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ABSTRACT

The stability of Alfvén discontinuities for the equations of ideal compressible magnetohydrody-
namics (MHD) is studied. The Alfvén discontinuity is a characteristic discontinuity for the hy-
perbolic system of MHD equations but, as in the case of shock waves, there is a mass flux through
its front. The Lopatinskii condition for a planar Alfvén discontinuity is tested numerically, and
the domain in the space of parameters of the discontinuity where it is unstable is determined.
In fact, in this domain the Alfvén discontinuity is not only unstable: the initial-boundary-value

problem for corresponding linearized equations is ill-posed in the sense of Hadamard.
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I Introduction

Alfvén (or rotational) discontinuities represent a particular type of discontinuous solutions of
the equations of the ideal compressible magnetohydrodynamics. They naturally arise when one
tries to construct steady solutions of the magnetohydrodynamic (MHD) equations [1]. Alfvén
discontinuities play an important role in solving the MHD Riemann problem and, as a conse-
quence, in numerical simulations of compressible MHD flows [2]-[4]. They are used to model
flows of astrophysical plasma and interpret observations of the behaviour of Earth’s magneto-
sphere and interplanetary medium [5]-[8]. The simplest MHD flows with an Alfvén discontinuity
are piecewise constant solutions of the MHD equations with a planar discontinuity surface. Such
solutions exist but if solutions that are close to them do not, then flows with planar Alfvén dis-
continuities are not physically realizable. In this paper we study the linear stability of a planar
Alfvén discontinuity. Earlier, the stability of incompressible Alfvén discontinuities had been
studied in Reference 9 where it had been shown that they are always stable. Several authors
(see Refs. 5 and 6 and the literature cited therein) studied interaction of an Alfvén discontinu-
ity in a compressible medium with incident Alfvén and magnetosonic waves of small amplitude.
However, their results cannot be interpreted in terms of the instability of the Alfvén discontinu-
ity. Wu [10] had performed one-dimensional numerical simulations of the evolution of an Alfvén
discontinuity in the framework of viscous and resistive magnetohydrodynamics and concluded
that the dissipation results in instability of the discontinuity. However, his interpretation of the
numerical results as an evidence for instability of Alfvén discontinuities in viscous and resistive
magnetohydrodynamics is not indisputable (see, e.g., Ref. 11). In any case, the results of Ref.
10 say nothing about the stability of an Alfvén discontinuity in the framework of ideal magne-
tohydrodynamics. As far as we know, the only paper that directly deals with the stability of
Alfvén discontinuities in compressible MHD flows is Reference 12, where an incorrect conclusion
about instability of Alfvén discontinuities in the limit of magnetically dominated flows had been

made.

In this paper, we re-examine the problem and show that for certain values of the parameters the
Alfvén discontinuity is unstable and that the growth rate of the instability can be arbitrarily
large, so that the initial-boundary-value problem for corresponding linearized equations is ill-
posed in the sense of Hadamard. This implies that in unstable region of the parameter space

Alfvén discontinuities as smooth surfaces cannot exist for any finite, however short, time interval.

We conclude this introduction with mathematical formulation of the problem. Throughout the

paper we set the vacuum magnetic permeability pg = 1. Equations of the magnetohydrodynam-



ics of an inviscid, compressible, perfectly conducting fluid can be written as

1 dp

i v = 1
pczdt—i-v v =0, (1)
dv h?
pdt—(h-V)h—l—V<p+2>—0, (2)
h; —V x (vxh)=0, (3)
V-h=0, (4)
ds

E—O. (5)

Here p = p(t,x) is the density, v = v(t,x) = (v1,v2,v3) the velocity, h = h(t,x) = (hq, ho, h3)
the magnetic field, p = p(¢,x) the pressure, s the entropy per unit mass, ¢t the time, x =
(w1, 22, 23) Cartesian coordinates, d/dt = 0; + v - V and ¢? = dp/dp is the square of the sound
speed. The equations (1)—(5) are supplemented by the equation of state of the fluid

p=p(p,s)- (6)

Note that Eq. (4) can be treated as an additional constraint on in initial data: if (4) is satisfied
initially at ¢ = 0, then, as a consequence of Eq. (3) it holds for all ¢ > 0. Therefore, from now

on, we drop Eq. (4).

Let T'(t) be a smooth surface of strong discontinuity for solutions of Egs. (1)-(5). We assume

that it can be described by the equation

x1 = f(t,x2,23). (7)
Let
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be the unit normal to I, v, = v -n, h, =v-n, [g] = g* — g~ denote the jump of g across the

discontinuity surface (¢g& = 9l(w1—f(t,wa,23))—+0), and let

: Je
J=pP|Vn—
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be the mass flux across the discontinuity. Note that the conservation of mass and the law that

the magnetic flux through an arbitrary closed surface is zero (the absence of magnetic charges)

imply that (see, e.g., Reference 2)
[7]]=0, [hn]=0. (8)

There are four types of MHD discontinuities (see, e.g., References 2 and 3): MHD shock waves
([7] # 0, [p] # 0), tangential discontinuities or current-vortex sheets (j = 0, hy, = 0), contact



discontinuities (j = 0, hy, # 0) and Alfvén (or rotational) discontinuities (j # 0, [p] = 0).
Discontinuities of the last three types are characteristic, i.e. the corresponding discontinuity

surfaces are the characteristic surfaces of Eqs. (1)—(5).

In this paper we are interested in Alfvén discontinuities. The jump conditions for an Alfvén

discontinuity are (see Reference 1)

[Pl =0, [s]=0, [ha]=0, [j]=0,

h?] =0, [v - ;ﬁ} =0, j=hn/p (9)
Note that h, # 0 if j # 0. The condition [p] = 0 automatically follows from the first two
conditions in (9). Thus, in Alfvén discontinuity, all thermodynamic quantities are continuous at
the discontinuity surface. The normal magnetic field and the normal velocity are also continuous.
The direction of the magnetic field vector has a jump at I'(¢), while its magnitude remains

unchanged, i.e. the magnetic field vector rotates about the normal to the discontinuity surface.

The basic state whose stability is investigated is the simplest piecewise constant solution of Egs.

(1)—(5) given by

V*t, x>0 H", ;>0

P = Po, § =S80, P =DPo, v=V= ) h=H= . (10)
V=, 21<0 H, <0

The discontinuity surface is the plane z; = 0, and the solution represents a planar Alfvén

discontinuity in the reference frame moving with the front. The jump conditions (9) imply that

H|] =0 vi—H—1i H2 L H2 =0, |Vhs— 23| — 11
[1]_71_\/[)—()’[2—}_3]_» 2,3 \//TO_ ()

The problem considered in the rest of the paper is the stability of the discontinuous MHD flow
given by Eq. (10).

II Stability analysis

A. Linearized problem. Let 1 = f(t,z2,23) be the equation of the perturbed discontinuity
surface, and let v, h, p and § be the perturbations of the corresponding quantities. Assuming

that the perturbations are small, we linearize Eqs. (1)—(5). As a result, we have

P+ V-Vp+pocd Vv =0,

po (Vi + (V- V)¥) = (H-V)h+V (5+H-h) =0,

b+ (V-V)h— (H-V)¥+HV ¥ =0,

5+V-Vs=0 for xRy (12)



Here Ri (R?) is the half space bounded by the plane z; = 0 and corresponding to positive

(negative) z;. Since the equation for h implies that
(V-h),+V- (V(v-ﬁ)) —0,

the condition V - h = 0 is treated as a restriction on the initial data for h. Linearization of the
[h1] = [H2]Oo f + [H3]0sf, [H-h] =0,

2 z Hj ;

O f + <V3 - ) 03f,

) o
>] =0 at x1=0. (13)
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jump conditions (9) yields
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Note that the entropy perturbation 5(t,x) is a solution of a separate problem

5E4+VE.VEt =0 for xeRy,

and cannot result in instability. Therefore, in what follows, we let
5(t,x) = 0.

On applying the Galilean transformation
H,
t'=t 2=z, zH)=x9— <‘/2—
to Egs. (12) and (13) and introducing the dimensionless quantities
/ ~ < fl r
D=y p=L v=X n- Cr=1
L pocy co c0~/Po L

we rewrite the linearized equations and boundary conditions in the form

p+H-Vp+V.-v=0,
vt+(PI-V)(v—h)+V<p+ﬂ-h):0,

hy—(H-V)(v—h)+HV -v=0 for xeR3,
[H-h] =0,

[h1] = [H2)02f + [H3)05 f,
ft:vl—hl—l-fflg, 1)273—}12734-}}273%} =0 at x1=0.

and
[p] =0,

Here H = H/co\/po.

(14)

(15)



B. Reduced problem. Equations (14) and boundary conditions (15) represent the hyperbolic
system of linear first-order equations for seven unknowns p, v, h with characteristic boundary.
Following Reference 12, we reduce this system to a hyperbolic problem with non-characteristic

boundary which does not involve the front perturbation f. Let

Then, it follows from Eqs. (14) that p, r and w satisfy the equations

pr+V-w=0,
r—H-V)H-w)+H2V.w =0,
w,+2(H-V)w—H(H-Vp)+V(p+r) =0. (17)

The boundary conditions for p, r and w, obtained from Eqs. (15), are
=0, []=0, {w—fﬂ]zo at 1 =0. (18)

It is clear that if the reduced problem has an exponentially growing (with time) solution, then
so does the original problem, and this implies that the basic state is unstable. On the other
hand, it can be shown that if the reduced problem has no exponentially growing solutions, then
the basic state is stable [13]. Keeping this in mind, below we focus on the normal mode analysis
of the reduced problem (17)—(18).

It is convenient to introduce the dimensionless parameter

1 poch

B= - =
H]2 o HP

and re-scale the dependent and independent variables as follows
t—BY2%, w— VW, - g7

Also, let 6 be the angle that the magnetic field makes with the normal to the front and ¢ the
angle of rotation of the magnetic field across the front of the Alfvén discontinuity, and let a™T,

b*, c* be the orthogonal basis vectors in R, given by

a™ = (cos#,sin @ cos ¢, sin § sin ¢), a~ = (cosb,sinb,0),
b" = (—sinf,cosf cosp,cosfsing), b~ = (—sinb,cosfh,0),

ct = (0, —sin ¢, cos ¢), c =(0,0,1).



Note that a* and a~ are parallel to HY and H™~ respectively (see Fig. 1). Then w* can be

written as

wt = wia® + wbibjE +wict,

and the reduced system becomes

pt+a-Vw, +b-Vw, +c-Vw, =0,

e +b-Vwy+c-Vw. =0,

Wat +2a-Vw, + (—1)a-Vp+a-Vr =0,
wpt + 2a- Vwy + b - Vp+b - Vr =0,

we +2a-Vuwe+Bc-Vp+c-Vr=0 in RY;

=0, []=0, Kwa—Zg)aerbquwcc =0 at z;=0, (19)

or, in matrix form,
3

U+ ) AU, =0 in R, (20)
k=1
where U = (p, r, wg, wp, w,) and
0 0 ar bp ¢
0 0 0 b, ¢k
Av=| (B-Dax ar 2a;, 0 0 |. (21)

Bby bp 0 2a, O
ﬁck Cj 0 0 2ak

Boundary conditions (18) can be written as

Ut =BU" at z;=0, (22)
where
1 0 0 0 0
0 1 0 0 0
—(at.a— _ _ _
B=| =exa) o (at.a”) (at-b7) (at-c)
+.a~ — —_ _
ETaZ) g (bt-a") (bT-b7) (bt-c7)
ct.a~ — — —_
~a) g (¢tra) (ctbT) (¢t-c)

C. Normal mode analysis. We seek solutions of the reduced problem in the form of normal

modes
UteklotATaitilax) 20 0
U= ’ '
{ U eklottA~ati(ax) 4 <



Here k is a positive real constant (the magnitude of the wave vector in the plane parallel to the
front of the discontinuity), q = (0, cos ), sin 1)) (¢ is the angle between the wave vector and the

79 axis), AT are constants satisfying the conditions
Re(AT) <0 and Re(A7) >0, if Re(o)>0. (23)
Substituting these in Eqgs. (20), we obtain
ATUf =0, A"U; =0,

where
AT =0T+ XFAT +i (cos YAF + sin wA3i) . (24)

These linear systems have nontrivial solutions if
det AT = 0, det A= =o0.
Hence, we obtain the dispersion relations for A and \~:
Fr(\t,0)=0, F (\",0)=0.

where

FEOF,0) = K {Bo iy [1 = )] + (K)? [1 = (W5)? + (K7)?] }
are polynomials of degree 5 in A*. Here

Kf =0+ N* Kf=o0+2N%
Nt =X"cos +isinfcos(¢p —1p), N~ =\ cosf +isinfcos.

It can be shown using Hersh’s lemma [14] that if Re(o) > 0, both polynomials have 4 roots with
Re(A*) < 0 and 1 root with Re(A) > 0 (see Appendix). If these roots are simple, we have
four linearly independent solutions of the equation A+U6r = 0 and one solution of the equation
A_Ug = 0, satisfying condition (23). Let )\,j (k=1,2,3,4) and A\~ be the roots corresponding

to these solutions and let

4 . )
- { Z CkUz-ek(UtJr)\;:lerl(q-x))’ 21 >0
- kzl )

C5Ij—ek(at+>\’x1+i(q~x))’ 21 <0
where C1, ..., Cs are arbitrary constants. Substituting this in the boundary condition, we obtain
the linear system for C1,...,C5
QRC =0,



where
Q:(fjf Uy U U _Bﬂ—),

and C = (C1, Cy, C3,Cy4, Cs). (Here the superscript ¢ denotes transposition.)

The existence of nontrivial solutions requires that

L(0,53,0,¢,¢) = det @ = 0. (25)

L(o,[3,0,¢,1) is called the Lopatinskii determinant [15]. For given 3, 6, ¢ and v, equation (25)
is an algebraic equation for ¢. If for given values of 8, 8 and ¢ which characterize the Alfvén

discontinuity, there is ¢ (1) € (—m,w]) such that

Re{c(3,0,¢,4)} >0,

then the corresponding Alfvén discontinuity is unstable, moreover, the growth rate can be ar-
bitrarily large (recall that the growth rate is ko with arbitrary positive k), i.e. the linearised

problem is ill-posed in the sense of Hadamard.

In general, it is impossible to find zeros of the Lopatiskii determinant analytically. Therefore,
we did this numerically using MATLAB.

D. Numerical results. To find zeros of L(o) for fixed 3, # and ¢, we employed the secant
method. It turned out that unstable modes (Reo > 0) exist for certain values of 6 and ¢ and
all finite values of 3. Typically, an unstable mode corresponds to a narrow interval in 1 (recall
that v is the angle between the positive direction of the z9 axis and the direction of the wave

vector in the xo-z3 plane). Typical curves of n = Re(o) versus ¢ are shown in Fig. 2.

Once we have found unstable modes, we wanted to compute the instability domain in the plane

of parameters € and ¢. To do this, we first fixed some values of 8 and 6 and computed
m(8,0,0) = max Re{o(8,0, 1)}

for various values of ¢ € [0,7]. Typical curves of 1, versus ¢ are shown in Figure 3.

We then used linear interpolation to find ¢* at which 7,, vanishes, this gave us the boundary
of the interval of instability in ¢. Then we varied 8 and 6 and repeated the whole procedure
again, and so on. The resulting instability domains in the ¢-0 plane for some values of § are
shown in Figure 4. For each curve in Figure 4, the unstable region is above the curve. One can

see that the Alfvén discontinuity is unstable in a wide range of values of i as § — 7/2. When



0 decreases from /2, the interval of values of ¢ for which the Alfvén discontinuity is unstable
shrinks. At certain §# = 6*, this interval degenerates to a point, and there is no instability for

0 < 6 < 6*. For each fixed value of 3, the maximum growth rate is attained when 6 — 7 /2.

When for given 6 and ¢ we vary 3 from 0 to oo, the growth rate increases form zero, attains its
maximum value at some = §* and then decreases monotonically to zero as 3 — oo. Typical
curves for some fixed 0, ¢ and v are shown in Fig. 5. Note that § = oo corresponds to the
incompressible fluid. It is well-known [9] and can be shown independently by the energy method
that incompressible Alfvén discontinuities are always stable, which agrees with our numerical
results. In Reference 12, the Lopatinskii determinant for the reduced problem had been analyzed
in the limit case of magnetically dominated flows (5 — 0) and its zero had been found. It can be
shown however that the root of the Lopatinskii determinant found in Reference 12 corresponds to
a double root of the dispersion relation for AT and is therefore a fictitious zero of the Lopatinskii

determinant.

As was mentioned above, the maximum growth rate corresponds to the limit as § — 7/2. Note
that the limit case # = m/2 corresponds to a particular case of a tangential discontinuity. Our
results suggest that this tangential discontinuity (that can be treated as the degenerate case of

Alfvén discontinuity) is unstable in the class of flows with Alfvén discontinuities.

ITT Conclusion

We have studied the stability of the planar Alfvén discontinuity to small perturbations and have
shown that, for certain values of the angle # that the magnetic field makes with the normal to
the front and the angle ¢ of rotation of the magnetic field across the front, the planar Alfvén
discontinuity is unstable. Moreover, the growth rate can be made arbitrarily large, and this
means that the corresponding linearized initial-boundary-value problem is ill-posed in the sense
of Hadamard. This means that the corresponding Alfvén discontinuity cannot exist for any
finite, however short, time interval. We have determined numerically the instability domain in
the space of the parameters of the Alfvén discontinuity. We should point out here that, although
we did not find unstable modes outside the instability domain described above (and we believe
that the Alfvén discontinuity is stable there), we did not formally prove the stability of the

Alfvén discontinuity outside this instability domain.

We have found that the maximum growth rate corresponds to the limit case § — /2. In this

limit, the Alfvén discontinuity degenerates into a tangential discontinuity. Our results show that

10



this tangential discontinuity is unstable to perturbations which belong to the class of flows with

Alfvén discontinuities.

It is unclear at the moment whether such a strong instability as described in this paper can be
suppressed by the effects of viscosity and/or resistivity or by the Hall effect. Although there are
examples which show the existence of viscous, resistive analogues of Alfvén discontinuities [16]
and the possibility of regularization of Alfvén discontinuities in the Hall magnetohydrodynamics
[17], nothing is known about the stability of these regularized solutions. One can speculate that
for sufficiently small viscosity and resistivity or sufficiently weak Hall effect, the instability found

in this paper would persist, but this is a problem for a further investigation.
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Appendix: Hersh’s lemma and the roots of polynomials F*

Here we show that polynomials F'* have exactly 4 roots with Re(A*) < 0 and 1 root with
Re(A*) > 0 provided that
Re(o) > 0. (26)

First we note that matrices Ali are non-singular. Then we define matrices M* by the formulas:
M* = (AF) 7 (o] +i (cos AT + sinypAF)) .

It follows from Eq. (24) and the definition of F£ (F* = det A%) that if u* are eigenvalues of
M®, then \* = —u* are roots of F¥. Hence, all we need to show is that, under the condition
(26), both M* and M~ have four eigenvalues with positive real part and one eigenvalue with

negative real part.

Hersh’s lemma [14] can be formulated as follows: let By, B2 and Bs be real (n x n) matrices
and let By be non-singular with k positive and (n — k) negative eigenvalues. If for arbitrary real
&1, & and &3 the matriz §1B1 + &2Ba + £3B3 has only real eigenvalues, then for all o satifying
(26) and all real 2, 13 the matriz

M (o,m2,m3) = By" (0 + i(n2B2 + n3Bs))

has k eigenvalues with positive real part and (n — k) with negative real part.

11



It follows from Hersh’s lemma that the required property holds provided that (i) for arbitrary
real £1, & and &3 the matrices G = §1A1i + {2142i + £3A§ have only real eigenvalues and (ii)
both A and A] have four eigenvalues with positive real part and one eigenvalue with negative
real part. Note that condition (i) is exactly the hyperbolicity condition for system (20). Below

we drop the superscripts “+” and “-” to simplify the notation. We have

0 0 & & &
0 0 0 & &
G=| B-1)& & 26 0 0 |,
B & 0 2, 0
BEe & 0 0 26

where §, =€-a,&§ =€ -b, =& -cand & = (&,&,&3). Eigenvalues of G are

%er Lok \204 )@+ E+ED)12VD, Lt 5\20+0)(E +88+ED) 2D,

where
D= (B +1)(& + & + )" +20((& + )" = &)-
These eigenvalues are all real if D > 0 and (1+ 3)(£2 4+ €2 +€2) — /D > 0, and it can be shown

that the last two inequalities are satisfied for all real &,, & and &, and all positive (.

Eigenvalues of Af and A} are the same and given by

2cos4, cos@:l:%\/Z(l +8) + 2/ (1 + )2 — 43 cos2 6, cos@:l:%\/2(1 +6) = 2/(1+ )2 — 483 cos?h.

It is not difficult to show that for arbitrary 5 > 0 and 6 € (0,7/2) all these eigenvalues are
real, four of them being positive and one, namely, cosf — %\/2(1 + 8) +2/(1 + B)2 — 43 cos? 0,

negative. This concludes the proof.

12
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Figure captions

Figure 1.

Figure 2.

Figure 3.

Figure 4.

Figure 5.

Schematic diagram of the planar Alfvén discontinuity.
Typical graphs of Re(o) as function of .

Nm = mgx Re(o) as function of ¢.

Instability domain in ¢-6 plane.

Re(o) as function of 3'/2 for ¢ =, ¢ = .
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Figure 1: Schematic diagram of the planar Alfvén discontinuity.
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Figure 2: Typical graphs of Re(o) as function of .
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