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Abstract

Motivated by the difficulty in designing efficacious biocontrol strategies for dominant, agriculturally damaging slug species
using naturally occurring parasitic nematodes, we investigate theory for the significant impact of stage structured delays on a
non-autonomous host—parasitoid system. Initially, we mathematically strengthen existing stability results for a general class of
autonomous system with delays at different trophic levels using analytical and numerical continuation methods. These results
are employed to guide theoretical analyses of the effect of delays in a particular, seasonally forced, host—parasitoid system
that can model aspects of slug—nematode biocontrol dynamics. Significantly, the model reveals a log-dose response consistent
with experiments, and suggests that the optimal timing and frequency of applications is highly dependent on the form of the
control required. We find that short-term high-level as well as less dramatic but sustained control are both possible by varying
the timing of application. Moreover, we establish that resonance can occur between application and slug life-cycle frequencies
inducing potentially undesirable large amplitude fluctuations in slug numbers. Finally, we assess the practicality of planning a
crop protection response in the field.
© 2005 Elsevier B.V. All rights reserved.
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1. Introduction stages of their growthDeroceras reticulatum is a
species of global economic importance (accounts
Slugs are devastating agricultural and horti- for approximately 70% of slugs in UKGlen
cultural pests, causing damage to crops at all and Bohan, 2003; Lovatt and Black, 1920; Quick,
1960; Dell, 1964; Altena and Smith, 1975; South,
- 1992. However, the often irregular dynamics of
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Slugs predators are mostly opportunistic and few in overstability. In particular, we shall address whether
number Wilson et al., 1994gbirds, hedgehogs, etc.). the combination of seasonality, slug delay (9 months
The exceptions to this are carabid beetles, especiallybetween eggs and egg-laying) and nematode delay
Pterostichus melanarius (Bohan et al., 2000; Digweed, can account for some of the variability in slug and
1993; Symondson etal., 20Q2Jthoughtheytoodonot = nematode numbers.
restrict their predation to slug®ollett and Desender, Schley and Bees (2003)eveloped and explored
1986a,b; Sunderland, 1973eetles may not always several models for slug biomass and population size.
be present, and their direct effects on slug populations Here, we shall employ the model robustness results to
are still under investigatio(Bymondson et al., 2002)  formulate a non-autonomous delay differential equa-

Prevalent control strategies for slugs rely on methio- tion model of the slug—nematode interaction, taking
carb or metaldehyde pellets, often used pre-emptively. into account the recent studies$fiirley et al. (2001)
Most chemical treatments, however, are indiscriminate and Symondson et al. (2002xnd incorporating both
and can kill other species, especially natural slug preda- seasonal fluctuations and stage structure. Alternative
tors; it has been shown that following such treatments model forms should also be noted, such as the discrete
the recovery time of carabid beetles is much longerthan model based on slug egg production with overlap-
the target specig®urvis and Bannon, 1992)lthough ping generationsSchley and Bees (2002yhich splits
it is desirable (and essential in organic farming) to the year up into several in-season and extra-season
employ alternative methods of control, market garden batches. However, we found that this system does not
techniques such as barriers or traps are not suitable foreasily lend itself to the full spectrum of timescales

large scale agriculture. identified in experimental studies of biocontrol. The
The parasitic nematode Phasmarhabditis delay differential system best captures the short lifes-

hermaphrodita killed all tested varieties of UK  pan characteristics and rapidly varying densities of the

slug (Wilson et al., 1993aand pest snail§Coupland, nematodes as well as the slug dynamics with longer

1995) Infection occurs via the slug’s mantle, and timescales.

death results due to toxins released by nematode gut Recenttheoretical attention hasfocused onthe effect
bacteria(Wilson et al., 1995a)Infected slugs stop  of delays at various trophic levels and their stabilizing
feeding within 0.6 weeks and move underground and/or destabilizing influences, in autonomous host—
before dying, which occurs within 1-3 weefGlen et parasitoid/pathogen systems (see for exan®ulggs

al., 2000) Since nematodes are specialised parasites,et al., 1999. We shall see that these systems have
their presence does not affect other species, including much in common with the autonomous slug—nematode
slug predatorsWilson et al., 1993b, 1994klthough system.Hastings (1984)considered stability impli-
seeMorand and Gonzalez, 19R7n particular, they cations of time delays at different trophic levels in
do not have a significant impact on endangered snail an autonomous model exhibiting equilibria associated
species(Wilson et al., 19933) although they are  with either extinction or coexistence, concluding that
capable of killing some water snails. Similar varieties parasitoid delays are more critical than host delays. In
of nematode infect other species of slug the world a similar approachiMurdoch et al. (1987)ndicated
over(Charwat and Davies, 1999; Morand and Barker, that an invulnerable age class (e.g. time delay in the
1995) Although shown to be more effective against recruitment of adults or juveniles) had a stabilizing
slugs than chemical treatmerfWilson et al., 19943) role in host—parasitoid dynamics, which they further
nematodes are currently too expensive to be used inlinked to the lack of local extinctions in some bio-
conventional commercial farming. It is thus necessary control arenasBriggs and Godfray (1995)onsidered

for the nematode treatment to be applied efficaciously a more general system, but also autonomous and in
— strategically placed at the correct concentration and the absence of a carrying capacity (see their Appendix
in a timely fashion. Many timescales are involved C), and derived a characteristic equation from which
in slug—nematode dynamics and it is not obvious to determine local stability of the coexistence equi-
which are important. Using a modelling approach, this librium, whence they numerically obtained stability
paper aims to elucidate the role of these timescales results. Simulations revealed the existence of sub- and
by revealing important mechanisms for stability and multi-generational cycles (see aBaggs et al., 1999
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They conclude that equilibria are generally stabilized
(and Lotka—Volterra cycles destabilized) by models in

which the hosts have age-structure, especially when
juveniles are susceptible, and destabilized by para-

sitoid/pathogen age-structure.

Initially we adopt these approaches for a model
which includes a carrying capacity and, furthermore,
obtain explicit analytical results for the stability of
equilibria for particular cases of host and parasitoid
delays. We develop these results with the applica-
tion of continuation methods, thus providing a frame-
work from which we can study the more realis-
tic non-autonomous system. In order to theoreti-
cally investigate the mechanisms involved in realis-
tic biological control strategies it is essential to con-
sider seasonal variations in life-cycle factors, and
the discrete timing of nematode applications. These
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wherep(t) (>0) represents the slug reproduction rate,
and is the rate of production of mature slug biomass
(mg) from eggs through juveniles to adults, per mg
of biomass. Individual slug growth is distinct from
reproduction and is incorporated in the parameter
u(t) = (death— growth), the slug biomass net decay
rate. The delay(r) (>0) is the time span from when
the eggs are laid until the hatched slugs reach (egg lay-
ing) maturity andK(z) (>0) represents the limitation
placed upon the population size by the environment,
and is related to the carrying capacity= K(p — u).
(Although C appears naturally for autonomous sys-

non-autonomous features can express a wealth oftems, it does not have the same interpretation for non-

additional behaviour beyond the underlying trends

revealed by the study of autonomous systems (e.g.

Wiegand and Wissel, 1994
In the next section, we construct the full non-

autonomous slug—nematode system, and, in the follow-

autonomous delay systems, as in gen&¢al- t(r)) #
S(¢).) The most natural unit of time, for slug dynam-
ics is weeks (wk; for convenience 1 year52 wk),
although all simulations employ time steps of 1 h. The
juvenile populations are implicitly modelled and their

ing section, summarize the analysis of the associateddynamics have been absorbed into the (delayed) repro-
autonomous system with delays, which reveals basic duction ratep(r — (¢)) (seeSchley and Bees, 200f®r

solution trends and may also be directly applicable to

details), with the assumption that the relatively mobile

controlled environments (such as greenhouses). In latermature slug¢South, 1982; Shirley et al., 200dp not
sections we numerically address the dynamics of the compete directly with juveniles for resources.

full delayed non-autonomous system using a combi-

Beyond this approachSchley and Bees (2003)

nation of independently derived field and laboratory investigated a range of models for adult and/or juve-
data and, finally, assess strategies for effective biocon- nile populations of slugs (as well as for slug humber)
trol. Treatment programmes are investigated to either and concluded that the adult biomass model provided
maximise the reduction in host numbers with a limited a range of representative solution behaviour. Further-
supply of parasitoids or control the host life cycle and so more, they noted that in the absence of predation the
contain outbreaks. In particular, we consider treatment other representations can be obtained from this model
timing, application frequency and host (slug) damage by suitably scaling the forcing functions and parame-
response strategies. ters (by consistently scaling/absorbing time dependent
terms). In all models the temporal delay terms were
found to have a qualitative effect on the dynamics,
both for equilibrium and transient solutionSchley
and Bees (2003prther argued that for a simple ODE
modelitis more importantto keep track of slug biomass
than slug numbers due to the large range of slug sizes,
Schley and Bees (2003)roposed the following  and slug-size related crop consumption and possible
delay differential equation model for mature slug nematode discharg&wynn, 2000)
biomass (henceforth, assumed measuredg) S(7), In this paper, in order to develop simple mod-
in the absence of predation or parasitism (which they els of slug biocontrol we shall adopt the adult slug
classified as type li): biomass model for the reasons discussed above and

2. Modelling slug-nematode dynamics

2.1. Mature slug biomass
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shall develop it for slug—nematode interactions. The ds(r) S2(1)
results discussed in this paper can be adapted for other —5,~ = p(t = (0)S(r — (1)) — n(r)S(r) — X0
slug models in this genera, if the need arises.

—c(O)N(1)S(),
s dN(r)
2.2. Nematode parasitism 5 = (et — s(O)N(t — o(t))S(t — o (7))
As the nematode population relies solely on the —v()N(®). )
slug population, we require a second equation for _ .
the number of free nematode¥(r) — those living in We can cast this model in a more general host—

the soil and not in slugs. Slug infection results in Parasitoid form, for whicts(7) represents the mature
the removal of healthy adult slugs from the popula- hosts andV(z) the number of parasitoidg(r) (>0) is
tion S(#), since infected individuals no longer repro- the host reproduction rate,(r) is the host net decay
duce or feed/compete. Infected slugs are not explicitly rate,K(z) (>0) is an environmental limitation on mature
modelled as they generally move underground to die hosts, which here do not compete for food resources
(Glen et al., 2000)Rather, we implicitly model the ~ With a juvenile classz(r) (>0) is the host maturation
time lag between infection and the certain addition delay,c(r) > 0 is the contact rate between host and
to the free nematode population. Following reproduc- Parasitoidsp(r) (>0) is the parasitoid reproduction rate
tion in and consumption of the cadaver by nematodes, (Per unithost)g () (>0) is the time from infection until
infection ultimately results in an increase in the free the parasitoids emerge ant) (>0) is the parasitoids’
nematode populatiofWilson et al., 1993a)Glen et ~ hatural death rate. Note that §{r) represents num-
al. (2000) showed that the probability of infection ber thenu(s) = death> 0, whereas ifS(¢) represents
was nematode concentration dependent, so that webiomass thep(r) can be negative at certain times. The
amend the right hand side of EfL) by adding the full system is a non-autonomous extensioivieirdoch

term etal. (1987gand Model 1 oBriggs and Godfray (1995)
with the inclusion of an environmental carrying capac-
—c()N(0)S(), (2) ity. This model may be set in the context of invulner-

able juveniles, which are modelled implicitly. For the
slug—nematode system, juvenile slugs move much less
nemz_;\todes. . distance(South, 1982; Shirley et al., 2001han the

It is reasonable to assume that all but a negligible significantly larger, possibly sexually motivated, adult

alrnOLgt of neznaggoq_i reproduction occu;sf within the slugs (>100 mg). It seems reasonable to assume that the
slug(Gwynn, )The emergence rate of free nema- juveniles are then less likely to come into contact with

Fodes isthu; proportional to the amountof slug biomass the nematodes and so are relatively invulnerable. Such

infected a time — o(r) ago, given by a description is consistent with the adult slug biomass
model and useful in that the supporting data for non-

+p(O)c(t = o (Nt — o (1)) St — o (1)), autonomous events are most readily available for this
scenario (se8chley and Bees, 20D3

wherec(r) > 0 is the contact rate between slugs and

wherep(7) (>0) is the nematode reproduction rate (per
mg slug biomass), ang(r) (>0) is the time from infec-

tion until free nematodes emerge. Furthermore, We 3, Autonomous host—parasitoid delay dynamics
require a natural nematode mortality, which we assume

to be linear of the form In this section we neglect the time dependence
of model parameters, with application to controlled
—v(1)N(1), environments such as regulated greenhouses or poly-

tunnels, which have constant levels of temperature and

wherev(r) (>0) is the nematodes’ natural death rate.  humidity, and relatively few predators. It is instruc-
Unifying all of the above, we obtain the non- tive to analyse the possible parameter regions through
autonomous slug—nematode system which the non-autonomous model may pass, in order
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to help predict the behaviour of the full system. This
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3.2. Host maturation delay without parasitoid

section aims to set the scene and to reinforce and extendreproduction delay (t > 0; 0 = 0)

analyses of similar systems, although it may be skipped
in favour of later sections on the non-autonomous slug—
nematode dynamics and agricultural biocontrol strate-
gies.

3.1. Non-dimensionalization and steady states

To reduce the number of free parameters, we non-
dimensionalize by setting

~ - - A
t:ptv T =01 0 = 0, M= —, V= —,
P P
L < SE/0) _ S0)
p=cKp, S@)= oK - K’
NG) = cN(@/p) _ eN(r)
P o
On dropping tildes, the model becomes
B _ st - 50 - 520~ NSO,
dlgt(t) — pN(t — 0)S(t — &) — VN (). 4)

The nuliclines of Eq(4) are{S =0, N =1—pu —
S} and{N =0, S = v/p}, which at most give three
steady stateg™ = (S*, N*) given inTable 1(extinc-
tion, exclusion and co-existence). Note that the co-
existent host population is lower than in the absence
of parasitoids, since < u. =1 — v/pimpliesv/p <
1 — w. For the case of no delays £ o = 0), stability
results are tabulated ifable 1 In the next sections we
shall consider the local stability of the equilibrizy,
E1 and E», under various delay conditions. To elicit
analytical results, four cases will be addresged: 0,
0=0;1=0,0>0;1r=0>0;7#0.

Table 1
The steady states of E¢f), conditions for their existence and sta-
bility results in the absence of delays

Steady stat&* = (§*, N*) Existsifandonlyif 7=0=0:
stable if and
only if

Eo=(0,0) l<pu

E1=(1-p,0) <l pa <p <1

v vV v

Ez=(7,l—u—7) < pye=1—— < s

P P P

One might wish to assume that the delaybe
neglected as itis typically smaller than the host matura-
tion delayz. However, we show idppendix Athat the
local stability criteria for all three of the above steady
states do not alter in this case. We note that it is not
possible for a delay of the above form to induce sta-
bility in the system, since delay induced bifurcations
occur through complex conjugate roots crossing the
imaginary axis and the undelayed unstable system has
positive real roots.

However, even when the positive equilibrium is
found to be linearly stable, the stability results are local
results and stable periodic solutions can still exist.

3.3. Parasitoid reproduction delay without host
maturation delay (t = 0; o > 0)

Although it may be unrealistic to neglect the host
maturation delay, it is instructive to analyse stability if
we do so. Once again, the stability criteria #§ and
E1 do not alter in the presence of this delay. However,
we show inAppendix Athat Eo can be destabilized by
a sufficiently large delay.

3.4. Linear analysis for multiple delays (t > 0;
o>0)

When the host maturation delayand the parasitoid
reproduction delay are both present, new dynamics
are introduced. It is straightforward to show that the
stability criteria for Eg and E1 remain unaltered, and
so we consider only the coexistence steady sigte
(requiring u < wy). Multiple delays are, in general,
complicated to analyse, and although it is possible to
analyse the stability of the equilibria when the delays
are integer multiples of each other, they are inherently
dependent on the majority of the parameters and tend
not to result in explicit stability criteria. It is for this
reason that we first consider a simple case, and then
use numerical continuation techniques to extend the
results. This provides an analytical skeleton from which
to build solutions to the characteristic equation, with-
out resorting solely to numerical computations. Thus
we may illustrate how the presence of a delay in host
maturation can stabilize the coexistent state when the
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parasitoid reproduction delay is present. This effect is bifurcation value with respect tg, increases monoton-

proportional to the magnitude of the maturation delay.

When the delays are equal such that o the

ically with the host delay, and that this relationship
becomes linear for large In the above example, the

resulting characteristic equation can be analysed as inline o, = 1.06t — 8.69 is a good approximation for

Appendix A There is a critical valug:,; (< ) of

wu above which bifurcations may not occur, and below

which instability sets in for sufficiently large Numer-
ical results suggest that this is approximately for

smallv, but for larger values of this critical value is
strongly dependent on all of the parameters.

For independent delays & o) and by employing
the above results, we may determisngc, v, p), the
value ofo at which bifurcation occurs far = 0, and the
critical rootA = iw, of the characteristic equatidB).
Using the frequencw, as a free parameter, the solu-
tionso(z) (r > 0) of (8) can then be computed for any
given (u, v, p) (e.g. using the continuation software
Auro; http://indy.cs.concordia.ca/au}oFig. 1shows

T > 30.

Sinceop < o, we have shown that the addition of
the second delay can stabilize the equilibrium. Ana-
lytically, we have shown that the delays in the model
can have destabilizing as well as stabilizing effects.
Notably we have demonstrated that the parasitoid
reproduction delay would need to be of the same or
larger order as the host maturation delay to destabilize
the equilibria, in line with previous numerical results
reported in the literature for similar models without
a carrying capacity (e.d@riggs and Godfray, 1995
In practice, however; 3> o and we would not expect
such behaviour. We must emphasize that delays can
also result in periodic solutions, so that stable steady

the case (0.5, 0.1, 6), but other values are similar (when solutions may only be locally (not globally) stable,
such bifurcations occur). Itis found thatthe stable range and that for convergence, solutions may be required

of values [Q o.) of the parasitoid delay, wheee is the

Fig. 1. The stability boundary for the coexistent steady state with
respect to the two delaysando, whenp = 6,v = 0.1 andu = 0.5.
Destabilization only (and always) occurs with increasitigr anyz;

for fixedo we may always (re)stabilize the equilibrium by increasing
7 sufficiently. The curve is calculated by continuing solutions{
which satisfy(8) for A = iw,, wherew, is a free parameter. Note that
the curve intersects the vertical axigat o9, sincer = 0. From the
text we have thaip(0.5, 0.1, 6) = 0.364 for whichw = w, = 0.216
from Eq.(10). These values may be used as the initial conditions for
numerical continuation. In addition, the points @) and ¢, o;)
givenin the text are marked with circles (hete= 0.435). The curve
o.(t) passes through these points as required.

to originate sufficiently close to the desired steady
solution.

3.5. Slug biocontrol strategies (autonomous
model)

For ease of interpretation we return to the dimen-
sional parameters in this section. We shall assume
that a delay induced instability does not occur (
is sufficiently large compared te), so that there
is always exactly one locally stable equilibrium (see
Table 2.

With reference to the above analysis we shall con-
sider biocontrol strategies for the two equilibria when

Table 2

Autonomous model with delays (> o): expected behaviour of slug
and nematode populations in terms of theginal parameters
Parameter range ConvergériodS*, N*)
K(p—n) <0 Extinction (0, 0)
0<K(p—p) < Cl Exclusio®  (K(p — 1), 0)

. 1
Coexistence (1, - (K(p - L))c
cp cK cp

@ Only linear stability has been proven, although numerical results
suggest that the convergence results are globally valid.

b Only slugs persist.

¢ Valid when delay induced instability does not occur. Otherwise,
we expect coexistence with oscillations (periodic or quasi-periodic).

Outcome

v
— < K(p—p)
cp
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slugs are present (assuming that- p so that slug
extinction does not occur). If slugs exist in the absence
of nematodes, the parameters satisfy

Z > K(p—p) = S, )
cp
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dependence from many years of well-controlled labo-
ratory and field experiments.

4.1. Parameters

For numerical simulations of the slug biomass popu-

The most advantageous strategy is to reverse thelation we have used the temporally varying parameters

inequality (5) so that we have coexistence, while ren-
deringv/cp (the new stable steady state slug popula-
tion) as small as possible.

In practice it may be difficult to changewhich rep-

of Schley and Bees (2003)hich were derived using
the independently measured laboratory and field data
of South (1982, 1989aand Hunter and Symmonds
(1971)as functions of temperature. Whilst it is clear

resents the number of free nematodes released from thehat many environmental factors will influence slug

body of an infected slug. Reducing the nematode mor-
tality, v, should be possible in controlled environments
(such as poly-tunnels) by maintaining a suitable tem-
perature and climate, although this is also likely to ben-
efit slugs. Warm damp conditions which improve the
survival of the nematodes in the soil (redug&vill also
reduceu, and so careful consideration will have to be
given as to whether a reversal of inequa(®y may be
attained. The final possibility for producing a reduced
coexistent slug population is to increasehe contact

dynamics, including moisture, the literature has con-
centrated on the effects of temperature in the laboratory
and supports the view that temperature is the dominant
factor in the life cycle of slug¢South 1989a, 1989b;
Wareing and Bailey, 1985yVe have taken this temper-
ature data as “representative” and, furthermore, seek
to disentangle effects by looking at average years as in
Schley and Bees (2003 owever, the results described
here are not overly dependent on the parameters.
Choi et al. (2004 pdopt a different approach by fit-

rate between slugs and nematodes. In practice, this will ting a simple model of juvenile and adult slug dynamics
be dominated by how “active” nematodes are, which with 8 free parameters to an initial data set of 20 data
is strongly affected by extreme temperatures. Improve- points from field data, which they then employ in a pre-
ments on the infection rate of slugs might be achieved dictive fashion. One of the aims of their paper was to
by increasing the homogeneity of the populations, such theoretically investigate the relative importance of tem-
as through tillaging (while maintaining a moistexposed perature and rainfall on the slug dynamics, although
surface). However, breaking up the soil might also due to a lack of data various functional forms were
increase: and reduce, so that a switch may be harder assumed. They conclude that temperature and rain-
to obtain, but ifv/chewp < K(onew — tnew) then it fall affect different aspects of the slug lifecycle and,
immediately follows that/cnewp < K(0old — Kold), furthermore, that the parameters provided by the fit-
so that the slug population will be reduced. Tillag- ting process differ from laboratory experiments. In the
ing would be beneficial it andp were increased and  absence of independent field data, we prefer to use
decreased, respectively, since this would still result in the reproducible laboratory data as above (and some
a reduction of the steady slug populati&fo — ), field data), whilst recognising that refinements could
even if a persistent nematode population could not be be made with more experimental data. With the repre-
established. sentative seasonal data that we shall employ we shall
look to isolate mechanisms rather than provide fore-
casts by fitting our model. (S&eomins and Fletcher,
1988 on the virtues of using reliable laboratory data
rather than “setting the parameters post hoc to produce
In this section, we explore explicit solution realisticresults”, anBeldman etal., 198 for example,
behaviour of the non-autonomous slug—nematode on the success of laboratory-derived models of beetles
model. The motivation in doing so is two-fold. The for field predictions.)
functional dependence of most slug and nematode life-  To calculate the nematode related parameters aris-
factors on the season is multifaceted and sometimesing in this model, we first note that there should exist
extreme, and we have access to data on this functionala background nematode population in the absence of

4. Non-autonomous slug-nematode dynamics
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treatment(Wilson et al., 19943)and so we expect ground level of nematodes adds the dosage applied
the system to support a natural state of coexistence.(to give a delay of between 1 and 3 wk). However,
The time until death of infected slugs depends on their this leads to small quantitative rather than qualitative
degree of initial infection, and varies from 1 to 3 wk changes in dynamics and we disregard such a term in
(Wilson et al., 1993a)As before, we assume that the the current study.

level of initial infection is proportional to the current

nematode density. We may then use the field data of 4.2, Nematode treatments and log-dose response

Wilson et al. (19944a)for infection levels versus treat-

ment doses, to calculate both the expected background Standard nematode treatments app|y approximate|y
level of nematodes and the contact rate between indi- 3 x 10° nematodesm? (Glen and Wilson, 1997)
viduals. The number of neWIy infected individuals in 1 Experiments have shown, however, that approximate|y
week is approximatelyNS, whereN is the total num- 80% of nematodes applied to the soil are [@tvynn,

ber of nematodes (treatment plus background level) and 2000) and, therefore, we assume a “true” treatment
S is the current slug population. Fitting the data we dose of 6x 10* nematodes m? per application. The
find thatc = 6.4 x 107° and the background level is  treatment is easily incorporated into the simulations
N3 ~ 9 x 10® nematodes, which equates to an infec- with the addition of a periodic step functigh(wr) to

tion load of 10% of slugs, in good agreement with field the nematode growth rate, which quickly forces the
observationgWilson et al., 1994a) population to the application level (s&@pendix B.

The per capita lifespan of: hermaphrodita is Although nematode numbers decrease rapidly fol-
approximately 2 wk(Wilson et al., 1993b; Gwynn,  |owing their application, the model reveals that a
2000) SinceP. hermaphrodita is a specialised parasite secondary peak may be observed in their popu|ation
and its life-cycle is closely linked to that &f. reticu- shortly after the treatment time, as illustratedFig. 2
latum (Glen and Wilson, 1997]t is not unreasonable  This is a result of the nematode reproduction defay,
to assume that(z) is proportional to the slug death rate  petween slugs being infected and the new dauer larvae
with a mean determined by the laboratory data. It has emerging, and is a prediction that could be investigated

been shown that nematodes may also survive in freez-jn the field. The magnitude of this second peak depends
ing temperatures, although they remain inactive. How-

ever, we will initially let the contact rate remain con-  _ sooof :
stant, so that(r) = 6.39 x 106 nematodes! wk—1, 2 4500l ; T N 07 nematodes
and shall consider the inactivity at extreme tempera- 3 4o00] :
tures later on. 8 3500l
We estimate the number of active nema- £ s500l
todes that emerge from infective cadaver ms= @ 2500]
45nematodes mg, based upon a lower threshold %2000_
yield of 50nematodesmg of culture medium g 15001

recorded byWilson et al. (1993h) approximately B 1000
90% of which were dauer larvae. A prerequisite 2 500
for coexistence is thas; > S5, and we thus use
the upper bound parameters fgr and u cal-
culated in Schley and Bees (2003)Noting that
* __ Q¥ _ Q¥ __ _ _
KcN; = 87 — 85 = K(p — ) —v/pc we may use Fig. 2. The slug biomass level and nematode population (scaled for
all O_f _the above to solve for the expected value of comparison) when treatment is applied annually in week 16 (marked
K, giving K =~ 3.5 x 10*. The full non-autonomous  with a+) and there is variable nematode activity (see text). The large
model is detailed iMppendix B delayr means that treatment not only affects the slug population at
We note that there is limited evidence to suggest that the time of application, but results in reduced recruitment later in
hiahlv infected sl di i tal 1993 the year (because of reduced egg laying now). This has knock-on
Ighly Intec e slugs - e SOOHQNI sonetal., a) effects on the nematode population, which requires the presence of
Thus one might consider a state depen_dent delay suchsjygs (in addition to a good contact, and thus infection, ehfier
aso(N) = 3 —2(N — B)/(8 — B), whereg is the back- reproduction.

0q 13 26 39 52
wk
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Fig. 3. The mean and minimum slug biomass present each year in Fig. 4. Nematode treatments appear highly effective at producing
relation to the dose strength of an annual nematode treatment. For and maintaining a low level slug population. A single treatment
clarity here, we have considered the autonomous model, with each (dotted line) produces a significant reduction whose effects linger
parameter assigned its annual mean value. In each case, the minimurfor 4-5 years. A significantly lower population level can be achieved
slug biomass was attained shortly after (and directly attributable to) (2—3 years) through annually repeated applications (solid line). In
the application of nematodes. each case year zero represents the first year nematodes are applied,
and treatments have been applied in week 28 (the first treatment is

on the level of nematode activityand indicates how  denoted by &).
nematode reproduction assists in treatment efficacy.

The calculation of background nematode levels (and able features, as displayedfig. 2 It has been shown
the measured level of slug infectioilson et al., experimentally that treatments provide significant crop
19943 suggests that a high level of slug “control” protection for atleast 7 wk, but not after 27 \(Wilson
exists in the absence of treatments. Moreover, sim- et al., 1994b, 1996)
ulations of the autonomous system with delays (i.e.  If a nematode dose is applied just once per year,
non-equilibrium dynamics) indicate that slug popula- thereisaquick transition to a controlled population that
tions are maintained at roughly half the levels which can have an annual mean which is 15% less than the
they attain in a parasite-free environment. untreated population (although this percentage depends

The model predicts a log-dose slug response to on when the nematodes are applied, see below). In
increasing nematode dosage, which has previously Fig. 4 we display the results when the nematodes are
been observed in experimer(i/ilson et al., 1994a, applied every year in week 28 (which generally admits
1995b) The reduction in slug biomass when nematodes the least variation, see below), forcing the slug pop-
are applied once per yeaw & 27/52) in a controlled ulation from a periodic solution with a large mean
environment is shown iffig. 3. Note that there is a  to one with a lower mean and smaller amplitude. It
large difference in the initial response and the mean should be remembered that the periodic nature of these

effect of treatment over a year. solutions is due to the deterministic periodic forcing
and in practice we would expect yearly fluctuations
4.3. Application efficacy to drive variations about these solutions. Importantly,

Fig. 4indicates thatthe long term advantage of repeated

Even a Sing|e nematode treatment dose can have atreatments is not |mmed|ate|y obvious at the time of
long term effect on slug biomass populations. Repeated application, and is due to the delays in the system.
annual applications, however, bring about a greater
overall reduction. Simulations show that the slug popu- 4.4. Application timing
lation has a recovery time of several years, an example
of which is given inFig. 4. The short-term control (tens The reduction in annual mean slug population
of weeks) and form of oscillation are the most measur- changes only slightly with the timing of a single annual
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Fig. 5. The mean slug population)( and the minimum and max-

imum values it attains«) in any 1 year, depending on the time at ~ Fig. 6. For a constant annual quantity of nematodes, the mgan (
which the nematode treatment is applied. For comparison, the mean Slug biomass, given as a percentage of the average untreated popu-
(dotted) and extreme (dashed) values of the untreated slug population lation, in a controlled environment remains relatively unaffected by

(with only the background level of nematodes) has been marked.  the frequency of nematode application. The fluctuations in the pop-
ulation do, however, change significantly; the maxima and minima

(+) may be well above and below the normal range. There is a clear

nematode applicatiori-(g. 5), but the amplitude varies resonance with the delay+ o ~ 46.2 and its sub-harmonics.

markedly. A non-intuitive result occurs when applica-
tions outside of weeks 18-46 actually result in larger
fluctuations (higher maxima!) than would normally be ) )
attained, and suggests that applications should be timegmMent at the main resonant frequency (period of 46 wk)
to coincide with vulnerable crop times. Some crops, N order to obtain a few weeks of exceptionally low
however, may require sustained protection and it may Slug damage. In this case, the slugs crash to approx-

be more desirable to maintain a non-fluctuating slug imately 36% of the uncontrolled level, but peak at
population. 156% later in the year. Results indicate that treatments

must be applied with a period of no more than 35
wk if the population is to be maintained below its
uncontrolled level for the whole year. The slug pop-
ulation fluctuates less as treatments become more fre-

Here we consider the separate issue of how fre- quent, due to the stabilizing effect on the nematode

qguently treatments should be applied in unforced population.
(autonomous) model, whilst maintaining the net annual
dose. We find that the mean slug population is not sig- 4.6. Variable nematode activity
nificantly affected, suggesting that if there is a cost
involved in the application of the nematodes, then it Althoughitis possible to calculate the mean value of
is most efficient to apply the entire dose in one treat- the contact rate(s) (see above), little data is available
ment. But one must also consider the amplitude of the on its likely variation. In the field, we would expect
population variations with regard to vulnerable crops. c¢(f) to vary (like most other parameters in the non-
In particular, resonance with the natural slug dynamics autonomous model), reflecting how active nematodes
causes large fluctuations as can be observédgng, are in seeking out and infecting slugs. To derive a time
which shows the mean and range of the resultant slug dependent contact rate, we follow the method used by
population for the autonomous model in relation to the Schley and Bees (2008)r slug life-cycle parameters.
frequency of treatment. Firstly, we consider as a function of temperaturg

If crops are vulnerable for only a short period of (°C), and then calculate the value «ff) by using the
time, it may be desirable to apply the nematode treat- average (monthly) temperature in the UK. As for slugs

4.5. Application frequency: resonance in
controlled environments
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3000f 5. Conclusions

2500] T ] The control of slugs is an issue of great impor-
tance in agriculture and horticulture. Recently parasitic
nematodes have been used as an efficacious biocontrol
1500k ] measure, although some optimisation is necessary to
""" CTTTT T help it become economically competitive with conven-
1000 1 tional chemical treatments.

In this paper, we have developed a realistic, uni-
form model for the dynamics of interacting slug and
nematode populations in the presence of delays in
slug and nematode maturation, and seasonal forcing.
In particular, we have considered a system of two
Fig. 7. AsFig. 5 but with variable nematode activity — and hence NON-autonomous, delayed ODEs and have investigated
infection rate (f) given by Eq(13), as opposedtoa constantcontact  both autonomous and non-autonomous aspects of the
rate ¢ = 6.39 x 10°°). model. Such systems have previously been used to

model parasitoid-invulnerable age classes. Here, juve-

niles have been assumed invulnerable due to their
(South, 1989b; Wareing and Bailey, 198%mpera- much reduced infection rates, attributed to their rel-
ture is considered the most significant factor in the ative small size and lack of locomotion (including
life cycle of nematode@Wilson et al., 1993a; Gwynn, the absence of reproductive impulse), and the neg-
2000) Finally, we fit a curve to these points (with the ligible movement of the parasitoid (nematode). One
assumption that is has a period of 1 year or integer frac- avenue of future research might assess the valid-
tion thereof;Appendix B. The result, as expected, is ity of effective juvenile invulnerability by explicitly,
almost zero activity during the winter months, peaks rather than implicitly, modelling juveniles in a spatial
in spring and autumn and reduced activity during the setting.
summer. For the slug component of the model presented

A variable contact rate is less effective overall than herein,Schley and Bees (2003)ave shown how the
a constant rate (with equal means), as slug populationsautonomous model may be extended to model either
tend to recover in times of nematode inactivifyg. 7). mature populations, juveniles or a combination of
Surprisingly, winter applications provide reasonable both, with an appropriate rescaling of parameters and
protection, despite the low nematode activity, due to implicit modelling techniques. The choice of model
the low nematode death rate at this time. However, setup would in practice necessarily be governed by the
this prediction is unlikely to be valid during periods of  attributes of the supporting data.
sustained hard frost. The immediate reduction in slug  As the slug—nematode model readily fits within the
numbers following an application at the start of the year host—parasitoid framework, we have followed previ-
is negligible but, under a regime of repeated annual ous stability analyses of autonomous versions of such
applications, results in sustained control. An applica- systemgHastings, 1984; Murdoch et al., 1987; Briggs
tion later in the year can result in a dramatic drop in and Godfray, 1995)Furthermore, we show that the
slug population (due to high nematode activity), but slug—nematode model, including a carrying capacity,
induces large oscillations. is amenable to analytical techniques for special cases

Further research on the exact response of nema-of the delay terms. In particular, we present an alter-
tode activity to temperature would be extremely use- native method to direct numerical computation of the
ful in order to more accurately calculate treatment stability results: analytical calculations yield a skeleton
times. These results strongly suggest that considera-of exact expressions upon which we build with contin-
tion should be given to the crop protection required uation techniques.
both at the time of application and for the rest of the ~ The system of equations contains multiple delays,
year. which are themselves time-dependent. The large delay

2000}

Slug biomass mg/m’

500 ¢

0 13 26 39 52
Week of year treatment applied
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in host maturation proves to be sufficient to dampen response this offers a relatively high level of natu-
the effects of the (potentially destabilizing) delay in ral control. Therefore, we suggest that the occasional
parasitoid reproduction, resulting in local stability of application of nematodes is worthwhile in all farming
steady states. Stability results have only been provensystems — even those not intending to utilize them as
locally, although numerical results suggest that they are the main control — to ensure that a natural background
mostly global: the delays alone do not favour periodic level of nematodes is present (also important for ster-
or quasi-periodic solutions, for realistic values of the ilized compost or where slugs have previously been
parameters (where typically host delay is greater than absent).

parasitoid delay) and in the absence of seasonal forcing  Results indicate that the timing of nematode treat-

terms.
Results confirm what one would expect intuitively,
that improvements to the efficacy of parasitoids (hema-

ments is crucial, and can give different amounts of crop
protection due to the seasonality of slug and nematode
dynamics. At certain times of the year an application

todes) at any given time are best achieved by reducing will provide short-term high-level protection, while at

their death rate and increasing their activity/contact

other times it results in a less dramatic but more sus-

rate with hosts (slugs). Unfortunately, most measures tained reduction in the slug biomass. Variability in

to aid the survival of nematodes (such as maintaining
soil moisture) also benefit slugs. Favourably however,
methods of improving contact, such as tillage, may be
harmful to slugs.

The non-autonomous slug—nematode model (repli-
cating the field environment) with seasonal forcing
terms representing conditions for an “average” year,

nematode activity, which is temperature dependent, is
also highly influential.

Since the reduction in the mean annual slug biomass
is fairly constant, regardless of when treatments are
applied, the timing of applications should be depen-
dent on the form of crop protection required. This is
especially significant in controlled (autonomous) envi-

generally produces periodic solutions. We choose not ronments where resonance with the natural period of

to fit our model to data and instead derive represen-

tative seasonal forcing terms from independent, well-

the slug life cycle can induce large amplitude fluctu-
ations, although the mean slug biomass remains rel-

established laboratory data, and some field data, asatively unaffected by the frequency of applications

in Schley and Bees (2003There is some evidence
to suggest that parameters derived from fitting mod-
els to field data may differ from the laborator@Hoi

et al., 2004 as hinted at previouslySouth 1982,
19894 although little independently measured data
is yet available. We should keep this in mind for
future studies. In practice, climatic variations between
years will also play a role, although it is reasonable
to expect this to generate solutions with an attractor
close to the periodic solutions. Within-season varia-
tions prove to be very important, and we show that
they strongly influence the effectiveness of poten-
tial control strategies. In this paper, we illustrate the
lasting effect of nematode applications (under real-
istic environmental conditions); results indicate the

(constant netdose). Note, however, that this type of res-
onance may have less of arole if the system is strongly
driven by environmental forcing. If the annual mean
of the slug population is the most important factor
then it is most economical and efficient to use a sin-
gle application of nematodes, in both controlled and
seasonally varying environments. All these considera-
tions may be applied to other similar host—parasitoid
systems.

Future work should consider the importance of spa-
tial distribution upon the dynamics, as well as age
or mass structure. For instance, the spatial depen-
dence of the reproductive behaviour of slugs and
nematodes suggests the possible formation of pat-
terns and travelling waves. Recentlghoi et al.

advantage that can quickly accumulate through regular (in press) have investigated spatial effects on the

applications.

life cycle of slugs using an individual based model

The model demonstrates a log-dose response, asapproach incorporating size-dependent motility and

observed both in bioassays and in the figMIson et
al., 1994a, 1995aResults derived from experimental

time delays, which has proved useful for forecasting.
Such an approach may also be useful in describing

data indicate that there is a significant background level mass structure and spatial aspects of slug—nematode
of nematodes present in the field. Due to the log-dose dynamics.
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Acknowledgements obtained by multiplying Eq(6) by its complex conju-
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This research was funded by EPSRC, UK, grant  For Eg the characteristic E{7) has roots—v and
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for helpful comments and some very useful references. are both real and negative. Again, destabilization with

respect to the delay, does not occur.
ForEy, (S*, N*) = (v/p, 1 — pn — v/ p), we require

Appendix A u < uy for existence and stability in the absence of
delays. We note that sind&;(£2) is a quadratic which
1>0;0=0 is bounded below, and th&i;(0) > 0 (which is clear

by substituting forS* and N* explicitly), Eq. (7) can
Setting 6(z), N(1)) = E* + (s(¢), n(?)) in (4) and have a positive root if and only if it attains a minimum
linearizing with respect ta(y) andn(z), we look for ~ at£2 = £min > 0 such thatV(£2min) < 0. Since
solutions of the forms(r), n(r))" « €, to obtain the

characteristic equation 2min = _27;2((1 + 2p)v 4 2p — 2p2(1 — ),
M4+ (u4v+ N+ (2= p)SIA+ v + vN*
+ 85" (2v—2pS* + p(1 — w))
= —(—A+pS*—v)e . (6) U< Uins  Wherepfi, = 2p° - 21;(;-;_ V-

we thus require that

The stability analysis is carried out in three parts. (< ,,),
Firstly, we require stability in the absence of delay
(r = 0; see previous section). Secondly, we confirm and, after some algebra, that
that the characteristic equation is retarded (in the sense
of Marshall et al., 199Pso that stability is maintained 4p? —2p(1+2v) —v
for infinitesimally small positive delays. Finally, we > Aw. Whereuy = 472 :
consider whether the delay can induce instability, by
looking for roots of the forml. = iw crossingtheimag-  \we note, however, thaty > 1%, SO that both con-

inary axis. If such roots are possible for somehen ditions can never be satisfied simultaneously.
2 = w? > 0 must satisfyW,(£2) = 0, where

Wo(2) = 22 + [ + 02 — 1+ (p? + 4)S*2 r=00>0
+2(2u — vp)S* + 2(2— p)N*S* + N*2 The characteristic equation is
+2uN*12 + 4p°S™ + Ap(up — 20)8*° 224 (v — 1+ 28* + N¥)h 4 208* + vN*
+(@0? — p? — Buvp + p??)S*? (L= ) = —(—pS*Th — 25" 4+ — 1y,
+20@2uv + p — 1?p)S* +12N*? @)

2 2 av2 * @2
20N+ (0 = DT = dpNTS The stability is determined in a similar manner as in
+2v(2v — up)N*S*, ©) Appendix A whereby the roots. = iw must satisfy
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= 0, wheres is to be determined? = w? and
P+ (4= pA)S 2+ N*2 4+ 4(u — 1)s*
+AN*S* + 2(u — DN* + v + (u — 1)9)
x 2 — 4p?S* + 4p%(1 — 1) S*3

2 V2 2\ ox2
p 4?—(1—/0 S

+ 4o — 1)S* + v2N*2 4+ 202(u — 1)N*
+ MPN*S* — V(1 — p)2. (9)

For (§*, N*)=(v/p,1—u —v/p), we require
u < w4 for Eo to exist and be stable in the absence
of delays. For this equilibrium, E{9) becomes

Wo($2)
Wo($2) =

V2

92+ (2+ (31) +4(p — 1y — p?(L— )3

= 0. (10)

By Descartes rule of signs (or alternatively by noting
that 2min = —v2/2p? < 0), we have one or zero pos-
itive real roots(2, depending on the sign &¥,(0). For
the existence of a positive real root we require

32 —4(p — v+ p?(1— u)? > 0,

which is satisfied if and only if

3v
w<l—— Or u> .
p

Since the second inequality is inconsistent with the
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o satisfying Eq.(12). Only the first is of real biolog-

ical interest, and represents the value of the delay at
which the coexistent steady state solution bifurcates to
instability. We denote this value byp = oo(u, v, p).
Hence, we have demonstrated that there exists a region
of parameter space in which there are no stable equi-
libria.

T=0

When the delay in both host and parasitoid repro-
duction is given by a single valug, the characteris-
tic equation determining the stability df, is given
by

c() =

2
Z Cr ()L) e—kko
k=0

where
2 % V
co(d) = A"+ ;+1+V +;(V+P),

2

1) = —(L+ V)i — 2"; o +1), cah) =w.

We introduce the notation
c§(x) = co()co(—2) — ca(A)ea(—A),

1(4) = c1(A)co(—1) — ca(M)ea(—A).

and

above criteria, we note that there exists a single positive €6(+) = cg(})cg(—1) — ci(A)ei(=2),

roots2,, and corresponding value b= iw, = i/$2,
if and only if
0 < p < po(< ps), (11)

whereuo = 1 — 3v/ p. Furthermore, Eq(8), dictates
that

tanyo)
oo (02p? +v((p + 2v + (1 — 1)(p + 1)p))
02((k—v—Dp+v)p—v2((k —1)p+ 2v)’
(12)

Thus, for eachu, v, p satisfying Eq.(11) and corre-
spondingw,, there exist an infinite number of positive

and letW(£2) = cS(iw), where2 = w?. Hence, each
positive root, £2, of W will determine a possible
root, A = iw, of the characteristic equation for a
to be determined. It is not immediately clear whether
such roots will exist, sincéV is a positive quartic
in 2 and W(0) > 0 for u < u, although in prac-
tice examples may easily be found for sufficiently
small .

For each such = /2, the characteristic equation
implies that

c(l)(ia))
C%(ia)) '

e—iwa _
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so that bifurcation occurs when= o (u, v, p), where
oy is the smallest positive which satisfies

557

tanfow) = —

As an example consider the cage=6 andv =
1/10, so thatE; exists (and is stable in the absence of
delays) if and only if O< © < 59/60. In the presence
of only a nematode reproduction delay (ie= 0), we
have stability foru > o = 19/20, and instability if
o > op(u) otherwise. For example, when= 19/40,
bifurcation to instability occurs when = 0.345 (with
w = 0.221).

Appendix B

The full non-autonomous model used in numerical
experiments is given by

% = p(t — 7()S(t — (1)) — n(®)S() — m
—c(t)N()S(1),

d

Igt(t) = p(0)c(t — o(O))N(t — o())S(t — o (1))

—v(t)N(t) + F(wt),
wherew = 27/52 and
o(t) = r(t) x e; = 0.3149(2932 — 7.99 sinr + 7.51)
+2.88sin(20t — 8.50)) x 1072wk ™2,

7(t) = 43.17+ 3.93 singr — 2.05) wk,

u(t) = (17.59+ 8.43 singr + 4.21)
+1.63sin(20t + 6.44) — 28.30
— 1.53 singt + 4.66)
—1.355sin(2vr 4 1.03)) x 103wk 1,

K(r) = 3.48 x 10° mg wk,

v(r) = (5.00+ 2.40 singt + 4.21)
+0.05 sin(2or + 6.45)) x 1072wk 2,

o(p?(v + Dw? + v[up(v + p(v + 1)) — p?(v + 1) + v(v + 2)p + 2v7))
@?p[—vup+ W+ 12+ 1)p+ v —v)] +v3(p+2v+ u p) '

p(t) = 45 nematodes
o(t) = 3wk.

More details can be found Bchley and Bees (2003)

is fitted by assuming nematode death follows the same
annual cycle as slug death, because it is a dedicated
parasite, and then scaled to give the expected mortal-
ity rate of nematodes under ideal conditiq@wynn,
2000)

When the contact rate is allowed to vary we establish
from the biological data the following relationships.
P. hermaphrodita is thought to be active between 5
and 20°C (Wilson et al., 1994b; Gwynn, 2000and
we assume a symmetric distribution in the absence of
other data. Taking = O when7 = 0 and 25C and an
estimated 1% of peak activity whé&h= 5, 20°C, we
fit

o(T) = asir® (ZEST) :

whereby we find that = 8.67. Applying monthly tem-
peratured(¢) to this generates discrete values@j to
which we fit a smooth curve. This is then scaled to give
it the expected mean & 6.39 x 10-6), which gives

c(t) = (6.39 — 2.50 singr + 1.15)
+ 3.87 sin(2vor + 3.68))

x 107 nematodes® wk 1., (13)

If variable contact rates are not used, we d{X) =
6.39 x 10-% nematodes® wk—1.

The nematode application function (for one annual
treatment) is given by:

)
F(wt) =6x 104 Z X[T+(27T/w)n,(T+l)+(2n/w)n] (t)
n=0

nematodes Wk,
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where Glen, D.M., Wilson, M.J., 1997. Slug-parasitic nematodes as bio-
control agents for slugs. Agro Food Ind. Hi-Tech 8 (2), 23—
27.
1, tel Glen, D.M., Wilson, M.J., Brain, P., Stroud, G., 2000. Feeding activ-
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rhabditid nematodePhasmarhabditis hermaphrodita: a model
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