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Chemoconvection: A chemically driven hydrodynamic instability
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We describe theory and experiments concerning a chemical reaction, the alkaline oxidation of
glucose with methylene blue as a catalyst, that is hypothesized to drive fluid motion via an
overturning instability, as an example of a “chemoconvective” process. A theoretical model is
developed to explain this phenomenon and linear analyses from steady and pseudosteady states are
used to predict the basic length and time scales of the patterns which initially appear. These
theoretical predictions, using kinetic parameters from recent independent experiments, are
contrasted with results from pattern initiation experiments. Preliminary comparisons indicate good
qualitative and quantitative agreement. Z001 American Institute of Physics.
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I. INTRODUCTION appearance of blue dots or lines in the regions where the
fluid is down-welling. We describe succinctly this overturn-
The phenomenon of Rayleigh~Bard convection has ing instability due to chemical reactiofand perhaps other
been investigated for many yeafs.g., ChandraseKat It chemically driven hydrodynamic instabilitieand the result-
arises when a destabilizing negative vertical temperature grang patterns by the term ‘“‘chemoconvection.” We address
dient is applied across a horizontal layer of fluid and resultdoth experimental and theoretical approaches in this article,
in either regular or turbulent fluid flows. More recently, bio- but make frequent references to the predominantly experi-
convection has been studied in great detail as a similar, buhental report by Ponet al.® hereafter referred to as PSBS,
biological, system in which the main difference is that thein which the kinetics and pattern development of the system
energy is input into the fluid flow by the biased randomare explored in greater detail. In a work in progress we shall
swimming motions of individual microorganisms. In particu- systematically study the experimentally observed wave-
lar, in the absence of secondary factors, the microorganisnigngths associated with this instability as a function of the
may swim upwards, on average, in response to gravity, experimental parameter space.
light,* or a chemical gradierte.g., oxygeh® whereby their
excess material density can drive an overturning instabilityll. EXPERIMENTAL MOTIVATION
Additionally, mean bglances between fluid torques, and othgr To motivate the theoretical investigation of this system,
external torques, acting on the autonomous cells can result in . .
. . we shall describe a set of experimeritgee PSBS for the
a whole range of aggregative mechanisms and hydrodynamic

) . . experimental nd in ndent m rements of the ki-
instabilities® ¢ We show that there is an analogous chemical" oo o tal setup and independent measurements of the

system for which the energy for the instability is derived ture of the instability.(See Ref. 10 for other examples of

from a chemical reaction modifying the fluid composition, in chemical patterns driven by hydrodynamic instabilitiéhe

such a way that the instability can be explained purely fromchemical reaction itself, sometimes called the blue bottle re-

fundamental physicochemical properties. Oxygen diffusegction’ is well-documentetd—23As mentioned above, it con-

into the fluid at'the upper boundafY and quickly oxid'izes sists of the alkaline oxidation of glucose by oxygen with
key clear chemical component, which turns blue. This blugayiene blue as a catalyst. The mixture is prepared and
component slowly interacts with glucose in the system, proyn,rqughly mixed, thermostated for half an hour, further
ducing the pnglnal clear component and a denser reactiog, oren and poured into an appropriate contaisech as a
product. This product accumulates at the upper surface anSeqj gish. Oxygen is allowed to diffuse into the system at
can cause an overturning instability made apparent by thg,e free surface from the atmosphere. After mixing, the sys-
tem is saturated with £and initially appears uniformly blue.
dElectronic mail: m.bees@surrey.ac.uk After a period of time the mixture becomes colorless as the

netic and material parametemghich clearly indicate the na-
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FIG. 2. An experiment conducted within a solid container with an oxygen
permeable lid. The diameter of the petri dish is 5.1 cm and the picture was
recorded approximately 5000 s after starting the experiment.

ner in which they arise, and those from bioconvection
experiments? which hints at the possibility of a similar
mechanism for the instabilities.

There are several possible explanations of this phenom-
enon. For instance, the free surface suggests that Marangoni
effects might be involved. Clearly, evaporation can be sig-
nificantly reduced by covering the Petri digkhich does not
alter the observed pattepnalthough one may still not en-
tirely rule out surface tension effects. However, when one
removes the free surface altogether by enclosing the mixture
in a solid container with an oxygen-permeable lid, an insta-
bility still arises, as is shown in Fig. 2. Of course, the pres-
ence of a solid upper boundary also changes the upper
boundary condition from stress-free to no-slip and, conse-
quently, one would expect the generated patterns to differ
slightly, which is indeed observed. Furthermore, a solid con-
tainer completely filled with the mixture but with a small
hole drilled in the top produces a thin blue plume which
gradually sinks to the bottortsee Fig. 3. This is clear evi-
dence for an increase in reactant density due to oxidation.
There may be other factors affecting the pattern formation
FIG. 1. Typical images of experiments conducted in a Petri dish with a fredvhen there is a free surface, but we believe that the increase
surface when increasing depth. Here, the horizontal size of the picture iin solution density at the upper surface due to the oxidation

135 cm. Initial mixture: [OH"]=0.020 M, [MB"]=4.6 X10°° M,  process is the most important driving mechanism for the in-
[GL]=0.054 M.(Top) depth~5 mm; 5000 s after mixing(Middle) depth stability

~5 mm; 7000 after mixing(Bottom) depth~15.5 mm; 4500 s after mix-
ing.
Ill. MODEL EQUATIONS

The reactions can be summarized as follgaee PSBS;

. more details can be found in Adarkova Pavkova and

oxygen is used upexcept near the oxygen souy@nd there- 2 .7 =15
o . . 7 Sevak):

after a hydrodynamic instability arises and convection-like
rolls or dots are formed In Fig. 1 we present images of the 2MBH+0,—2MB" +20H", (€N)
typical patterns produced when the depth of the mixture is 4 _
varied. It is clear that although the patterns vary considerably GL+MB™+OH —MBH+GLA, @)
in form, the wavelengths vary only by a factor of two. Therewhere MB' is the blue oxidized form of methylene blue,
are distinct similarities between these patterns, and the mamBH is the colorless reduced form, GL is glucose, GLA is
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whereu is the fluid velocity,A is the concentration of GLA

(in terms of molarity, M, p is the pressurey is the solution
density,k is the unit vertical vector, ang is the solution
viscosity (see Table)l The constanf\p is the molar excess
solution density of GLA, with respect to GL, in terms of the
units g/lcri M (as measured by PSRSIt is defined as
pPeLA— PcL, Wherepg a andpg are the densities of solu-
tions of 1 M of GLA and GL, respectively. In the following,
the spatial variations are restricted to two dimensions and we
putu=(u,0w). In accordance with experimental conditions
we assume that the upper boundary is stress-free and the
lower boundary has no-slip boundary conditions. Therefore,

w=w,,=0 at z=0, 5
and
w=w,=0 at z=—H. (6)

Advective conservation and local production of reactants in-

FIG. 3. An image of a plume descending from the area surrounding a smaflicates that their concentratior(say), must obey an equa-
hole in the lid of an otherwise oxygen impermeable solid container. Thetion of the form
width, height, and thickness of the container are 6.3 cm, 6.7 cm, and 1.3 cm,

respectively. #C=—V-(Cu—DcVC)+lc, )

whereDc is the diffusivity of C andl ¢ indicates the rate of

change ofC due to the reactions. The large molecules have
gluconic acid, and the rate of E€L) is much larger than that roughly the same rates of diffusion although the diffusivity
of Eq. (2). The concentration of glucose does not changef GLA varies slightly from that of MBH and MB. For the
significantly over a long period of tim@ne day and so we remainder of this article, we assume that the small oxygen
assume that its concentration is kept const&y, for a  molecule has a diffusivity oD, GLA has a diffusivity of
couple of hours during the experiments. The same argumem,, and MBH and MB™ each have a diffusivity ob. D is
applies for the concentration of OH estimated to be approximately10~8 cn?/s using the fact

We make the Boussinesq approximation that the changthat molecules in water with the same molecular weight have

in density of the fluid adds only a vertical buoyancy term tosimilar diffusion coefficients. The molecular weight of me-
the Navier—Stokes equations, and thus fluid flow is modelethylene blue, which is 319.86, is compared with that of sac-
as charose with a molecular weight of 342 and a known diffu-
sion constant of 4.210°° cn?/s in water at 25 °C. For the

— _ 2
p(out (u-V)u)=—Vp=gApAk+puV-u, 3 four chemical speciew/= [MBH], B=[MB*], A=[GLA],
and and Q) =[O,] we thus get that
V.u=0, (4) 9A=—V-(AU—D,VA)+KopB, (8)

TABLE I. Parameter estimatdindicated by &) and measurementsiith appropriate s.f.

Name Description Value or range Units
H suspension depth 0-10 cm
D diffusivity* of MBH and MB* 4x10°© cné/s
Da diffusivity of GLA 6.7x10°8 c?/s
D, diffusivity of oxygen 2.1K10°° cné/s
p fluid density (~water at 25 °G 0.9970 g/cri
PoL solution density per M of GL 1.0650.009 g/cm
PGLA solution density per M of GLA 1.1080.009 g/cm
Ap excess solution density per M of GLA

(replacing M of GD=pga— poL 0.044+0.018 g/cm M

m dynamic viscosity (~water 10?2 g/lcms
v kinematic viscosity 102 cnéls
g acceleration due to gravity 0] cm/g
Ky fast reaction rate 2000 IMs
Kobs slow reaction rate 0.0042 Is
W, initial (homogeneoysconcentration of MBH-MB* 4.6x10°° M
Qg concentration of @at the free surface 2.6x10°* M
H sublayer depth=\/D/Kgps 0.031 cm
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oB=— V-(Bu—DVB)+ 2k, QW— kobsB 9) TABLE Il. Nondimensional parameters and their definitions.
(9tW= -Vv. (Wu— DVW)— 2klﬂW+ Kk bsB (10) Name Description Expression Value or range
0 [l
and d scaled fluid depth i 1 cm corresponds to 25.0
H
==V -(Qu—DaVQ)—k QW, (11
. . . K reaction ratio Zallo 248
where kg5 is the effective rate constant of reactidg) Kobs
(PSBS. Adding Egs.(9) and(10) we find that if the added KW
concentrationB+W is homogeneousequal toW,, say N reaction ratio ;0 > 21.9
throughout the fluid at time zero then it will remain so. This »
allows us to make the simplifying assumption that 5 diffusion ratio % 5.28
B+W=W,. (12 5
I . A
Thus N diffusion ratio D 1.68
A==V (AU=DAVA) +kopB, (13 R Rayleigh number gApVgOHS 50 60H3=1.5
9B=—V-(Bu—DVB)+ 2k, Q(Wy—B)—kyp,B, (14) a
. 14
and Se Schmidt number 5 2500
Q)==V-(Qu—DyVQ) -k Q(Wy,—B). (15
We must also have a source of oxygen at the upper boundary
and no-flux boundary conditions such that and
B,=A,=0 andQ=Q, at z=0, (16) D
A
B,=A,=Q,=0 at z=-H. (170 Also, the pair of dimensionless hydrodynamical parameters

Nondimensionalizind® and A with Wy, Q with Qg, Iength

with the sublayer depth associated with reacti@, H
=D/Kyps and time with 1%, we get from Eqs(13)—(15)

dA=—V-(Au—S5,VA)+B, (18

4B=—V-(Bu—VB)+«xQ(1-B)-B, (19)

0 Q==V-(Qu—-6VQ)—NQ(1-B), (20
and from Eq.(3)

S. [ au+(u-V)u]=—VP—RAk+V?2u. (21)

are the Rayleigh number given by

3
_ —gA’;LV[\;OH , 27
and the Schmidt number expressed as
14
S~ (29

in terms of the dynamic viscosity= u/p (see summary in
Table Il). The boundary conditions become

B,=A,=0 and Q=1 at z=0, (29

H is a measure of the sublayer depth of reactions penetratmg,ld

from the upper surface and gives the scaled fluid dephtas

d= H (22
o
Here, the two dimensionless reaction ratiesand \ are
given, respectively, by

2k, Q,
= 23
I(obs ( )
and
k1W0
= . 24
kobs ( )

The two ratios of diffusivityd and 5, are defined, respec-
tively, by
Daq

=5 (25)

B,=A,=Q,=0 at z=—d. (30)

We note that there are other choices of nondimensionaliza-
tion, but this choice enables us to investigate and compare
the behavior of the main region of oxidati¢sublayer depth
while varying the parameters. The kinetics for GLA imply
that the average oA is monotonically increasing and never
reaches a steady state. Taking account of this temporal varia-
tion in A, we approach the linear analysis by substituting the
expression

A(x,z,t)=(A)(1) +a(x,z,t) (31

into Eq. (18), where(A) indicates a space average/fnd
thus, by definition{a)=0. Hence,

I(AY=(B) (32
and
da=—V-(au)+ 6,V?a+B—(B). (33
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Qg and dQg/dz
FIG. 4. Steady-state profile of oxygen concentratidg,, with depth,z, and

its derivative for the reference parameter values=25, «=248, \
=21.9, 6=5.275, ,=1.675 andS,= 2500).

IV. LINEAR ANALYSIS

Bees et al.

0 10 20 30 40 50
85 and dag/dz

FIG. 6. Steady-state profile @y, the deviation of gluconic acid concen-

tration from the mean, with deptlz, and its derivative for the reference

parameter values. Note thaiis relevant up to the addition of an arbitrary

constant as only the gradient is important to the dynamics. Waget

=—d)=0 for convenience.

From the governing equations we can find numerically a

steady state solutioja.dz),Bs{z),Q{2z)] with no flow (u
=0), by solving the set of equations

) 1
dzass:5_(<Bss> —Bs,
A

dngs= Bss— kQls{1—Bgy, (34

A
deSSZEQsil_ Bss,

whered,=d/dz, subject to the boundary conditions
dzBssjz=0:dzasslz=O:01 stjz=0:11

and
dzBSJZ:—d:dzasst=—d:szsst:—d:0- (35

We present typical profiles in Figs. 4—@&ee the Ap-
pendix for the numerical methgdThese figures are a con-

20 F

05 0.7 1
By and dB/dz

sequence of the balance between the chemical reactions and
diffusion. The decay of the oxygen concentratifhn, from

the upper surface is essentially due to the production of glu-
conic acid(with MB* as catalyst The oxygen is almost
completely depleted towards the bottom of the container.

The colorless reduced form of methylene blue can be
oxidized to form the blue variety. Hence, where the oxygen
concentration is high, the concentration of M also high
(producing a plateau of saturated MBit the upper surfage
The production of gluconic acidig, is directly related to
the presence of MB. In particular, we expect that the de-
viation of the gluconic acid concentration with respect to its
average will be greater when the variations in MBue
larger. The main driving force for the hydrodynamic insta-
bility is related to a gradient in solution density. We also
note that the absolute concentratioragf does not appear in
the linear analysig¢see belowand only the gradient ddis
important. When this gradient is positiveee Fig. 6, we say
that the stratification of the system is unstable and, if it is
sufficiently large, will cause movement of the fluid.

We can establish the linear stability of these profiles in a
similar style to analyses on convection and
bioconvection-1"1® We perturb the steady state solution
such that

a=ag(z)+eal(x,zt),

B=B.{z)+ eB(x,z1),

Q=07)+eQ(x,2,1),

P=Pzt)+eP(x,z1),
and

(36)

u=eul(x,zt).

Substituting these expressions and 84) into Eq.(21) and

FIG. 5. Steady-state profile of the blue oxidized form of methylene blueCanceling quadratic and higher order termssiwe obtain
concentrationBgg, with depth,z, and its derivative for the reference param- _
eter values. ® P P Sc 11"7tul= —VPl-Ralk+Vaul, (37
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0.1

0.01 0.01 0.1

wavenumber

Rayleigh number

0.001

FIG. 7. The neutral stability curve for the reference
parameter valuetsee Fig. 4. If the Rayleigh number
takes a value above the lowest point of the neutral curve
then a range of modes will become unstable. The
growth rates of these modes vary with wavenumber as
plotted in the inset for various values of the reduced
Rayleigh number; =(R—R.)/R. .

0.0001

0.01 0.1

wavenumber

and similarly for the other equations. Calculating the diver-
gence of Eq(37) and the Laplacian of the third component
of Eq. (37), respectively, yields

0=-V?P!-Rg,at
and

Sc 14(V2u3)=—09,V?P*—RV2al+ V43,
which are easily solved to obtain

Sc 19,(V2u3)=Ro%al—RV2al+ Viui. (38)
Introducing the normal modes

alza(z)eilx+(rt'

BlZB(Z)eiIX+Ut

Ol= ,y(z)eilx+0't
and

U%: U(Z)ei|X+0't, (39)

gives

0.15

(S¢ o+ 12=dd)(di-1?)U=RPa,

(04 85(17—d?))a=B—Ud,ag,
(40)

SSy

(o+(12=d2)) B=ky(1-Bs) — k Qs f—Ud,B
(04 8(17—d?)) y= =N\ y(1-Bgd + A\ BQes— Ud, Q.

TreatingR as an eigenvalue to be found given the wave
numberl, we can compute the neutral curvée.m such that
o=0), an example of which is displayed in Fig.(See the
Appendix for the numerical methadThe figure indicates
that the first mode to become unstable, as the Rayleigh num-
ber is increased above its critical valueRy, has a wave-
number close to zero, corresponding to a very large wave-
length. (An instability with a wavenumber of zero is never
seen as this mode would also have a zero growth)rate.
Therefore, in experiments with the Rayleigh number set in-
finitesimally greater tharR., one should see a very large
mode inhabiting the whole container. However, for a Ray-
leigh number that is significantly above the neutral curve
other modes may grow faster. To illustrate this point, in the

0.125

0.1

I max

0.075

FIG. 8. The wavelength of the fastest motlg,,, for
different values of the reduced Rayleigh number, for
the reference parameter values.

25 7.5
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0.0015  0.0025 0.0075 0.0125

FIG. 9. The perturbation profiles of, U, y, and B, for the reference
parameter values, and we detequal tol ., the wavenumber with the
greatest growth rate whem=1. Note: « refers to the GLA concentration
perturbationlJ is thez component of the fluid velocity perturbatiop,is the
oxygen concentration perturbation, ads the MB* concentration pertur-
bation. For convenience we have arbitrarily aéz=0)=1 as this does not
affect the linear analysis.

inset of Fig. 7 we plot the growth rates, for some fixed
values of the reduced Rayleigh number (R—R.)/R.,

Bees et al.

~2 h™1, if the system had assumed the profile given by the
steady state distribution.

It is clear from the neutral stability curve in Fig. 7 that
the critical value of the Rayleigh number increases mono-
tonically with the wavenumber. As the wavenumber be-
comes large it has the effect of increasing the magnitude of
the viscous term in the first Eq. ¢#0). This must be bal-
anced by the term on the right-hand side and, heie,
~Ul?/a. However, the second equation of the set implies
that|?a~U (assuming that the gradient of GLA is relevant
to the instability and of order)1 Therefore,R.~1* as |
—oo, That is to say that the viscous terms in the horizontal
directions stabilize the system. On the other hand, one may
argue that there is no such mechanism available to stabilize
the system for small values &f We note that any balance

close toR.. From these graphs it is possible to read off thebetween the terms of Eq$40) as|—0 must include the
wavenumber of the fastest unstable mode. In Fig. 8 we plohhighest order derivative at leading order so that the nontrivial
the wavenumber of these most unstable modes as a functi@olutions satisfy the boundary conditions. Equally impor-
of r. This graph suggests that the most unstable wavenumbéantly we must ensure that the buoyancy term and driving
may tend to a limit as the Rayleigh number is increased, andradient in GLA also appear at leading order so as to provide
further computations also indicate that the wavenumber ishe basis for an unstable mode. Hence, the term must be
fairly insensitive to the value of for large values. Taking of a lower or equal order than the term in the highest deriva-
I max=0.13, appropriate when= 10, corresponds to a wave- tive. The first of Eqs(40) indicates, therefore, that

length of 2m/0.13xH~484=48\D/k,,s Clearly, this

value also changes with the other key parameters. Hence, if 0o

H=0.031 cm, a wavelength of #8~1.5 cm is predicted, Furthermore, variations with respectain U must be of the
which is in good agreement with the experimentally ob-same order in asU due to the boundary conditions and the
served wavelengths under normal conditions of between O.fct that we are studying a mode-one solutiGiHowever,

and 1.5 cm. . variations with respect ta in « are not necessarily of the
The increase in the value of the most unstable wavenunsame order ag.) Hence,

ber asr is increased is a consequence of the expanding range
of unstable modes. For unstable modes in general, the greater U~RI?a and o<O(1).

the wavenumber the quicker the mode grows until viscous o

and diffusive terms stabilize the dynamics for large values off '€ Sécond of Eqg40) indicates that
[. In particular, the growth rate decreases to zerb-a® as
the time scale for the instability to occur on a large length
scale must also be very large. The inset of Fig. 7 implies thajng  henced?a~RI2a and
the initially observed patterns for a reduced Rayleigh number
of 10 should grow exponentially at a rate of 0x18,,s S *

(0d?U)<0(diU)=0(RPa).

O(oa)<0(d2a)=0(U),

o<O(RI?).

10 T

kap=50 ——
0.2 T T kap=100 -------
kap=50 —— kap=240 =---e-s-
kap=100 ==-----
0.16 Kap=240 =-s--s- b

g
[= 0.1
2 FIG. 10. The neutral stability curve for three values of
5 k, wherex=21.9, §=5.275, §,=1.675, andd=25.
© The inset displays the wavelength of the fastest mode
é‘ 0ot for these values ok.

0.001

0.0001 A

0.01 0.1 1
wavenumber
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del=5.275 ——
del=25 -

FIG. 11. The steady-state profiles of MBBy,, with
varying 8, whereN=21.9, k=248, 5,=1.675, andd
=25.

0 0.25 05 0.75 1
BSS

This argument provides an upper bound on the value a6  in the following way: The oxygen penetrates further in to the
| —0 and implies thatr— 0 (o adopts this upper bound; see fluid from above, MB" follows suit, and the profile of GLA
Fig. 7). The invariance of the perturbation equations under das larger gradients. In Fig. 10 we plot the neutral stability
constant translation irags alone similarly leads toor=0 curves for a few values ok. It is clear that the neutral
whenl=0. This is the analogue of the Saffman—Taylor in- curves are not very sensitive to variations<dnalthough we
variance under translations whés 0 and thus the system remark that an increase in destabilizes the system. Also,
provides a good example of an instability of type(@ross  from the plots ofl ,,,, with r, the most unstable wavenumber
and Hohenberg'® varies even less. This is due to the fact that the variable used
Some typical perturbation profiles are plotted in Fig. 9in these plots is the reduced Raleigh number=(R
for I =1 ., the mode with the maximum growth rate, where —R;)/R.] and the neutral stability curves can be superim-
r=1. These profiles are as one would expect while takingposed by a translation iR. Increasing\ has a similar effect.
account of the asymmetric boundary conditions and buoy- By increasingé (similar results are also obtained by
ancy term. varying é,) one either increases the diffusivity of oxygen,
In what follows, we systematically explore the parameterD,, or decreases the diffusivity of the larger molecul@s,
space. To do this we change each parameter separately frohime main effect is to increase the penetration of oxygen and
the above parameter values, which we call the “referencéhus to increase the plateau of MBHowever, increasing
case,” and analyze the resulting neutral stability curves. too much can easily lead to a steady state profile in which the
Increasingx has the same effect as either reducing theoxygen does not become significantly depleted in any part of
rate of reaction(2), increasing the rate of reactidi), or  the fluid and thus the concentration of MBmay not dip
increasing the partial pressure of oxygen at the liquid—gashuch below its saturated value, and the gradients in GLA
interface. The profilegnot shown of the steady states vary can decreasésee Fig. 11 In this case, even if an instability

10 T

del;sizgg e
T dele5.275 —— el=es .
1|
]
£ ot b
g FIG. 12. The neutral stability curve for two valuesdf
_g where N=21.9, k=248, §,=1.675, andd=25. The
% inset displays the wavelength of the fastest mode for
=S 001 f these values 06. Similar results are obtained by vary-
LSE" ing S, .
0.001 |
0.0001 L
0.01 0.1 1

wavenumber
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1
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9]
el
[S
2 FIG. 13. The neutral stability curve for three values of
5 MUF d, wherex =21.9, k=248, 5=5.275, ands,=1.675.
© The inset displays the wavelength of the fastest mode
& for these values ofl.
o

e e L

00007 Lz .

0.01 0.1 1

wavenumber

arose because of significant GLA gradients, it may not bestudied previously and are difficult to superimpose by a
possible to observe the instability experimentally due thdranslation inR alone. There is also an associated larger
lack of contrast. The neutral stability curves while varyifig variation in the most unstable wavenumber, as displayed in
are displayed in Fig. 12. An increase dnstabilizes the sys- the inset. Adl increases, the mode-one solution has a smaller
tem and is associated with a small decrease in the most ueffective wavenumber in the vertical direction which will
stable wavenumber, as displayed in the inset. tend to force smaller wavenumbers in the horizontal direc-
A variation in the parameted can be interpreted as a tion to become more unstable. In other words, gradients of
variation in the depth of the fluid relative to the sublayer GLA over larger vertical distances will preferentially drive
depth(i.e., the penetration depth in which most of the chem-circulation with a larger horizontal length scale.
istry takes place Sinced is not a chemical reaction param- Preliminary experimental results suggest the following
eter, it does not change the profiles(df; or Bgssignificantly ~ trends. By increasing the viscosity of the solution, using a
(for high enougld). However, the profile o, does change small quantity of polyethyleneoxide, we find that the experi-
as it is the deviation ofA(x,z,t) from its spatial average mentally observed characteristic wavenumber decreases.
(A)(1), and this does depend on depth)(t) decreases This is consistent with the above theory as we would expect
whend increases and this results in higher gradienteiQf the Rayleigh number to decrease when viscosity increases
and thus a more unstable stratification. In Fig. 13 we plot thend so the modes with higher wavenumbers become stable.
neutral stability curves and also the most unstable waveWe have also monitored the variation in observed character-
lengths for a range of values of The system is more un- istic wavenumber with an increase in solution depth. Al-
stable for higher values ofl and, henceR. decreases. though the pattern type changes from dots to lines, one can
Clearly the neutral curves vary in a different manner to thosebserve that a plateau of wavenumbers corresponding to a

FIG. 14. The evolution of the horizontally uniform glu-
conic acid concentration profile with time, for the ref-
erence parameter valuésee Fig. 4. Notice that we
have allowed the mean of the concentration profile to
increase with time heréhe linear analysis is indepen-
dent of this mean variatignEach time step represents a
dimensional time of ¥,,s s. Whenk,,=0.0042, this
time step is 11.9 mins.
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FIG. 15. The evolution of the horizontally uniform oxi-
dized form of methylene blue concentration profile with
time, for the reference parameter values. Equal time

step as in Fig. 14.

-25 L L
0.2 0.3 0.4 05 0.6 0.7
Concentration of MB+

wavelength of 0.8 cm for depths up to 8 mm is followed bythat the slowly varying profiles would become more un-
a decrease in wavenumber down to a corresponding wavetable, with respect to horizontal variation, as they evolve
length of 1.45 cm for a depth of approximately 12 mm.towards the horizontally uniform steady-state profile and gra-
Again, these results are consistent with the neutral curvegients in GLA increase. In other words, the effective neutral
presented in Fig. 13 and their interpretation as discussestability curve would be expected to decrease monotonically

above. The full results of these and related experiments wilyith time for any given horizontal wavelength. How this
be published in detail in a later report. decrease occurs and the shape of the effective neutral curve

for any given pseudosteady-state should be established. By
continuity arguments, one might extrapolate general profile

V. PSEUDOSTEADY-STATE LINEAR ANALYSIS
The above analysis explicitly assumes that the systertability characteristics when the profiles are not varying so

does indeed reach the horizontally uniform steady-state prcslowly.
From another more practical viewpoint, for any given

file, expressed by the solutions of Eq84)—(35), immedi-

ately before a horizontally inhomogeneous mode growsRayleigh number, the pseudosteady-state analysis will pro-
Starting from general initial conditions this is only possible vide information concerning the time lapse required before
after infinite time, although as the profiles approach thean instability arises after the experiment is initiated from

steady-state they vary very slowly with time. As the experi-uniform initial conditions and thereafter the value of the lin-

mentally observed instabilities clearly arise in finite time, it early most unstable horizontal wavelength, which will vary
is perhaps more appropriate to establish the effective lineawith time.

stability of a pseudosteady-state profile. One might expect Figures 14—16 indicate how the GLA, MB and Q

FIG. 16. The evolution of the horizontally uniform
oxygen concentration profile with time, for the refer-
ence parameter values. Equal time step as in Fig. 14.
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100000 T
0.2 T T T T T T T

10000 ¢

-
TN
APEWN =

0.15

1000 FIG. 17. The evolution of the neutral curve for the sta-
bility of the pseudosteady-state with time, for the refer-

100 ence parameter values. Equal time step as in Fig. 14.

g The final curve stands for the neutral stability curve for
E 10 the horizontally uniform steady-statkere, the solution
= after 23 h; notice that it is identical to the neutral curve
E’ 1 for the standard steady-state stability analysie in-
E set indicates how the wavelength of the fastest growing
0.1 mode from the horizontally uniform pseudosteady-state
changes with time for a fixed Rayleigh numbér,
0.01 =0.01. The straight line represents the wavenumber
’ with the largest growth rate from the standard steady-
state stability analysis.
0.001
0.0001 . | . L
0.01 0.1 1

wavenumber
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APPENDIX

VI. CONCLUSION
The numerical method used in Sec. IV is a standard

We have summarized a series of experiments, investiimplementation of a fourth-order finite difference scheme,
gated in detail in PSBS, that provide good evidence for theriginally supplied by Dr. D. R. Moore(see Cash and
existence of an overturning instability induced by chemicalMoore),?® that uses the Newton—Raphson—Kantorovich al-
reactions. Furthermore, we have introduced a mathematicglorithm. For the steady states, the program searches for so-
model, which adequately describes the phenomenon, ardtions to Egs.(34) which satisfy the boundary conditions,
performed stability analyses on steady- and pseudosteadgiven initial guesses. The spatial average in the first of these
states in order to predict the characteristic length and timequations is calculated at each iteration using a suitably ac-
scales of the initial instability. These predictions are incurate integration scheme. With regard to the perturbation
agreement with experimental results without the need foequations, the program searches for the neutral stability
free parameters. curve (or growth rate if given a Rayleigh numbeof Egs.

An extension to the above analyses would be to investi{40). For each wavenumber, initial guesses for the concen-
gate the weakly nonlinear behavior of the instability close totration, velocity field, and the Rayleigh humber were pro-
the critical Rayleigh number and establish whether the bifurvided, when necessary. Stretched meshes were employed to
cation is subcritical or supercritical. In the case where thehelp resolve the boundary layer at the upper surface in deep
minimum of the neutral stability curve occurs at a wavenum-ayers and thus an accuracy of six significant figures was
ber of zero, then long wavelength analysis is appropffaté.  always achieved for convergence.

Furthermore one could extend the analysis to investigate the In Sec. V a set of partial differential equatiofia one
stability of a range of planforms and establish the preferredgpatial and one temporal dimensjois solved. Newton'’s
pattern??~2* 1t is possible that further instabilities will arise method is used to do this efficiently, employing band-
in the nonlinear regime due to the advection of reactantsliagonal LU decompositidfi and a semi-implicit scheme.
initiated by the linear instability. The equations are produced in the following manner: time

Work is also in progress by the authors to systematicallyderivatives are replaced by their forward differences and
extend the above comparisons of theory with experimentsther terms are replaced by weighted averages of the future
and further characterize the instability mechanism. (unknown) values of the variables and their preséatown)
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