellative monoid, and each row and column of
P contains a unit of S.

In the above result, the set I indexes the Z*-classes of M? and the set A the #*-classes.
Together with Lemma 2.5 of [9] we deduce the following.

Corollary 2.9. Let A be a stable basis algebra. Then for any o, f € End A, if
rank o = rank § = rankaff =n
we have
aZ*afl L p.

By an endomorphism pair of a stable basis algebra A, we mean a pair (p, B) where B is
a pure subalgebra of A and p is a congruence on A such that A/p is isomorphic to B. For
such an endomorphism pair, we put

H{, 5y ={a €EndA: Kera =pand PC(Ima) = B}.
The following is a consequence of Lemmas 2.2 and 2.3 above.
Proposition 2.10. [9, Lemma 4.10] Let A be a stable basis algebra. Then the F*-classes
of End A are precisely the subsets of the form H(*p,B) where (p, B) is an endomorphism pair.
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For an algebra A and a subset H of A x A we denote by ((H)) the smallest congruence
on A containing H. If A is a stable basis algebra, we say that an endomorphism pair is
idempotent if the corresponding 7*-class contains an idempotent.

Proposition 2.11. Let A be a stable basis algebra of rank n where n > 2. Suppose that
{Z1,.. ., Y1, -, Yn—r} @5 a basis for A where 1 <r <n—1. Then

(107 B) = («(xla yl)a T (xla yn*?")»’ <x1a ) xT>)
18 an idempotent endomorphism pair.

Proof. Define a € End A by

oo = x; 1<t<r
yy = 11 1<j<n—r.
Clearly o = o? and Ima = (x4, ..., z,).
Certainly p C Ker a. To show the opposite inclusion, suppose that s, ¢ are terms and
S(T1y e Ty Yty ooy Yner) X = (T ooy Ty YLy e ey Yy )X

so that

(1, Ty, 1) =Xy, Ty T, L, X)),
We have

S(T1y oo Ty Yty oy Yney) PS(T1, o Ty Ty, X)) =

Hzy, ooy ey @y oo, 1) PLTL, o Ty Yty e ey Yner)

so that Ker a C p asrequired. The result now follows from Lemma 2.4 and Proposition 2.10.

0

For a basis algebra A, any subset has a well defined rank. Not every subalgebra need
have a basis, that is, a maximal directly independent generating set. However, for stable
basis algebras, every image of a morphism has a basis. This is part of the content of the
following technical result.

Lemma 2.12. Let A be a stable basis algebra of finite rank n and let o € End A with
rank « = m. Then there is a basis {x1, ..., x,} of A such that Im « has basis {z1c, . .., xat.

Proof. That Im « has a basis is Lemma 4.8 of [9]. Suppose that {z«,...z,a} is a ba-
sis of Ima. By Proposition 4.2 of [8], Z = {z,...,2,} is directly independent. Now
rank(Z) = rank PC(Z) = m, so that PC(Z) = (xy, ..., xy) for some directly independent

set {x1,...,2,} where {z1,...,2,} is a basis for A. We have
Ima = (zna,...,zna) = (Z)a CPC(Z)a
=(x1,...,Tm)a = (n1a,...,zha) C Ina
so that Ima = (x1a, ..., xpa). By Lemma 1.1, {x1a, ..., x,,a} is directly independent
and so it is a basis of Im a. ([l

We end this section with a proposition essentially taken from [6], which appears explicitly
in [7]. This result is crucial in simplifying our arguments in the next section.
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Proposition 2.13. [6] Let S be a semigroup in which every J€*-class contains a regular
element. Let e be an idempotent of S and let a be an element of the Z*-class of e. Let ¢, d
be reqular elements in the F€*-classes LN R and R;NL:. Then the function : HX — H}
given by b = cbd is a bijection.

3. THE CRITERIA

An immediate consequence of Lemma 2.4 is that for any idempotent ¢ € End A, where A
is a stable basis algebra, we have that Ime = PC(Ime). It follows that if ranke = rank A
is finite, then € = I4. With this in mind, and to fit in with established terminology, for a
stable basis algebra A of finite rank n we put

EA ={c =c? € End A : ranke < n},
andfor 1 <r<n—-1
EA  ={c=¢c*€End A :ranke =r}.

The aim of this section is to give a number of sufficient conditions on a stable basis algebra
A of rank n for the non-identity idempotents to generate S, 1, that is, for (E4) = S,,_;.
Notice that by Lemma 2.8, (E4) is a subsemigroup of S,,_;. If rank A = 0, then End A is
trivial. If rank A = 1, then by Lemma 2.7, Sy is either empty or is a left zero semigroup,
in which case E4 = Sy and certainly (E“) = Syp. We concentrate therefore on the case
where n > 2. The conditions we give on A are hereditary conditions, that is, they must
be satisfied by all pure subalgebras of A of rank at least 2. Recall that if B is a pure
subalgebra of A, then rank B < rank A and that if rank B = rank A, then A = B. Several
algebras are involved in the ensuing discussion, and so, for clarity, we write SZ for the
ideal of endomorphisms of rank no greater than r in End B.

Theorem 3.1. Let A be a stable basis algebra of rank n. Then the following conditions
are equivalent:

(1) (EB) = SE | for all integers m with 2 < m < n and all pure subalgebras B of A
with rank B = m;

(2) (EB) = SB | for all integers m with 2 < m < n and all pure subalgebras B of A
with rank B = m;

(3) (EB_ ) =8B for 1 <r <m—1 for all integers m with 2 < m < n and all pure
subalgebras B of A with rank B = m;

(4) for all integers m with 2 < m < n and every pure subalgebra B of A with rank B =
m, every € -class of End B contained in D}, | contains a reqular element that is
a product of idempotents (of rank m —1);

(5) for every pure subalgebra B of A with rank B > 2 and for any endomorphism
pair (p,C) of B, where rank C' = rank B — 1, there are a finite number of pure
subalgebras Cy,...,Cy of B and a finite number of congruences pi,...,pr on B
such that C = Cy,p = py and for alli,j with1 <i<k; 1 <j< k-1, (p;,C;) and
(pj, Cj1) are idempotent endomorphism pairs.
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Proof. Let B be any pure subalgebra of A. Since A is stable, it follows from by Lemma 1.3
that B is a stable basis algebra and we can therefore call upon the results of Section 2 for
End B.

That (3) implies (2) is clear; that (2) implies (1) is a consequence of SZ_; being an ideal
of End B. That (1) implies (2) is an easy consequence of the next lemma.

Lemma 3.2. Let B be a stable basis algebra of rank m with m > 2 and let « € End B
with 0 < ranka =r < m — 2. Then there exist 3,y € End B with rank § = ranky =7+ 1
such that o = (B~ and v is idempotent.

Proof. If ranka = 0 so that Ima = (), let {x1,...,2,,} be a basis for B and define
08,v € End B by

i i
xzﬂ:{xmlz m and xw:{xllz

x;o otherwise x;o0 otherwise.

Since 2 < m, it is clear that o = (v, that 3,7 have rank 1 and in this case, both g and ~
are idempotent.

If rankaw = 7 > 0, then by Lemma 2.12, there is a basis {z1,...,z,} for B such
{z10, ..., z,a}is abasis for Ima.. Let {y1,...,y,} beabasis for PC(Im «) where {y1,...,Ym}
is a basis for B. Define § € End B by

riao if 1 <i<r
T = e
Ypop if i =r+ 1.
Then
Imﬁ = <[L‘10[, sy T QG Yrg 1, Tpg2QY, . ,fL‘nOé> = <1710é, ceey TrQx, yr+1>
so that by Lemma 1.1, rank § < r+ 1. But Ima C Im ( so that PC(Im«a) C PC(Im ).
Hence

{yla sy Yry yr-i—l} g PC(IIH ﬁ)
so that
r + 1 < rank PC(Im ) = rank(Im ) = rank j3,

giving rank 3 = r + 1.
We now define v € End B by putting
Yi if1<e<r
Yy = Tpaifi=r+1
Yrro r4+2<e<m.
Then
Im’y = <y17 o Yry T @ yT+2> = <y17 e Yry yr+2>

so that rank~y = r 4+ 1.
We have

177"—1—15’7 = Yry17 = Trp1&x
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and for ¢ # r + 1,

T3y = 10y = 3501,
since ay = a for all @ € PC(Im«). Thus o« = 7. Since Im~y = (Y1, ..., Yr, Yri2), We see
that v is idempotent. 0

Now let a be any endomorphism of B of rank r with » < m. It follows from the lemma
that o can be written as a product of endomorphisms (of B) of rank m — 1. If we assume
condition (1), then each factor in this product can be written as a product of idempotent
endomorphisms. But by Lemma 2.6, each of these idempotents must have rank m — 1, and
hence a € (EFP). Thus (2) holds.

Our next aim is to show the equivalence of conditions (4) and (5).

Lemma 3.3. Let A be a stable basis algebra and let €1, . .., € be idempotents of finite rank
rin End A. If exe_1...€1 is reqular of rank r, then for i € {1,...,k — 1} both ey ...¢;
and €;,1€; are reqular of rank r.

Proof. From Lemma 2.8 we know that ¢ . ..¢; and €;,1¢; have rank r. From Corollary 2.9
we have that

.. . E1 B e K ey . . .5

so that by Lemma 2.1 we have that ¢4 . ..¢g; is regular. Again using Corollary 2.9 we have
that

€k...€i$*8i,§/ﬂ*8i+18i

and now Lemma 2.1 gives that ¢;,1¢; is regular. U

Lemma 3.4. Let A be a stable basis algebra and let oy, ..., ap € End A be reqular of finite
rank r such that the product ay, ...y is also reqular of rank r. Then

Keray...ap = Keray,

and

Imay...c0 =Imay.
Proof. From Corollary 2.9 we know that
arZ oy o0 Loy
so that by Lemmas 2.2 and 2.3 we have that
Keray = Keray, ... a7 and PC(Imay, ... ;) = PC(Im o).
But o ...a; and o4 are regular, so that by Lemma 2.4 we have

Imay...a0 =Imay.

We are now in a position to prove that (4) implies (5).
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Lemma 3.5. Let B be a stable basis algebra and let (p, C') be an endomorphism pair with
C of finite rank r. If H(*p,C) contains a reqular element which is a product of k idempotents

of rank r, then there are pure subalgebras Ci,...,Cy of B and congruences py,...,pr on
B with C = Cy, p = py, and such that for alli,j with 1 <i<kand1 <j<k—1, (p;,Ci)
and (pj, Cj11) are idempotent endomorphism pairs.

Proof. Let o € H(*p ) be regular such that o = ¢ ...¢1 is a product of k idempotents of

rank r. For 1 <1 < k put C; = Imeg; and p; = Kereg;, so that (p;, C;) is an idempotent
endomorphism pair. By Lemma 3.4 we have that
C=PC(Ima)=Ima =Imeg...e; =Ime; =
and
pr = Keregp, = Kerey...eq = Kera = p.
From Lemma 3.3, €j41¢; is regular of rank r, for 1 < j <k — 1. Since

Ejr1 X €j116; L €
and €;41,€;416; and €; are regular, the comments at the beginning of Section 2 give that

Ejir1Zej1E; L g
By a classical result of semigroup theory (see, for example, [15, Proposition 2.3.7]), we

have that R.. N L contains an idempotent 7;. Certainly then n; € R NL? We have

it i Ej+1°

Kern; = Kere; = pj,
and as €4 is regular,
PC(Imn;) = PC(Ime;iy) =Imej = Cjpy
so that H = H

(;.0521) a0d (pj, Cjy1) is an idempotent endomorphism pair. O

As a consequence of the following lemma we have that (5) implies (4).

Lemma 3.6. Let B be an stable basis algebra of rank m. Suppose that for any endomor-
phism pair (p, C') with rank C' = m — 1 there are pure subalgebras Cy,...,Cy of B and
congruences pi,...,pr with C' = Ci,p = pr and such that for all i,7 with 1 <1 < k and
1 <j<k-1, (p;,C;) and (pj,Cjs1) are idempotent endomorphism pairs. Then every
JC*-class contained in D}, _, contains a reqular element which is a product of idempotents.

Proof. Let (p,C) be an endomorphism pair with rankC' = m — 1. Let Cy,...,C} and

P1, .-, pr be chosen as in the statement of the lemma. For each i € {1,...,k} let ¢; =
e} € H, ¢, and for each j € {1,...,k — 1} let n; =77 € H{, ¢, Consider the product
Ek..-&1.

Since

Kern, = p; = Kerey
and
Imn, =Cs =Imey
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we have that
e L MAe.
By Proposition 2.3.7 of [15],
9 %8261 < 1.

Suppose we have shown inductively that
e He;...e1l¢e
for j € {1,...,k — 1}. By a now familiar argument we have
i1 LN Eej... €1
so that again by Proposition 2.3.7 of [15],
Ejp1#ejpr...e1L¢j...e1L¢€.

By finite induction we have
enHey...e1L¢.
In particular, a = ¢ ...¢e; is regular,
Ima=Ime; =C, =C
and
Kera =Kerey, =pr =p

so that « € H (*p’ B)- The result now follows from Proposition 2.10. 0

Our next goal is to show that the first two conditions are linked to the last two by
showing that conditions (2) and (4) are equivalent. One implication is easy, for if (2)
holds and B is a pure subalgebra of A with rank B > 2, then since B is an stable basis
algebra, Lemma 2.5 gives that every .7*-class of End B contains a regular element. Hence
condition (4) holds.

We now proceed to show the reverse implication, which requires some care. The crux of
the proof is in the following two lemmas.

Lemma 3.7. Let A be a stable basis algebra with basis {x1,xs} and define

(0, C) = (((z1, 22))), (x2))-
Then (p,C) is an idempotent endomorphism pair and every element of HEkp,C) s a product

of idempotents.

Proof. That (p,C) is an idempotent endomorphism pair follows from Lemma 2.11.
Suppose that a € H(*p,C)‘ Then
Ima = (10, 290) = (T200)
and
Ima C PC(Ima) = (xq).
Define €1,e9 € End A by
T1€1 = T2g2 = T
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and
T1E9 = ToQl, Tofoy = T.
Clearly, 2 = &, and @ye9 = w262, Now a9 = t(x5) for some term ¢, which gives that
T163 = (290)ey = L(1y)ey = t(1a8s) = t(12) = Ty = 716,
so that €2 = &5. Further,
T1E1€9 = T1E€9 = Tox = 11X

and

T9E1E9 = T1E9 = Tk
so that o« = e1¢e9. O
Lemma 3.8. Let B be a stable basis algebra with basis {x1,...,x,} where 2 < m and
define

(p’ O) = (<<("L‘17 x2)>>7 <"L‘2’ SR 7$m>)

Then (p,C) is an idempotent endomorphism pair and, if B satisfies condition (4), then
every element of H(*p,c) is a product of idempotents.

Proof. By Lemma 2.11, (p, C') is certainly an idempotent endomorphism pair.

If m = 2, the result is Lemma 3.7. Assume that 3 < m and that the lemma holds for all
stable basis algebras of rank m — 1.

By Lemmas 1.2 and 1.3, C is a pure subalgebra of B, and is a stable basis algebra.
Moreover, any pure subalgebra of C' is a pure subalgebra of B and thus C' satisfies con-
dition (4). Clearly, C' has rank m — 1 and so the induction hypothesis applies. Hence
there is an J#*-class H* of End C in D}, , containing an idempotent and such that every
element of H* is a product of idempotents. Now, applying Proposition 2.13 to End C' we
have that every element of D _, can be written in the form 30 for some 3 € H* and
regular elements 7,0 in D}, _,. Now [ is a product of idempotents, and by condition (4),
and ¢ can be chosen to be products of idempotents. Thus every element of D}, _, in End C
is a product of idempotents.

Let a € H(*p,C) so that

Ima = (rq, ..., r,0),
and as ranka =m — 1, {x2q, ..., x,,a} is a basis for Im . Now
Ima C PC(Ima) = (xa,...,2m).
Let 6 € End C be defined by

o = r300
f = xa 3<i<m.
Then
Im B = (2300, . .., Tpv)
so that rank 3 = m — 2, that is, 8 € D}, ,. Hence there are idempotents €,...,&; in

End C such that g =¢1...¢.
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Define ¢ € End B by

TiE, = 14
rie; = xjg; 2<j<m.
To see that each €] is idempotent, notice that for j € {2,..., m} we have z;&; = t;(x2,..., Ty)
for some term ¢;. Then
!/ / / / /
xieie; = (xjei)e; = tj(xa, ..., xm)e; = (X2, ..., Tpe)) =
/
ti(wogs, ..., Tme) = tj(xa, ..., Tm)e; = T8, = Xj€; = T;€;.

We define two further idempotents in End B, ¢ and n by putting

1P = T2 = T3
Tip = Ty 3<t<m
rn = i1
Tm = X 2< 1< m.

Clearly ¢ is idempotent and since Im7n C C' and 7 is the identity on C', n is also idempotent.
For i € {1,2} we have

$Z(p6/1 c. 6;67’] = I1n = T;C.
Let j € {3,...,m}. Then

TP ... e = TEL LN
But z; € C' and each ¢; maps C' into C'; moreover, the restriction of ¢} to C' is ¢;, and it
follows that

/ / . . . o
TjPE] ... €N = TjE1 ... ek = T 0N = T;0m = T

since 7 is the identity on C. Hence oo = e’ ...} as required.

O

If B is a stable basis algebra of finite rank m > 2 which satisfies condition (4), then it
follows from Lemma 3.8 and Proposition 2.13 (as in the above proof) that every element
of D, is a product of idempotents (of rank m — 1). It now follows from Lemma 3.2
that (EP) = S5 . We can now conclude that if A is a stable basis algebra which satisfies
condition (4), then condition (2) holds for A.

Finally we show that (3) is a consequence of the remaining conditions. Suppose that
condition (2) holds, let B be a pure subalgebra of A with rank m > 2 and consider an
FC*-class H* of End B consisting of endomorphisms of rank r, where 1 < r < m — 1.
By Lemma 2.5, H* contains a regular element, say «. By condition (2), we know that
a = & ...¢; for some idempotents ¢; of rank m — 1. We now call upon Lemma 1 of [13]
to write a as a product vy ..., of idempotents Z-related to a. But 2 C Z* so that the
idempotents v; have rank r and are thus in EZ .

In view of Proposition 2.13, to complete the proof that (3) holds it is enough to show
that every element of H (»,c) 18 a product of idempotents of rank r, where

(p’ O) = (<<(:L‘17y1)7 R (:Elvym—r)»v <ZL‘1, s 7$T>)
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and {z1,...,Zr,Y1,. .., Ym_r} is & basis for B. By Lemma 2.11 we know that (p, C') is an
idempotent endomorphism pair for B. Let § € H, (o o) Then

Imﬁ = <IL‘1ﬁ, s axrﬁaylﬁa s aym—rﬁ> = <IL‘1ﬁ, s axrﬁ>'

Put D = (z1,...,2,41). Then Im 3 C D and D is a pure subalgebra of A. Let v be the
restriction of 3 to D, so that v € End D. Now Im~ = Im (3 so that rank~y = r. We know
rank D = r + 1 so by (2) there are idempotents ¢; € End D such that v = &;...g; and
ranke; = r, for i € {1,...,k}. Extend each ¢; to an endomorphism &} of B by putting

xje, = xj6; for1<j<r

yie;, = e for1<j<m—n.
Now for any 7 € {1,...,k}, Ime] = Ime; and as ¢; is the restriction of €} to D, it follows
that each &} is idempotent and rank e, = ranke; = r. Further, for j € {1,...,r} we have

/ /I _ —
TjEY ... = Tj€1... €k = T = ;8
and for ¢ € {1,...,m —r} we have

YeEY . = y1E1Ey . € = Y1E182 .. € = Y17V = Y18 = Y.

It follows that 5 = &/ ...&} and consequently, (3) holds. O

4. EXAMPLES

In this section, we illustrate Theorem 3.1 and relate it to known results by considering
some specific examples of stable basis algebras.

4.1. Independence algebras. An independence algebra A of finite rank n is certainly a
stable basis algebra. It is known [10] (see also [1]) that every endomorphism of A of rank
strictly less than n is a product of idempotent endomorphisms. We can also obtain this
result by using Theorem 3.1 and a preliminary result of [10]. First, we recall that in this
case End A is regular, so that 7 = 5, etc. Now, by Corollary 2.4 of [10], every J#-class
contained in D,,_; contains an element which is a product of (at most 3) idempotents.
Since this is true for all n, it follows that condition (4) of Theorem 3.1 holds.

4.2. Modules. As remarked in the introduction, finitely generated free modules over Be-
zout domains are stable basis algebras, and so we can specialise Theorem 3.1 to this case.
For an endomorphism of a module, the kernel is a submodule, and specialising the notion
of endomorphism pair leads to that of a weakly complementary pair of finitely generated
pure submodules. Recall that a submodule N of a torsion-free R-module over an inte-
gral domain R is pure if whenever rm € N for some r € R,r # 0,m € M we have
m € N. Let R be a Bezout domain and F' be a finitely generated free module over R.
Let A, B be finitely generated pure submodules of F'. The pair (A, B) is complementary
if F = A+ B and AN B = 0 (this corresponds to an idempotent endomorphism pair);
it is weakly complementary if for some positive integer k there are finitely generated pure
submodules C1,...,Ck, Dy, ..., Dy with A= C}, B = Dy and such that the pairs (C;, D;)
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and (Cj41, D;) are complementary for ¢ = 1,...,k and j = 1,...,k — 1. Then the spe-
cialisation of Theorem 3.1 gives part of the main theorem of [18] which also provides two
further conditions equivalent to the others:

(6) every invertible 2 x 2 matriz over R is a product of elementary matrices;
(7) every invertible matriz over R is a product of elementary matrices.

In general, integral domains which satisfy (6) are called GFEs-rings in [3], and those
which satisfy (7) are called GE-rings. Here, GE stands for generalised Euclidean, and
as Ruitenberg [18] points out, it is well known that a matrix over a Euclidean domain
can be reduced to a diagonal matrix by elementary row and column operations so that
condition (7) holds for such a domain. Euclidean domains are certainly Bezout domains,
and so, for all n > 2, every n x n matrix over a Euclidean domain of rank at most n — 1 is
a product of idempotent matrices. This result was also proved by Laffey [16] who reduced
the problem to the case of 2 x 2 matrices. Using this reduction (or Ruitenberg’s result), an
alternative approach would be to verify condition (5) of Theorem 3.1 for n = 2 as described
below.

Let R be a (commutative) principal ideal domain. Clearly, the submodule ((a,b)) of
R? is pure if and only if a,b are coprime, and in this case we say that the pair (a,b)
is pure. Also, it is not difficult to see that the pure submodules ((a,b)),{(c,d)) form a
complementary pair if and only if the matrix

a c
b d
is invertible. Let (ay,b1), (as,bs) be pure pairs in R%. We say that there is a link from

(a1,b1) to (ag,by) if, for some positive integer k, there are pairs (¢;,d;), (e, fi) for i =
1,...,k such that (a1,by) = (c1,dy), (a2, b2) = (ex, fr) and the matrices

¢o€ Cit1 €
) % d 7+1 7
(di fi) - (djﬂ fj)
are invertible fort=1,...,kand j=1,...,k — 1.
We note that condition (5) for R? becomes:
(5) For any two pure pairs (a1, b;), (ag, by) in R?, there is a link from (ay,b1) to (ag, ba).
Suppose that there is a link as described above from (ay, by) to (az, b2). Then by reversing
the sequence of matrices and interchanging the columns in each matrix we see that there
is a link from (ag, by) to (a1, by).
Now suppose that there is a link from (a;,b;) to (agz,be) and a link from (ag,bs) to
(a3, bs). Say the pairs (¢;, d;) and (e;, f;) for i = 1,..., k give a link from (aq, by) to (ag, by),
and the pairs (r;,s;) and (¢;,u;) for j =1,..., h give a link from (ag, b2) to (as,bs). Then

the matrix
Ck €k
di  fr

is invertible and so there are elements x,y in R such that

xep +ydy = 1 = vey + y fr
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It is now easy to see that the sequences of pairs

(c1,dr), ..., (ck,di), (y, —x), (r1,81), ..., (Th, Sp) and
(61, fl), Cey (€k, fk), (Ck,dk), (tl,ul), ey (th,uh)

give a link from (aq,b;) to (as, b3).

Finally, observe that if the pairs (¢;,d;) and (e;, f;) for i = 1,...,k give a link from
(a1,b1) to (u,0) where u is a unit, then replacing (u,0) (that is, (e, fr)) by (1,0) gives a
link from (ay,b;) to (1,0).

These observations together show that condition (5') is equivalent to

(5”) For any pure pair (a,b) in R?, there is a link from (a, b) to (u,0) for some unit u.

Now suppose that R is a Euclidean domain with valuation ¢, and let (a,b) be a pure
pair in R?. If a = 0, then b must be a unit, and so taking (e, f1) = (1,0) gives a link from
(a,b) to (1,0). If a is a unit, then taking (eq, f1) = (0,1) gives a link from (a,b) to (0,1),
and hence this can be extended to give a link to (1,0).

Now let a be a nonzero non-unit so that d(a) > (1) and suppose inductively that for
all pure (¢, d) with §(c) < d(a), there is a link from (¢, d) to (u,0) for some unit w. It now
suffices to show that there are elements ¢, d, e, f in R with ¢ = 0 or 6(c) < d(a) such that

the matrices
a e c e
(b f) and (d f)

are invertible. Since a, b are coprime there are elements x,y in R with ax + by = 1. Since
a is not a unit, it cannot be a factor of y and so y = qa + r for some ¢, r with §(r) < d(a).
Put e = —r and f = = + bg so that af —be = 1. If e is a unit, put ¢ = 0,d = 1.
Otherwise, the same argument gives that ed — fc = 1 for some d,c € R with ¢ # 0 and
d(c) < 6(r)=4d(e) < d(a).

Thus the required elements exist.

Laffey [16] also raised the question of whether for all n, every n xn matrix of rank at most
n—1 over an arbitrary principal ideal domain R can be written as a product of idempotents.
The answer is no: in view of Ruitenberg’s result that (6) and (7) are equivalent to this
property, the question is equivalent to asking if all principal ideal domains are G Fs-rings.
In [3], Cohn shows that, among other examples, the ring of integers in Q(1/—19) is not a
G Es-ring.

4.3. Acts. Our third canonical example of a basis algebra is a free left T-set over a can-
cellative left Ore domain. We remark that if T" is a monoid in which every finitely generated
left ideal is principal, then T is certainly left Ore. For if s,¢ € T', then T'sUT't is principal,
whence Ts UTt =Tt or TsUTt =Ts. It follows that s = rt or t = rs for some r € T'.

Lemma 4.1. Let A be a free left T-act on a set X with | X| = n, where T is a cancellative
monoid in which every finitely generated left ideal is principal. Then A is an stable basis
algebra.
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Proof. We call upon the results of [8]. Since every finitely generated left ideal of T is
principal, it follows that T is left Ore. Certainly A is faithful as a left T-act, whence in the
notation of [8], "= T} = T;. From Corollary 5.6 and Lemma 7.1 of [8], together with the
fact A is relatively free with basis X, we have that A is a basis algebra. Now Proposition
7.5 of [8] gives that A is stable.

It is easy to see that the pure subalgebras of A all have the form

B=|]JTy

yey

where Y C X and any basis of B is of the form
{uyy:yeY}

where each u, is a unit of 7T'.

OJ

Theorem 4.2. Let A be a free left T-act on a set X with |X| =n > 2, where T is a
cancellative monoid in which every finitely generated left ideal is principal. Then every
endomorphism of A of rank less than n is a product of idempotent endomorphisms.

Proof. Let B be a free T-act on a set Y where 2 < |Y| = m. We show that every regular
element of End B of rank m — 1 is a product of idempotents. The required result then
follows from Proposition 2.5 and Theorem 3.1.

Let aw € D}, _; be regular. Then

Ima =PC(Ima) =C,
where rank C'=m — 1. Put Y = {41, ..., yn} and without loss of generality suppose that
C=Ty, U...UTyp,.

Now
Ima = (1, ..., Ym@) = Yo, .-+, Ym)
and it follows that for some i < j we must have
(yicv, yj0) = (Yai))
and for k € {1,...,m}\ {7},
(k) = (Yar))

a:{1,...,m}\{i,5} — {2,...,m}\ {a(d)}

where

is a bijection.
Again without loss of generality we may assume that
Yid = TYa(i), YjQ = SYa(i) and s = tr
for some r,s,t € T. Thus
Yo = SYa(i) = UYa(i) = Lyix
and further,
(Yic) = (Yai))-
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From the proof of Lemma 4.1 we deduce that r € G, where G is the group of units of T,
and for k € {1,...,n}\ {i,7},
YO = UgYa(k)

where each u; € G.
Define 3 € End B by

srly; if £ =3
Yol = :
Yo otherwise
so that 3 = 3.
Now consider the G-set D = Gy, U. .. Gy,,. From [11] we have that D is an independence
algebra. Define v € End D by
"oy if k=1
UkY = § Yaiy k=
UpYa(ky Otherwise.
Clearly ranky = m — 1. From Theorem 2.1 of [10] we know that End D has our desired
property, namely, v = ¢; ...¢, for some idempotents ¢; € End D. For each i € {1,...,p}
we define €, € End B by
ye: =ye; forally eY.
Since €] extends g;, it is clear that &} is idempotent for all i € {1,...,p}. We claim that
a=fe)...e,
Using the fact that each ; maps D to D, and is the restriction to D of &, we have for

ke{l,...,m}\{ij},
YkBE] - €y = YKE] - - Ep = YKEL - - - Ep = YKV = UkYa(k) = Ykt
and similarly,
YiBeL ... €y = Vi€l - €y = UiV = TYa(i) = YiCv.

Finally,
yiber. ey = (sr7yi)er ey = (sr7 ) (yiet - €y) = (sr7 ) (wi) = (577 ) (1Y) = $¥ati) = Y5
It follows that o = B¢} .. . €, completing the proof as required. O
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