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Abstract

We revisit the study in [15] where an energy a priori estimate for the linearized free boundary
value problem for planar current-vortex sheets in ideal incompressible magnetohydrodynamics was
proved for a part of the whole stability domain found a long time ago in [14, 1]. In this paper we derive
an a priori estimate in the whole stability domain. The crucial point in deriving this estimate is the
construction of a symbolic symmetrizer for a nonstandard elliptic problem for the small perturbation
of total pressure. This symmetrizer is an analogue of Kreiss’ type symmetrizers. As in hyperbolic
theory, the failure of the uniform Lopatinski condition, i.e., the fact that current-vortex sheets are
only weakly (neutrally) stable yields losses of derivatives in the energy estimate. The result of this
paper is a necessary step to prove the local-in-time existence of stable nonplanar incompressible

current-vortex sheets by a suitable Nash-Moser type iteration scheme.

1 Introduction

We consider the equations of ideal incompressible magnetohydrodynamics (MHD), i.e., the equations
governing the motion of a perfectly conducting inviscid incompressible plasma. In the case of homogeneous

plasma (the density p(¢,x) = const > 0) these equations in a dimensionless form are

v+ (v,V)v—(H,VVH+V¢g=0,

OH+ (v,V)H—- (H,V)v=0, (1)

divv=0.
where v = v(t,x) = (v1,v2,v3) denotes plasma velocity, H = H(t,x) = (H;, Ho, H3) magnetic field (in
Alfvén velocity units), ¢ = p + |H|?/2 total pressure, and p = p(t,x) pressure (divided by p). Hereafter
we forget about the explicit form for the total pressure and work in terms of the unknowns U = (v, H)

and ¢. System (1) is supplemented by the divergent constraint

divH =0 (2)
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on the initial data Uj,—o = Uy for the Cauchy problem in the whole space R3.

We are interested in weak solutions of (1) that are smooth on either side of a smooth hypersurface
I(t) = {z1 — f(t,x') = 0} in [0,T] x R3, where x’ = (w3, z3) (for technical simplicity we suppose that
the density is the same constant on either side of I'). Such weak solutions should satisfy jump conditions
at each point of I'. If T is a tangential discontinuity [7], i.e., the plasma does not flow through the
discontinuity and the magnetic field on I' is tangent to I', then the general jump conditions for system
(1) take the form

Of =vi, HE=0, [g=0 on D). (3)

Here vy = (v,N) and Hy = (H,N) are normal components of the velocity and the magnetic field,
N = (1,-04,f, =0, f) is a normal vector to I', and [g] = g"lt — gjr denotes the jump of a function
g, with g% := g in Q*(t) = {&; = f(t,x')}. The tangential components of both the velocity and the
magnetic field may undergo any jump. A tangential MHD discontinuity is usually called a current-vortex
sheet [1, 12]. A current-vortex sheet has vorticity and current (curlv and curl H) concentrated along its
surface.

As was shown in [15], the divergent constraint (2) as well as the boundary conditions
Hf =0, Hy=0 on I(t) (4)
should be regarded as the restrictions only on the initial data
U*(0,x) = U5 (x), xe€Q50),  f(0,xX)=fo(x), x €R? (5)

i.e., they are automatically satisfied for all ¢ > 0 if they were satisfied at £ = 0. Our final goal is to find
conditions on the initial data (5) providing the existence of current-vortex sheet solutions to the MHD
system, i.e., the existence of a solution (U¥, f) of the free boundary value problem (1), (3), (5), where
U® := U in Q%(¢). Note that the total pressure ¢ is an “elliptic’ unknown defined up to an arbitrary
constant.

Recently the local-in-time existence of current-vortex sheet solutions of the equations of ideal com-
pressible MHD was proved in [18] provided that a stability condition [16] is satisfied at each point of
the initial (nonplanar) discontinuity. This stability condition found in [16] by constructing a dissipative
symmetrizer [17] is only sufficient for the weak stability of planar compressible current-vortex sheets and
a corresponding necessary and sufficient condition is still unknown (and it cannot be found analytically).

A great advantage of the situation with incompressible planar current-vortex sheets is that one can
analytically find a necessary and sufficient stability condition for them. This was done a long time ago
by Syrovatskij [14] and Axford [1] (and for the 2D case by Michael [12]) by the normal modes analysis.
This condition reads [14, 1] (see also [7])

V]I* <2 {|H"]* + H "}, (6)
[H* x V]| + [H™ x [v]]* <2[H" xH |, (7)

with [v] = vt — v, vE = (0,05, vF), and HE = (0, H, HY). All the values in (6), (7) are constants
describing a piecewise constant solution of (1), (3), i.e., an unperturbed flow with a planar current-vortex

sheet. Without loss of generality the planar discontinuity is given by the equation z1 = 0.



The case when we have equality in (7) corresponds to transition to wiolent instability (ill-posedness
of the linearized problem). We exclude this critical case from the consideration and assume that we have

strict inequality in (7):

[HY x [v]] + [H™ x [v]]* < 2[H" x H|*. 8)

The transition to violent instability includes, in particular, the case HY x H~ = 0. That is, inequality
(8) implies the condition

1} Hy — H{Hy 0. o)

Observe that if HY = H~ = 0 we have a planar incompressible vortex sheet, which is always violently

unstable. At last, it is worth to note that inequality (6) is redundant since it can be shown to follow
from (8) (actually, inequality (6) is the 2D stability condition [12], i.e., the stability condition for the case
vE = (0,0,v5) and H* = (0,0, Hy)).

The stability condition (8) is always satisfied for current sheets, i.e., for the case [v'] = 0 if (9) holds.
If [v'] # 0 inequality (8) is rewritten as

V2 [H [ [H' | [sin(p" —¢7))|
\/\H"“Psin2 ot 4 |H'~|2sin? o

VI < ; (10)

where F—
N _ o+ - it o+ o+ I+ + gt ,:I:_([V]vH)
[V]—V v ’ v _(’U2a03)’ H _(H27H3)’ CoOs ™ = / 14"
|[v/]] H=|
If we introduce the dimensionless parameters
|[v'] [ sin® p* |[V/]]? sin® o~

and y =

)

T HPsin’ (gt —p) [H*2sin?(pF — o)

then in the zy-plane inequality (10) determines the domain
T={2>0,y>0, z+y<2}

(interior of a triangle). In [15] an a priori estimate for the linearized problem was proved by the energy

method exactly for a half of the domain 7, namely, for the parameter domain
S={z>0, y>0, max{z,y} <1}

(interior of the square inscribed in the above triangle). Note that the crucial role in the energy method
in [15] is played by an “incompressible” analogue of the dissipative symmetrizer [17] proposed in [16]
for compressible current-vortex sheets. Moreover, in the incompressibility limit the sufficient stability
condition from [16] describes exactly the domain S.

In this paper, our main goal is to derive an energy a priori estimate for planar incompressible current-
vortex sheets for the whole stability domain 7, more precisely, for the range of the parameters v2i, vgt,
Hzi, Héﬁ satisfying condition (8). For this purpose, from the constant coefficients linearized problem
we obtain a nonstandard elliptic problem for the small perturbation of ¢ (denoted again by ¢). In fact,
a reduced problem for an auxiliary unknown ¢ is a boundary value problem for the Laplace equation

Ag = 0 with nonstandard boundary conditions at 21 = 0 (these boundary conditions differ from those of



diffraction problems [6]). Being formally elliptic this problem keeps an information about the evolutional
character of the original problem by means of the boundary conditions. Then, we construct a symbolic
symmetrizer for the Fourier transform of the problem for ¢.

Unlike Kreiss’ symmetrizers [5, 10] for hyperbolic problems, our symmetrizer gives us only an L?
estimate of the trace of unknown (in our case V¢, —¢) but not an interior L? estimate (of V¢). That
is, this symmetrizer is, roughly speaking, a kind of “elliptically degenerate Kreiss’ symmetrizer.” On the
other hand, our symmetrizer is also degenerate in the another sense because it is like a degenerate Kreiss’
symmetrizer constructed by Coulombel and Secchi [3] for the linearized problem for 2D compressible
vortex sheets. Since planar incompressible current-vortex sheets are only weakly (neutrally) stable, i.e.,
the uniform Lopatinski condition is violated for the linearized problem, as in [3], we have to consider
separately the case of boundary points of the hemisphere of “frequencies.” Surprisingly, our construction
of an “elliptic” symmetrizer is internally similar to that of Coulombel and Secchi of “hyperbolic” (Kreiss’)
symmetrizer. It is even much simpler than the construction in [3] because in our case the matrix of the
ODE system for the Fourier transform has no poles and is always diagonalizable.

The failure of the uniform Lopatinski condition yields a loss of derivatives with respect to the source
terms in the estimate for Vgq|,,—o. Unlike [15], we consider the case of zero initial data for the linearized
problem but introduce source terms to make the interior equations and the boundary conditions inho-
mogeneous because this is needed to attack the nonlinear problem. The assumption that the initial data
are zero is usual and we postpone the case of non-zero initial data to the nonlinear analysis (construction
of a so-called approximate solution, etc., see [4, 18]). It should be noted that we have to introduce a
source term also in the incompressibility condition because in the future nonlinear analysis we intend to
go outside the class of divergence free velocity fields while using the Nash-Moser technique. Motivated
however by a special form of accumulated errors of the Nash-Moser type iteration scheme for our prob-
lem we consider this source term in a divergence form subordinated to corresponding source terms in the
boundary conditions.

Having in hand the L? estimate of the trace Vq|z,—0 and returning to the original linearized problem
for the small perturbation of U (denoted again by U), we get an L? estimate of the trace Uj;,—0 and
an H' estimate of the front perturbation. As for shock waves [2, 9, 11, 17] and compressible vortex and
current-vortex sheets [3, 4, 15, 18], for our problem under assumption (9) the symbol associated to the
front is elliptic, and this enables us to gain one derivative for the front perturbation. With the estimate
for the front perturbation we close the L? estimate for V¢ and then easily get an interior L? estimate of
U.

In this paper, unlike the study in [15], we restrict ourself to the case of constant coefficients of the
linearized problem. The variable coefficients and nonlinear analysis is postponed to the future. As in
[3], we intend to derive an energy estimate for the variable coefficients linearized problem for nonplanar
discontinuities using paradifferential calculus with a parameter (see references in [3]). The local-in-time
existence of solutions to problem (1), (3), (5) is planned to be proved by a suitable Nash-Moser type
iteration scheme, provided that the initial data (5) satisfy the stability condition (8) at each point of
the initial discontinuity (together with all the other necessary conditions, e.g., compatibility conditions).

Since the success of the Nash-Moser technique mainly depends on the possibility to derive a tame estimate



in the Sobolev space H™, where m is arbitrarily large (see [3, 18] and references therein), in this paper
we prove also higher order estimates for the linearized problem.

In [15], as for compressible current-vortex sheets [16, 18], higher order estimates were derived in
the anisotropic weighted Sobolev spaces HI™ (see [13] and references therein). Indeed, at first sight
incompressible current-vortex sheets are like characteristic discontinuities for hyperbolic conservation
laws that implies a loss of control on derivatives in the normal direction. Nevertheless, we manage to
improve the result in [15] and derive higher order estimates in usual Sobolev spaces. This is achieved
by using a big advantage of incompressible MHD that enables us to estimate missing normal derivatives
through a current-vorticity-type linearized system.

We now describe the content of the rest of the paper. In Section 2 we write down the constant
coefficients linearized problem for planar current-vortex sheets and formulate the main result for it that
is an L? estimate in the whole domain of stability. We also equivalently reformulate the linearized problem
as well as the L? estimate and higher order estimates in terms of the exponentially weighted unknowns.
In Section 3, we prove the basic L? estimate assuming that we have already in hand an L? estimate of
the trace of Vq. Section 4 is devoted to the construction of a symbolic symmetrizer with the help of
which we derive the L? estimate of the trace of Vq. At last, in Section 5, using the current-vorticity-type

linearized system, we prove the H" estimate announced in Section 2.

2 Linearized problem

2.1 Reduction to a fixed domain

To reduce the free boundary value problem (1), (3), (5) to a problem in a fixed domain we straighten, as
usual (see, e.g., [9]), the unknown front T'. That is, the unknowns (U%,¢%) being smooth in QF(t) are
replaced by the functions

(U 4)(tx) = (UF,¢)(t, 2 (t,x))

that are smooth in the fixed domain R} = {1 >0, x’ € R?} | where ®*(¢,x) := ®(¢, +21,x’), and P is

a smooth function satisfying
®(t,0,x") = f(t,x') and 0,,® >k > 0.

Dropping the index £ in (Uﬁi7 qﬁi)7 we get the system

1 ~

+ + N + ot
O+ o {(w ,V)vt — (H,V)H }+v g =0, (11)
O + 5 {(w+,V)H+ - (ﬁ+7V)v+} —0, (12)

1 e o
O+ g {w Vv =\ VH }+ V¢ =0, (13)
1 ~

O™+ 5 {(w—,V)H— _ (H—,V)v—} —0, (14)
divvt =0, divv™ =0, (15)



in the space domain sz’r, and the boundary conditions

+ — d _
q)lirl:() - (b‘iblzo - f’

(16)
— ot — _
atf - ’UN|$1:0 - ’UN|$1:07 [Q] - 07
where
3
Vi = a @:‘: niazrl + Zekazk7 ni = (17 _aIQ(I)i? _awg(bi)? er = (0752]%63]@)3;
1 k=2

Wi = Gi - (atéiﬂo’()% Gi = (Un 7U§ta$1¢i7v§taﬂﬁ®i)’ vrjlz = (Vi7ni)’
H* = (Hy, Hy 0, 9%, Hy 9,,®%), Hy =(H*n*), [d=q) -,

In (15) and below we use the notations diva* := divta® for vector functions a* = (aF,af,af), where
divta := 40, ay + Opyas + Oz, as (usually we will drop the superscripts * in the operators div®).

In [15], as in [2, 9], the simple choice ®*(t,x) := 4x; + f(t,x') was used. Such a choice was
suitable for the energy method exploited in [15] in the constant and variable coefficients linear analysis.
Since now we are going to derive an a priori estimate for the constant coefficients linearized problem by
constructing a symbolic symmetrizer and, in the future, carry this estimate over variable coeflicients by
using paradifferential calculus, we make a different choice of the functions ®*. Similarly to the choice of
Coulombel and Secchi [3] for 2D compressible vortex sheets, we choose the change of variables ®* such
that the equations

+ + = - _
t — U — Y — Y% — Y
80t — vt =0, 89 —vo =0 (17)

are satisfied in the whole space domain R:j_. The main advantage of this choice is that under suitable

initial data for ®* the so-called boundary matriz of the hyperbolic quasilinear operator for (UT, U™) in

(11)—(14) has constant rank not only on the boundary {z1 = 0} but in the whole domain R?.. Moreover,

+

this matrix is identically zero. Indeed, in view of (17), the first components of the vectors w= in system

(11)~(14) are zeros. But actually the same is true for the first components of the vectors HE. More

precisely, we prove the following proposition.

Proposition 2.1. Let the initial data for the functions ®* satisfy the restrictions

H+

n|t=0 =

0, H- 0,

nt=0

then
HFr=0, H =0 (18)

for all t > 0 in the whole space domain Ri.

Proof. Using (17) and (15), after some algebra from equations (12), (14) we obtain
OHY +v3 0p, Hi +vf 05, H + (02,05 + pyvf) Hf =0,
O H, + vy 0u, Hy + v3 Op, Hy + (0p,v5 + Opv3 ) Hy = 0.

Then, by standard method of characteristic curves we get (18) for all ¢t > 0. O



= HZ

Remark 2.1. Since H* N|a1=0°
r1=

S as a direct corollary of Proposition 2.1 we have the fact that

the conditions

+ _ — _
HNI(E1:0 - 0’ N|$1:0 - O

are just restrictions only on the initial data for problem (11)-(16). Therefore we did not include them
into the boundary conditions (16). This fact was proved in [15] for the choice ®*(t,x) := +x1 + f(¢,x').

Analogously to [15], we can also prove that the divergent constraints
divH" =0, divH™ =0,
hold for all ¢ > 0 if they were satisfied for ¢ = 0.
It follows from (17) and (18) that the nonlinear equations (11)—(14) are rewritten as
ovE + (V'E,V)vE — (H*, V)HE = —-VEF,
OH*E + (v, V)HE — (H'*, V' )vE =0,

with v'* = (v, vf) , H'* = (HF, HY), and V' = (0,,,0,,), or in a compact form

vtgt
9, U + Ay(U)d,,U + A3(U)d,, U = — ( sz_z_ ) : (19)

where U := (UT,U7), e = (1,0),

Af@UH) 0 p— vi  —H

As we can see, the left-hand side of system (19) does not contain normal (x;-)derivatives, i.e., the

boundary matrix for the hyperbolic operator for U is identically zero.

2.2 The constant coefficients linearized problem

For planar current-vortex sheets we know exact solutions of (1), (3). They are piecewise constant solutions
of (1), (3), i.e., constant solutions of (19), (16):

UL = (0,v/*,0,H*) = (0,05, 05,0, HE HY), ¢F =const, ®F = +a,, (21)

where v¥, v3, Hy, and H are fixed constants. Linearizing (19), (15), and (16) about the exact solution
(21) we get a linear constant coefficients problem for the perturbations (§U™,d¢%) and §f. If we drop &
and set UT = (u™, h*), this problem reads

0, U* + A50,,U* + A$9,,U* + e ® Vg& = F*,

divu®* = F*, in {z; > 0},

Ur = 0uf + vy Oy f + 03 Ouy f + g%,

[Q] =g, on {1’1 = 0};



where A := AF(U¥), k = 2,3 (see (20)),
Vqt = (£0,,¢F, 00,05, 0,,¢F), and  divu® = 40, uf + Opyui + 0p,ui.
Here we introduce the source terms
Fi = Fi(t7X) = (Fi‘:? FZi) = (F1:|,:17 Flj,:2a Flj,:3a F2:|,:15 F2:|,:27F2:|,:3)7
Fr=Ft,x), ¢ =g"(t,x), and g=g(t,x).

Since the incompressibility conditions (15) are nonlinear, they produce errors of the Nash-Moser
iteration scheme for the nonlinear problem (11)—(16) (as was mentioned in Sect. 1 the nonlinear analysis
is postponed to the future). Therefore, in the future nonlinear analysis we will have to go outside the
class of divergence free velocity fields, and now we must introduce source terms F* in the linearized
incompressibility conditions. At the same time, it follows from the detailed analysis of an exact form of
the accumulated errors for the incompressibility conditions (15) and the boundary conditions f; = vlﬂ\?‘z —0

1=

(corresponding arguments are omitted and postponed to the nonlinear analysis) that the source terms

F* and ¢g* have the following special form:

FE=divb®, g¢F =1b;

1|z1=0°

(24)
where bt = (bli, bQi, b?) Performing the change of unknown functions

3t —ut — bt

and taking into account (24), for (u*, h*,¢*) we get problem (22), (23) with F* =0, g* = 0, and the
vector-functions F* replaced by some F*. Dropping tildes in u* and f‘i, we have the problem
L(U,Vq)=F,
divu* =0, in {z; >0}, (25)
B(ui,q,f) =g, on{x =0},

where

Vgt AP0
L(U,Vq)::8tU+A28I2U+A3813U+<e® 1 ) Ak:< k ) k=23,

e®Vq~ 0 A
+
u
N O.f 100 0
Blui,q, f) = M Z_ +o| anf |, M=|o0oo01 0o |,
N ry f 010 -1
q |$1:0
+ +
-1 —vy —uvg U+ Vot P 0
b= -1 —vy —vy |, U:= u- |’ Vg := vo- |’ F= o g=1|0
0 0 0 1 p

From now on we concentrate on the boundary value problem (25) in the unbounded space-time domain
Q:=RxR} ={teR, xeR}}

with zero initial data Up—g = 0 assuming that U, F, and g vanish in the past (for ¢ < 0). The boundary
00 is identified with R3 =R x R? = {t € R, x’ € R?}.



2.3 The main result

Our goal is deriving energy a priori estimates for the constant coefficients linearized problem (25) in the
weighted Sobolev spaces H'({2) and H,TY"(R?’), where Hg = L?y, L% = e L2, HT = V' H™, with v > 1,
and the usual Sobolev spaces H™(2) and H™(R3) are equipped with the (weighted) norms

ol = Y N0 0l ey and ulllf, = D P02 g

|| <m 1B|<m

respectively (9%, == 970092092, with @ = (v, g, a3) € N?). That is, the spaces H*(R?) and H7"(Q)

xro T

are equipped with the norms
[l rrn ey o= ™" 0llimy and - lullFy o) = llle™ ulll7, ,

for real numbers m and v > 1.
Note that the norms || - [jo., and ||| - ||,y are usual norms in L?(R?) and L?(f2) respectively. Below

we will sometimes use the inequalities
1 1
[o]ls,y < FHU”TW’ ullls,y < FHIUIIIW for 7 > s. (26)

Observe also that in terms of the weighted norms the trace estimate in H™ reads

)z, =0 /1 < ;IHUIH?MW

Usually we will use the roughened version of this estimate with C' instead of C/~.

We are now in a position to state the main result of the paper.

Theorem 2.1. Let (V'Y H'®) be a given planar current-vortex sheet solution satisfying the stability
condition (8). Then there exists a positive constant C such that for all v > 1 and all sufficiently smooth
solutions (U, q, f) of (25) the following estimate holds:

'7||U||%?Y(Q) + ||VCI||%3(Q) + ||(UaVQ)|m:OH%5(R3) + ||fH?q3{(R3)

C , , (27)
< 5 (1200, Y0)lsg ) + 1Bm, 0. D)) -
Moreover, under the same assumptions problem (25) obeys the a priori estimate
7||U|‘%Ifyn((2) + qu”2 an(Q) + ||(U7VQ)\I1:0”2 ,’Y”(H@) + ||f||2H;”+1(RS)
(28)

c 2 2
S ? (||L(U7 VC]) ||H;"+3(Q) + HB(ula q, f)”ny’H’Z(]RS))
for all m € N.

Remark 2.2. In spite of the fact that (27) and (28) are estimates in weighted Sobolev spaces (in the
sense different from that for the H" estimates in [15]), using arguments like those in [11], we can, in
principle, derive from them a priori estimates in usual Sobolev spaces. That is, it is not a real mistake

when we say in Sect. 1 that in this paper we derive estimates in usual Sobolev spaces. We note that



a usual procedure towards the proof of a nonlinear existence theorem by the Nash-Moser method (see,
e.g., [3, 4, 18]) provides for the derivation of a basic L? estimate for constant coefficients (like estimate
(27)), the carrying this estimate over variable coefficients, and then the derivation of a tame estimate in
Sobolev spaces (for variable coefficients). Of course, the a priori estimate (28) is not a tame estimate.
It is only a higher order estimate for constant coefficients, and we present it here just for demonstration
that for incompressible current-vortex sheets, unlike compressible ones [16], we have no loss of control
of derivatives in the normal direction as well as no loss of control of the trace of the solution at the

boundary.

Theorem 2.1 admits an equivalent formulation in terms of the exponentially weighted unknowns

U = e MUt ghi=e T, Fi=e (29)

)

To get this formulation, that is much more convenient for the proof, we first restate problem (25) in terms
of the new unknowns:

L’Y (ﬁv V@) = F )

diva® =0, in {z; >0}, (30)

B’Y(ﬂ1367?) :gv on {1’1 = 0}5
where

L’y(ﬁava) = L(ﬁvva) +’yﬁ’ B’Y(HI,Qaf) = B(ﬂlaamf) +’Y

O O =

F := ¢ "'F, gt = ¢ g, and Ut := e tu¥, ete.
It is clear that if the original unknowns belong to HI', then the exponentially weighted unknowns
belong to the usual Sobolev space H™ endowed with the weighted (m, v)-norm. We can now equivalently

reformulate Theorem 2.1 in terms of the exponentially weighted unknowns (U, 7, f).

Theorem 2.2. Let m € N, and let (v, H'F) be a given planar current-vortex sheet solution satisfying
the stability condition (8). Then there exists a positive constant C such that for all v > 1 and all
sufficiently smooth solutions (U,q, f) of (30) the following estimates hold:

W2y + IV + 1T, VDyscolagas, + 1712,
(31)
< & (WL, @ VDIE, + 1B, (@07, F)I3)
= "5 y ) 3,y ol s 4y 2,y

and

cl

TN, + NIV, 5 + 10, VD =0l + 117114
(32)

<

=2 Q

(|||L"/(ﬁ’ Va)”'?n-‘r?;,’y + ||B'Y(H17qa 7) H72n+2,'y) .

In order to simplify the notations, from now on we drop bars in problem (30) and the desired estimates

(31) and (32). For the convenience of subsequent references we write down problem (30) in the explicit

10



form

out +yut + (v'T,V)ut — (H'*,V)h' + V¢t =F], (33)

0:h™ +4ht + (VT V)ht — (H'T,V)ut = FJ, (34)

ou” +yu” + (v, V)uT - (H7,V)h™ + V¢ =F, (35)

8h™ +~h™ + (v'~,V)h~ — (H~,V)u =F; , (36)

divut =0, divu~ =0, in {1 > 0}, (37)

ul =0 + 7] + 03 Oy f + 03 Oy f, (38)

uy = O0uf +7f + vy Ouy f +v3 O f (39)

=9,  on{z1=0} (40)

In the matrix form equations (33)—(36) read

9, U* 4 4U* + A59,,UT + A$0,,U* = —e @ V¢t + F*. (41)

Since for the original nonlinear problem the boundary conditions for the magnetic field and the
divergent constraints are just restrictions on the initial data (see Proposition 2.1 and Remark 2.1), we
do not include their linearized versions in problem (30) (or (33)—(40)). At the same time, we can easily

prove the following important proposition.

Proposition 2.2. Let (U, f) be a sufficiently smooth solution of problem (30). Then this solution satisfies

h+

1|I1:0

— Hf Oy f — Hf Oy f = GT, R,

1|11:O

- H{8x2f - H;am.f = Giv (42)
and
divht = Ft, divh™ = F", (43)

where divh® = +0, hi + 0,,hs + 8,,hi, and the functions G = G*(t,x') and F* = F*(t,x) are

determined by the source terms as solutions of the inhomogeneous transport equations

GE +7GF + (VEV'GF) = F) o (44)
OF*E +yF* + (VE V' FF) = divF; (45)

(equations (45) do not need boundary conditions at x1 =0).

Proof. Restricting to the boundary {z; = 0} the first scalar equations in (34), (36) and using the
boundary conditions (38), (39), we get the transport equations (44) for the functions G* defined in (42).
Applying the divergence operators div® to systems (34) and (36) respectively and using (37), we easily
get equations (45) for the functions F* defined in (43). O

Remark 2.3. By standard arguments from equations (44) and (45) we derive the estimates

C 2 c, ..
NG < SNl MFH I, < NV EE IR, Ymen
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Here and below C' > 0 is a constant independent of . Then we easily get

C
1F =1y < ?HIFiIanH,W Vm €N, (46)
and using the trace theorem, we obtain
+112 ¢ +1112
||G Hm,'y < ?MF H|m+1,’y7 Vm e N. (47)

In fact, the loss of one derivative in (46) and (47) from F* to F* and G* causes the loss of an additional
derivative in estimates (31) and (32) with respect to the source terms of the interior equations. This
is a natural prize for the non-inclusion of the divergent constraint and the boundary conditions for the
magnetic field in the original problem. The same situation takes place for compressible current-vortex
sheets [18].

3 Proof of the energy estimate (31)

3.1 Estimating the trace of U and the front through the trace of V¢

We prove at first the following lemma.

Lemma 3.1. Let (9) holds (recall that it follows from (8)). Sufficiently smooth solutions of problem (30)

obey the estimates

C
10, colaqae) < 25 (It zolEocas) + IFIIE.,) (48)

and

C
1715, < 5 (Ve =) + IFIIE.,) (49)

for all v > 1, with two constants C' > 0.

Proof. Restricting the interior equations (41) to the boundary {x; = 0}, by standard arguments (we

multiply these equations by U‘ig“:07 integrate the result over R? use Young’s inequality, etc.) we get

C
VHU\j;l:oHiz(RB) < 5 (HVC]ﬁ;l:oH%Z(H@) + ||F\j;1:o||i2(u@3)) :

Using then the trace theorem in H?', we obtain estimate (48).

Taking into account (42) and (9), the symbol associated to the front is elliptic. This enables us to get
an estimate of the front f in the (1,+)-norm through the L? norm of U|;,—0- Here we prefer to not follow
usual arguments (see, e.g., [9, 3]), which in our case require the application of the Fourier transform
in (¢,x) to conditions (38), (39), and (42). Instead of this we just use simple arguments of the energy

method that is more suitable for our goals. Thanks to assumption (9) we can resolve (42) for 0., f and

Oq, f

Hy (W~ GY) — Hy (b, —G)

awzf —_ 1|I1:0 - - ,
H;H3 —H;H2 (50)
Hy (hj,, g = G*) = Hy (hy,, g —G7)

HiHy; — Hi Hy
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After the substitution of (50) into the boundary condition (38) we easily get the L? estimate
ey < © (I, o laasy + (%, ol + 1GH122e))- G1)
+

where >, a* :=aT +a".
Relations (50) give us estimates of the derivatives d,,f and d,,f through the traces of hf. Using

(51), from (38) we easily derive an estimate of d;f. Collecting these estimates, we obtain

> 108 ey < C (g, colFems) + 30 (155, oll3eme) + 16T Faqas) ) (52)
= +
With estimates (47) and (48) inequalities (51) and (52) give us the desired estimate (49). O

3.2 Elliptic problem for the total pressure

From problem (30) we now obtain an elliptic problem for the total pressure ¢*. Introducing the differential
operators
Li=08 +vi0,, +vi0s, +7I and By = HFd,, + HI0,,,

we first rewrite equations (33) and (35) in the form
Liut —B,ht + Vgt =Ff, L.u —B_h™ +Vq =F7. (53)

Applying the divergence operators div® to (53) and using (37), (43), we get the Poisson equations
Ag* = F*+, with
T = divFy + BLF*E. (54)

Substituting (38), (39), and (42),
uli\ﬂilzo :[’if’ hlilmzo :Bif_'_Gi’

into the first scalar equations in systems (53) restricted to the boundary {z; = 0}, we get boundary
conditions for d,,¢*. Taking into account the boundary condition (40), we finally obtain the following

problem for ¢*:

Agt =", AT =5, in{x >0}, (55)
¢ —q =g (56)
ar1q++(£3- 78-2‘,-)]0:94-7 (57)
—0p g + (L2 —B%)f=g-, on {x1 =0}, (58)
where A = 02 + 02, 4 02, is the Laplace operator and
gy = Fflm:o + BLG* . (59)

This problem contains the unknown front f. In principle, we can exclude it from the boundary conditions
by applying the operator (£% — B%) to (57) and the operator (L% — B2) to (58) and subtracting the

results.
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3.3 Estimating V¢ through its trace

Using the concrete form of the source terms §+ and g4, cf. (54), (59), we can estimate Vq in L?(Q)
through its trace Vq|;,—o and the front f (and the data (F,g)). Then, with estimate (49) we get the

following result.

Lemma 3.2. There exists a constant C > 0 such that the estimate

1 1
||V(I||2L2(Q) <C <||VCI11_0||2L2(1R3) + ;H\FHE,W + yHg |%~/) (60)

holds for sufficiently smooth solutions of problem (30) for all v > 1.

Proof. Let us integrate the equation ¢TAqt + ¢ Aq™ = ¢TF" + ¢~ F~ following from (55) over the
domain 2. Integration by parts leads us to the energy identity

194220 = Zij( [ Gt = o), v+ [ ((PEVG) + FEBag?) dtdx), (61)
where > (+a*) :=a™ — a”, etc. It follows from the boundary conditions (56)—(58) that

+ + + — — —
D (FCUFS — 0000, = a4 co(Fi't = 95,07 imi=0 = G, o (Fit + 0000 )i =0
+

= qﬁ;lzo (Ff; - am1q+ - (Fi1 + axlqi))lwlzo - g(Fil + 8x1q7)|1120 (62)

= —9g(Fi 1 + 02,0 )jzy=0 + q;.l:o Z {FAL(Lif+ 0 f +7f) FBL(Bef +GF)},
X

where Ay = vF 0y, + V3 Oy,

Substituting (62) into (61) and again integrating by parts, we obtain

IValF2) = Z( / (F(Laf +0f + 1N Asa]s, o F (Baf +GF)Badf,, ) didx’
T \JR%
(63)
+/ ((Ff,vqi) —i—]—"iBiqi) dtdx) - /3 g(Fi, + 02,47 ) oy —odtdx’.
Q ]RJr

Using Cauchy-Schwarz’s and Young’s inequalities, inequality (26) (for the function g), estimates (46) and

(47), and the trace theorem in H' (for the function Fy ), from (63) we derive the estimate

1
IVallz2 o < € <|VQ|:E1—O|%2(R3) +IFIR  + ;IHFI

1
2 2
2+ 72||g||1,7) .

Taking into account (49), this estimate implies the desired estimate (60). O

Note that for further arguments we will need the roughened version of estimate (60),

1 1
IValiz@ <€ (|VQ|x10%2(R3) + ?lHFHli7 + vzlyllfﬁ) ; (64)

that is obtained by using inequality (26). From systems (41) we easily derive the estimates
U2 < Q VT2 1 T2 65
MUz = = Ve 22 + 2 IFIR ) - (65)
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Combining then estimates (48), (49), (64), and (65), one gets

MUy + V02 + 100zl Zagas) + 112,

2 1 2 1 2 (66)
< C IV, =ollz2rey + S IFI2, + = llglli ) -
Y Y
Thus, to prove the desired a priori estimate (31) in Theorem 2.2 it remains to derive the estimate
2 1 2 1 2
IV@jz,=ollz2(gs) < C §HIFHI3,7 + ?Ilgllg,7 (67)

for the trace of Vg.

3.4 Reduced problem for the Laplace equation

Our present goal is deriving estimate (67) for the nonstandard elliptic problem (55)—(58) with the source
terms §* and g4 given by (54) and (59) provided that the stability condition (8) is fulfilled. We first
reduce this problem to that for the Laplace equation.

Consider the auxiliary problem

AGt =5, AG =%, in{x; >0},

S+ _ g o+ +
0" =047 = I, -0

(68)

q =09 + Fl_,1|r1:0’ on {x; = 0}.
It implies the equation § TAGT +¢§ A§™ = ¢ Ft +¢ § which we integrate over the domain €. Then,
integrating by parts, using the boundary conditions in (68), and accounting for (54), we obtain
1/i~+ o o o

S {5 (17 <oy + I8 l3agey) + 19551320y — /Q ((FE,VGH) + FEBLG®) dtdx | =0, (69)
+
where

+ ~+
g+ = Fl 0 F 92,4 4,0 - (70)

Taking into account estimate (46), from the energy identity (69) we get by standard arguments the

estimate

~ o C
1975, —ollZ2@s) + 11T 12, —ol2@sy + 19+ 122 Ro) + o= 1122y < ?IHFIH?M (71)
Clearly, the tangential differentiation of problem (68) gives us also the estimate
~4 2 ~— 2 2 2 ¢ 2
19 121 =0lliny 11010, =0llimy + 184117 + -1 5 < $|||F|Hm+1,'y? Vm e N. (72)

Moreover, by using the boundary conditions in (68), estimates (71), (72), the trace theorem in H!, and
the inequality (26), one gets

|Q

NIEI3,, (73)

[\v]

Ve, =0l Z2@s) < 5

where V§ = (VG T, Vq ).
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Let us define the new unknowns ¢* := ¢* — §=. It follows from (55)—(59), (68), and (70) that they
satisfy the following problem for the Laplace equations:

A¢gt =0, A¢ =0, in {z; >0},
-+ _ [ — :: ~
" —q¢ =8g=g+t9g, (74)
6x1q+ + (‘C?&- - B—%—)f = B+G+ + 9+,
—0p, g~ + (L2 —B2)f=B_G~ +g_, on {x; =0},
where g := al;lzo - (?I;lzo and, in view of (72) with m = 2,

Jl3 5 2 < S Ee 75
19112 + lo+l12,, + la-12,, < ﬁlll I3, (75)

Now it is clear that if for problem (74) we manage to prove the estimate

. 2 ¢ 2 +12 2
Ve =0lfaqes) < 5 (Mol + 32 (1G= 1B, + o= 15.,) ) (76)

+

with V¢ = (V4*,V§™), then, by virtue of (47) for m = 2, (73), and (75), we obtain the desired estimate
(67). Recall that (67) and (66) imply estimate (31). That is, if we assume that (76) holds, then the proof
of estimate (31) in Theorem 2.2 is complete. In the next section we derive the a priori estimate (76) by

constructing a symbolic symmetrizer for problem (74).

4 Construction of a symbolic symmetrizer

4.1 Statement of a boundary problem for Fourier transforms

Applying a Fourier transform in (¢,x’) to problem (74) we obtain

RFE
p —w?¢tT =0, z >0,
TO-70=1 o
- 7
dg*(0 -~ —_
PO (@2 1 ) = 06 g
1
dg= (0 S =
SO @y e F =T
dl‘l

where ¥ = U(x1) = U(§, 21, w) is the Fourier transform of a function v = v(¢,x), with the dual variables

¢ and w = (wo,ws) for t and x’;

l:l: +

w=|wl, =74iat, T=~7+1i a :wgvzi—i—wgvg[, bi:ngQi—ngH?,i. (78)

Observe that 7 is, in fact, the Laplace dual variable because the change of unknowns in (29) together

with performing a Fourier transform in ¢ amounts to performing a Laplace transform with respect to ¢.

16



Let us define the new unknowns

R N (i
Y+ = <y1> = dxl s Y = <y1> = dl’l
Y2 wq/; Y2 wq'/:

In terms of Y™ the interior equations in (77) are rewritten as the first order systems

dYy™

:AiYi
o 21 >0, (79)

Ai_Ow
w 0/

Eliminating the front in the last two boundary conditions in (77), we get

with

o~y (0) +0%yy (0) = Gn,
Y3 (0) =3 (0) = G2,

where 92 2
Ui:( )” +( )7 0= = ibto T,
[P+ o
G =0t (r,w)GF — 0 (1,w)G~ + o (1,w)gs — ot (r,w)g=,  Go = uwi.

The functions w(7,w) = |w|, o0& (7,w), and #F(7,w) are homogeneous (of order 1, 0, and 1 respec-
tively). As usual (see, e.g., [3, 11]), in order to take such homogeneity properties into account, we define
the hemisphere

Y= {(r,w) € CxR*: |72 +w? =1, R7 > 0},

and denote by = the set of “frequencies”
E:={(7,&w) €0, +00[xR3: (v,& w) # (0,0,0,0)} =]0, +oo[-X.

We always identify (v, &) € R? with 7 = v +i¢ € C. Using the uniform boundedness of w, o0&, and % on
¥, we can estimate the source term G = (G1,G,) € C? by g, EI, and g4:

virw) €= 167 < (WAl + (Il + e + )G ). (81)
+
It is convenient to rewrite the boundary problem (79), (80) in the compact form

Y
Y = Alw)Y, x>0,
dxy (82)

where
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and

o” 0 of 0
5(7—7""’) = <0 1 0 _1>7 (83)

which is a symbol homogeneous of order 0. Note that the matrix A(w) is diagonalizable for all w. More

precisely,
-1 0 0 1 -1 0 O
0 1 0 111 0 O
TAWT ' =w ) T==
0 0 -1 0 0 1 -1
0 0 0 1 0 1 1

4.2 Normal mode analysis for problem (82)

The ODE system in (82) does not contain the Laplace variable 7. However, the evolutional (time-
dependent) character of our problem is hidden in the boundary conditions in (82) which do contain 7.
Therefore, as for hyperbolic problems [5, 10], we should distinguish between the Lopatinski condition
and the uniform Lopatinski condition. Recall that, the uniform Lopatinski condition is satisfied if the
Lopatinski condition holds up to the boundary of the hemisphere X, i.e., not only for 87 > 0 but also
for 7 = 0. In this paragraph, we show that planar current-vortex sheets can be only weakly stable.
More precisely, we prove that under the stability condition (8) the boundary problem (82) satisfies the
Lopatinski condition but violates the uniform Lopatinski condition. Of course, our calculations are
similar to those of Syrovatskij [14] and Axford [1] (see also [7]), and our additional goal is to show that
the Lopatinski determinant has only simple roots on X..

As in hyperbolic theory [5, 10], for problem (82) we define the Lopatinski determinant
A(r,w) = det[B(1,w)(ET, E7)] (84)

associated with (7, w) given by (83), where

1 0
n — _ 0
ET = and E~ = , (85)
0 1
0 -1
are the eigenvectors associated to the (stable) eigenvalue A = —w of negative real part of AT and A~

respectively. We get

o~ ot
Brw)(E*, E7) = (_1 : ) (86)

from which we derive

Alr,w)=0"4+0" V(r,w)€E,

which reduces to
AT, w) =12+ 0+ (1) + ()% VY(rw)eX.

The Lopatinski determinant A is defined in the whole hemisphere ¥ and is continuous with respect to

7,w. If the Lopatinski determinant vanishes for #7 > 0, then the constant coefficients linearized problem
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(22), (23) is ill-posed, i.e., the corresponding planar current-vortex sheet is unstable. As follows from

[14, 1] (see also just below), this never happens if and only if the stability condition (6), (7) is satisfied.

Proposition 4.1. Assume that (8) holds. Then the equation A(T,w) = 0 has only simple roots (T,w) € X
(and for these roots R =0).

Proof. Let us rewrite the equation A(7,w) = 0 in terms of s = it € C:
(s—a")?+(s—a")?=(")*+(b7) (87)
(a*,b* are defined in (78)). Equation (87) is a quadratic equation for s and has two roots

S1,2 = % ((a++a_)2i\/m),

where D(w) = 2((b7)? + (b7)?) — (a* — a™)?. Clearly, the equation A(7,w) = 0 has no unstable roots
7 (of positive real part) if and only if both the roots sq o are real, i.e., the quadratic form D(w) (for wo
and ws) is nonnegative. This is so if and only if the stability condition (6), (7) is satisfied.

Under the sharpened stability condition (8) the quadratic form D(w) is positive definite (recall that
(8) implies (6)) and the roots s; o are distinct. These roots correspond to simple roots 719 = —isy o of

the equation A(r,w) = 0 with R7 = 0. That is, the uniform Lopatinski condition is violated. O

4.3 Construction of a degenerate symmetrizer

This subsection will be entirely devoted to the construction of a symbolic symmetrizer of (82). A general
idea of symmetrizer for our (nonstandard) elliptic problem is inspired by the idea of Kreiss’ symmetrizers
[5] for hyperbolic problems and is, breafly speaking, the following. We first reduce the ODE system in (82)
to a diagonal form with the matrix T AT ! (see Subsection 4.1). Then, multiplying the resulting system
by a Herminian matrix r(7,w) (symmetrizer) and using the boundary conditions and special properties
of r, we derive the estimate
2 C a2 2
[Y(£,0,w)[" < ?|Q| (el (88)

by standard “energy” arguments. Taking into account (81), integrating estimate (88) with respect to
(¢,w) € R3, recalling the definition of Y, and using Plancherel’s theorem, we obtain the desired estimate
(76).

While constructing the symmetrizer we closely follow the plan and notations of Coulombel and Secchi
in [3]. The symbolic symmetrizer r(7,w) of (82) is sought to be a homogeneous function of degree zero
with respect to (1,w) € E. Thus, it is enough to construct (7, w) in the unit hemisphere Y. Since the
latter is a compact set, by the use of a smooth partition of unity we still reduce the construction of (7, w)
to that in a neighborhood of each point of 3. The analysis performed in Subsection 4.2 shows that we
have to distinguish between three different subclasses of frequencies (7,w) € ¥ in the construction of

r(T,w).
i. The interior points (79, wq) of ¥ such that Ry > 0.

ii. The boundary points (79, wq) of ¥ where the Lopatinski condition is satisfied (i.e., A(1g,wq) # 0).
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iii. The boundary points (7o, wo) where the Lopatinski condition breaks down (i.e., A(7p,wqo) = 0).
The symmetrizer we are going to construct is degenerate in the sense that the uniform Lopatinski condition
is violated and we have to treat case iii.

4.3.1 Construction of the symmetrizer: the interior points (case i)

Let us consider a point (9,wp) € ¥ with $o79 > 0. Recall the matrix A(w) is diagonalizable for all w. In

a neighborhood V of (79, wq) the symmetrizer is defined by

-1 0 0
0 K 0
r(r,w) = V(r,w) eV,
(r,0) o (r,)
0 0 0 K
where K > 1 is a positive real number, to be fixed large enough. Let us set ®M := w for every
complex square matrix M. The matrix (7, w) is Hermitian and satisfies
V(r,w) eV, Rr(r,w)TAW)T™) > wl, (89)

where I denotes the identity matrix of order 4. The principal distinction from the construction in [3] is
that we have w in the right-hand side of inequality (89). This is a kind of “elliptical degeneracy.”
Furthermore, as in [3, Section 4.4], for K > 1 sufficiently large the following inequality holds true

V(ir,w) eV, r(r,w)+CB(r,w)) B(r,w) >1, (90)

with a suitable positive constant C' and B(T,w) := B(r,w)T~! (we shrink the neighborhood V if neces-
sary). We note that the first and the third columns of the matrix 7! are E* and E~ in (85), and the
crucial point in obtaining inequality (90) is that the matrix G(7,w)(E™, E~) is invertible because the

Lopatinski determinant does not vanish at (79, wg) (see [3]).

4.3.2 The boundary points (case ii)

Let (19, wp) belong to the subclass ii of 3, namely, fo7g = 0, and A(7p,wo) # 0. The symmetrizer r(7,w)
is defined in a neighborhood of (7p,wy) in a completely similar manner as in case i.

4.3.3 The boundary points (case iii)

Let (19,wo) € ¥ be a point of type iii and denote by V a neighborhood of (79,wp) in X. We define the

symmetrizer in V by

-2 0 0
0 K 0
r(1T,w) = 0 > g YV (r,w) €V,
-
0 0 0 K

20



where K > 1 is a positive real number, to be fixed large enough. The matrix r(7,w) above is Hermitian

and we have

¥ 0 0 0
0 1 0 O
R (1, ) TAW)T1) > w 91
(r(r, )T A(W)T ™) 0 0 2 0 (91)
0 0 0 1
Following [3], we also get that there exists a constant C' > 0 such that
r(r,w) + CB* (r,w)B(r,w) > I  V(r,w) € V. (92)

For the detailed proof of (92) we refer to [3]. For our problem the proof is entirely the same and based

on the following result concerning the vanishing of the Lopatinski determinant.

Lemma 4.1. Let (19, wg) € ¥ be a root of A(T,w) = 0. Then there exist a neighborhood V of (19, wq) in
Y and a constant ko > 0 such that for all (1,w) € V we have

B(r,w)(ET,E7)Z* > ke ?|Z]>  VZeC

We omit the proof that is similar to (or even technically simpler than) the proof of [3, Lemma 4.5]. It
relies on the facts that the roots of the Lopatinski determinant A are simple (see Proposition 4.1) and

the lower right corner coefficient of S(E™, E~) is nonzero (see (86)).

4.4 Derivation of estimate (88)

We are now ready to derive estimate (88). Following [3], we introduce a smooth partition of unity {x; }3’:1

related to a given finite open covering {V; }3-]=1 of ¥. Namely, we have
. J
x; €C>, supp(x;) SV, j=1,J, and Y xj=1
j=1

Fix an arbitrary point (79, wo) € X belonging to one of the classes (i, ii or iii) analyzed before and let V;
be an open neighborhood of this point. We derive a local energy estimate in V; and then, by adding the
resulting estimates over all j = 1, J, we obtain the desired global estimate.

15t case. Let (79,wq) belongs to class i or class ii. We know from paragraphs 4.3.1 and 4.3.2 (see

(89) and (90)) that there exist a C'°° mapping r;(7,w) defined on V; such that
e r;(7,w) is Hermitian,

e the estimates
R (rj(1,w)TAW)T™) > wl,

ri(r,w) + G (B(r,w)T~Y) B(r,w)T~' > 1

hold for all (7,w) € V;, with some positive constant C.

We set Uj(7,21,w) = x;(7,w)TY (&, 21,w). Since x; is supported on V;, we may think about 7;

extended by zero to the whole of ¥. Then we extend x; and 7; to the whole set of frequencies = as
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homogeneous mappings of degree zero with respect to (7,w). Thus, from equations (82) we obtain that

U; satisfies

dU.;
—L =TAW)T'U;, x>0,
dxy (94)

B(r,w)T~1U;(0) = x; G-
Taking the scalar product of the ODE system in (94) with r;U;, integrating over R* with respect to z1,

and considering the real part of the resulting equality, we are led to
1 Hoe
75 (rj (Tv w)UJ (Tv Oa "‘")a Uj (T’ 0, w)) = A R (rj (7—7 w)TA(w)TilUj (Ta X1, w)v Uj (Ta zy, w)) dx;.
Then, by using estimates (93) and the boundary condition in (94), one gets

+ee 1 C;
o [ U@+ 500w < Fdn )G,
0

Recalling the definition of U;, we obtain
+oo
x?(T,w)w/ Y (&, 21,w)2dzy + x5 (1, w)[Y (€, 0,w)[* < Cjx (m,w) |G (95)
0

274 case. It remains to prove a counterpart of estimate (95) for a neighborhood of (79, w) € X such
that R 79 = 0 and A(7p,wo) = 0. Let V; be an open neighborhood of this (79, wq) and x; the associated
cut-off function. As was shown in paragraph 4.3.3 (see (91) and (92)), there exists a C'*° mapping r; (7, w)
defined in V;, such that the following holds true

e r;(7,w) is Hermitian,

e the estimates
R (r;(1,w)TA(w)T ™) > y?wl,

ri(T,w) + C; (B(T,w)T‘l)* B(r,w)T~1 >~21

hold for all (7,w) € V;, with some positive constant C;.

(96)

Recall that r;(7,w), A(w), and B(7,w) are assumed to be zeros outside V;. Then, they are extended
to the whole of Z as homogeneous mappings of degree 2, 1, and 0 respectively. Hence, inequalities (96)

become
R (rj(r,0)TAW)T™') > 7w,

(97)
ri(r,w) + Ci (|72 + W) (B(r,w) T~ ) B(r,w) T~ > 21

for all (1,w) € E.

We again define U, (7, 21, w) := x;(7,w)TY (§,z1,w). Reasoning as above, we derive the estimate

+oo C-
x?(mw)w/o Y (& 21, w) 2 dar + x5 (r,w)[ Y (§,0,w)]? < ﬁx?(ﬂw)(lﬂz +wh)G,  (98)

with a suitable positive constant C;.
We now add up estimates (95) and (98) and use the fact that {x;} is a partition of unity. This leads

us to the global estimate

+oo C
w/ Y (& 21,w)Pdar +[Y(§,0,w)]* < CIG]” + 7 G2 (I7[* + w?).
0
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Because of the inequality |7|> + w? > +? we finally get
e 2 o C a2, 2
o [ IV € @)Pdn + Y (0.0 < S IGR(r + o).
0

The last estimate yields the desired estimate (88) which in turn (see Subsection 4.3) gives us (76). This

completes the proof of estimate (31) in Theorem 2.2.

5 Higher order estimates

vq, o’

tan

We now prove the higher order estimate (32). Clearly, the problem for ((“)B Ui)ﬁ

tan tan

f) obtained
by the tangential differentiation (with respect to (¢,x’)) of problem (30) has the same properties as the
original problem (30) and, therefore, obeys an estimate like (31). Collecting such estimates for all the

multiindices 8 with || < m, we easily obtain

=2 Q

NN L2y + Va2 gy + 100, V)i, =olls o + 1171, < =5 (IR s + lglii2,) - (99)

where [[[ull[Z2gm) = 2 jaj<m VT PN Ul 2 0
To derive (32) we still need to estimate normal derivatives of (U, Vq). Consider first the case m = 1.
From the divergence-free conditions (37) and equations (43) we express the normal derivatives of the first

components of u and h:
Op Uy = FOp,uy F Opyui,  On,hi = FOu,h3 F Op,hy £ FE. (100)
Hence, it follows from (99) for m =1 and (46) that
N Oey i 0a, ) ey < 5 (P + ol (101)

An L? estimate for the normal derivatives of the remaining components of U is derived from the

equations for the vorticity Ci := curlu® and the current z* := curlh*, where

Ci = (Ci(;@i) = (8932”3i - 8$3U§E78$3u1i :F a$1u?%’ iam%i - 8T«2u1i)7

(102)
Zi = (2%723:725’}) = (a«’whg’)‘: - 813h§t76$3hit + a$1h§t7 iawlhg: - al2hjzlt)
Applying the curl operator to (33)—(36), we obtain that ¢t zF satisfy
Ot + ¢ + (vE, V)¢ - (HE, V)2t = cwnl FY (103)
dzt + vzt + (V'E, V)2t — (H'* V/)¢F = curl Ff.
Equations (103) do not need boundary conditions at 1 = 0 and we easily get the L? estimate
+ _E£y\)2 < g F:I: 2 104
YE, 2172 0) < 7'” 7,5 (104)

Expressing from (102) missing normal derivatives,

Op uf = £ +0,,ut, Opuf = FCG +0puf, 0, hf = +25 £ 0p,hi, 0phd = F2i £ 00,07,
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and using (99) for m = 1 and (104) we obtain
C
By adding up (101), (105), and (99) for m = 1, one gets

A

YOI - + 1ValllZs () + 100, Va)jay—ollT - + IF113, < 5 I1E[1I3 + llgll5,)- (106)

Thus, to have in hand estimate (32) for m = 1 we miss only |0z, V¢| 12 () in the left-hand side of estimate
(106). In fact, we need only to estimate 02 ¢* in L?({2) because other derivatives are already presented
in the L?(H*') norm.

We express 92 ¢F from the Poisson equations (55):
2+ 2 4+ 82 4 qiopE + ot
0,47 = —0;,4" — 0,q +divFy + B¥F~.
Using then (106) and (46) (for m = 1), we get the estimate
92 o412 < c Fll12 2
10z, %W z2(e) < 75 (NN + llglls ) -

That is, the proof of estimate (32) is complete for m = 1.

Now we can proceed by finite induction. Estimate (32) has already been proved for m = k = 1.

Assume that it holds for m = 1,...,k — 1. Then we easily obtain an estimate in the form of (32) for
(82 U, 0% Vq,00.f), with m = k — 1 and || = 1. That is, to derive (32) for m = k we need only to

estimate 9% U and 9% Vg in L?*(2). Since the current-vorticity system (103) does not need boundary
conditions at x; = 0, by differentiating it (and (100)) & — 1 times with respect to x; and using (46) for
m =k — 1 we estimate O¥ U by the right-hand side of inequality (32) for m = k. Using then the Poisson
equations (55), we also get an L? estimate of % Vq. Thus, we get (32) for m = k and this completes the
proof of estimate (32) for m € N.
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