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ABSTRACT. In this project we give an introduction to Yangians
and their representations. In particular we deal with a theorem
due to Drinfel’d [10] about the adjoint@singlet representation of
Yangians. Using ‘birdtrack’ notation we prove this theorem for the
series of exceptional Lie algebras and su(n).
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Introduction

It was Drinfel’d [10] who wrote the defining paper on Yangians in
1985. The motivation was to study the Yang-Baxter Equation (YBE)
and the name ‘Yangian’ was in honour of C. N. Yang who found the
first solution of the YBE in terms of a certain formal series [31].

Since the 1980’s, Yangians have found many other applications in
theoretical physics, most notably in its original area of integrable mod-
els [24]. In the last few years Yangians have received much attention
due to the discovery of Yangian symmetries relating to the AdS/CFT
correspondence [6, 9, 4.

In this project we study the representations of Yangians. More
specifically we will prove a theorem of Drinfel’d [10] concerning the
adjoint@singlet representation of Yangians. We complete the proof for
the exceptional Lie algebras and su(n), however we only manage to
give some numerical evidence for so(n) and sp(n). Drinfel’d’s paper
[10] does not contain any proofs, and we believe that a detailed proof
has not been published elsewhere?.

!Chari and Pressley claim that they prove it in section 6 of [7], but we cannot
find the result there.



CHAPTER 1

Yangians and their representations

1.1. Yangians

Throughout this project we will adopt the convention of summing
over repeated indicies. Further we assume that we are in a compact
space and hence we will not distinguish ‘up’ from ‘down’ indicies. The
following definition was given by Drinfel’d in [10]. A few years later he
gave another (isomorphically equivalent) definition [11], which we will
not consider here.

DEFINITION 1.1 (Yangian, [10]). Let g be an N-dimensional simple
Lie algebra' over C generated by {I,},a =1,2,..., N, with structure
constants cgp., such that

[Iaa]b] - Cabc]c (11)

The Yangian, Y (g), is the enveloping algebra generated by the I’s
and a second set of generators {J,},b = 1,2,..., N, in the adjoint
representation of g, such that

Lo, ) = capele and [, Jy] = cape e
[Ja7 [Jb, Ic“ - [[m [Jb, Jc“ = aabcdef{IdIeIf}
(o, Jol, L, Jo]] + ([T, T) [Lay ]
= (QabedefCrse + QrscdefCabe) {Lalel s} (1.4)

where Ggpedes = ﬁCadiCbejCckaijk and {I4[.I;} is the sum of all per-
mutations of I4I 1. Explicitly,

(LI} = Il Iy + Iplgl, + LIy + I I, + I T 0g + LI 0 (1.5)

REMARK 1.2. For g = su(2) we have that (1.2) imply (1.3), and for
g # su(2) condition (1.4) follows from (1.2) and (1.3) [10]. Thus for
most of our discussion we will ignore (1.4).

The third defining relation (1.3) needs a bit of explanation, since it
is far from obvious what it signifies.

lwith the Lie bracket being the commutator [A, B] = AB — BA
2
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1.1.1. Drinfel’d’s Third Relation. The Yangian is an example
of a Hopf Algebra? [10, 24] with co-unit € : Y (g) — C,

€(la) = €(Ja) =0, (1.6)
antipode s : Y(g) — Y(g),
s(l,) = —1, (1.7)
$(Ja) = —Ja + 3Capelcl,
and coproduct A : Y(g) — Y(g) ® Y(g),
Al) =1, ®1+1®1, (1.9)
A(.) = Ja @1+ 1® Jo+ Scapele @ I (1.10)

Drinfel’d’s third relation (1.3) then follows from the requirement
for a Hopf algebra that A be a homomorphism [24]. We show this in
Appendix A.

One can also think of the Yangian as a graded algebra where deg(l,) =
0 and deg(.J,) = 1. Then (1.3) and (1.4) are constraints on how to con-
struct higher-order elements [24].

1.2. Relation with the Yang-Baxter Equation

The Yang-Baxter Equation (YBE) was described by McGuire and
Yang in connection with the one-dimensional N-body problem [25, 31].
It also appeared in areas of statistical mechanics [3, 2|. The YBE can
be written

R12<U — U)ng(U>R23(U) = RQg(U)ng(U)ng(U — U) (111)

where the R’s are linear operators in the tensor product of two N-
dimensional complex spaces (e.g. CV®@C") parametrized by a complex
number [20].

In the theory of scattering processes the YBE arises as a factoriza-
tion condition for a multiparticle S-matrix [20, 24]. It was therefore
much studied by Faddeev and the ‘St Petersburg school® in relation
with the inverse scattering method, see eg [21, 29]. Relationships be-
tween the solutions of the YBE and Lie groups soon emerged [19, 5]
and before Drinfel’d introduced the Yangian in [10] similar algebraic
structures? had been considered by Faddeev and others [13, 21, 30].
In his paper [10] Drinfel’d showed that the problem of finding rational

2see eg [17] for a textbook discussion of Hopf algebras

3As it was referred to by Molev [26]

4Now called Yangians for the general linear Lie algebra, Y (gl(n)) [26].
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solutions to the Yang-Baxter equation reduced to the problem of find-
ing finite-dimensional irreducible representations of Yangians [10, 11].
He proceeded to find such representations (and hence rational solutions
to the YBE), thus generalizing the method in [19].

Representations of Yangians, and in particular irreducible repre-
sentations, therefore play an important role in the study of the Yang-
Baxter equation.

We now proceed with a discussion of some of the representations
given by Drinfel’d in [10].

1.3. Representations of Yangians

Since Y'(g) contains g as a subalgebra, any representation of Y(g)
will also be a representation of g [24]. Conversely, starting with an ir-
reducible representation p of g such that p(@apedef{Zalels}) = 0 one can
extend it to an irreducible representation of Y (g) by setting p(J,) =0
[10]. The condition p(agpedes{lalcls}) = 0 is neccessary for the rep-
resentation to be consistent with (1.3) [24], and Drinfel’d found such
representations for all g except eg [10].

To find finite-dimensional irreducible representations of Y (g) for
all g Drinfel’d considered the adjoint®singlet representation given in
Theorem 1.3 below. This representation of Y(g) is reducible as a rep-
resentation of g and, although this is typically the case, it is the only
explicitly known such representation [24].

THEOREM 1.3 (‘Theorem 8 in [10]). Let g be a simple, N -dimensional
Lie algebra over C generated by {I,},a =1,..., N, such that the I ’s are
orthonormal with respect to a fized, associative® inner prodduct (-,-).
Let Y(g) be the Yangian of g, vo € C\{0} and x € g.

If g = su(2), then for any b € C there is a representation p : Y (g) —
End(g @ C) such that

By associative we mean that (z, [y, z]) = ([z,y], 2) for all z,y,z € g [28].
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If g # su(2), then such p exists for a unique b. Namely, b = s*c(g),
where s3 is the ratio of the Killing form to the inner product® and

1

c(su(n)) = ~ 35, (1.16)
c(so(m)) = ~ 53 (1.17)
c(sp(n)) = _16(7;—142)3 (1.18)
and
= > 1.19
c(g) = —m (1.19)

for exceptional g.

REMARK 1.4. Since su(2) = sp(2) = so(3), the above expres-
sions (1.16) - (1.18) exclude these cases.

It is the aim of this project to prove this theorem, and in partic-
ular to explain where the different values of b come from. The only
reason such a p would not be a representation is if it is not consistent
with (1.3), or (1.4) in the case of su(2). By applying p to these defining
relations of the Yangian we will find the conditions on b as specified in
Theorem 1.3.

LEMMA 1.5. Let p be defined as in Theorem 1.3. Then
P([Ja; [, L] = [La, [T, Je]])vo = 0 (1.20)
and
p(aabcdef{IdIeIf})vo =0 (121)

PRrROOF. That p(aapedef{lalels})vo = 0 follows immediately from
p(I,)vg = 0. Now,
p([Ja’ [Jba Ic]] - [I(l7 [Jba Jc]])
= p(JalJo, L] = [ Iy, Ie] o — Lal Ty, Je] + [T, Je]La) (1.22)
= p(Jadple — JoloJy — Tl Jy + 1. dyJ,
— L dydo+ L Jody + Jydls — J.JyL,) (1.23)

6For simple Lie algebras, any associative inner product is a scalar multiple of
the Killing form [12]



1.3. REPRESENTATIONS OF YANGIANS 6

So

[

= p(Ja)p(Jp)p(Le)vo — p(Ja)p(1e)p(Jp)vo

= p()p(Le)p(Ja)vo + p(1e) p(J) p(Ja)vo

— p(La)p(Js) p(Je)vo + p(1a) p(Je) p(Jp)vo

+ p(Jo)p(Je) p(La)vo — p(Je)p(Jo)p(La)vo  (1.24)
= —p(Ja)p(Le)bly — p(Jo) p(1.)b1,

+ p(ILe)p(Jo)bla — p(La)p(Jp)bL.

+ p(La) p(Je)bly (1.25)
= 0(—p(Ja)[Le; o) — p(Jp)[ L, 1]

+ p(1e) Iy, Io)vo — p(1a) (s, Ic)vo

+ p(La)(Les Ip)vo) (1.26)
= b(—p(Ja)Cabala — p(Jp)Ceaala) (1.27)
= —b(cwa(la, 1q) + cead(lp, 13)) (1.28)
= —b(¢ewddad + CeadOba) (1.29)
= —b(Cebadad + Ccaadba) (1.30)
= —b(Ceba + Cead) (1.31)
= —b(Ccba — Ceba) (1.32)
=0 (1.33)

where we used the anti-symmetry of the structure constants in the last
step. ]

We thus conclude that taking p(-)vg is consistent with (1.3) for any
value of b. But how about p(-)z? Since {I,} is a basis of g we will only
consider the action of p(-)I, on (1.3), where z =1,..., N.

LEMMA 1.6. Let p be defined as in Theorem 1.3. Then

p([‘]aa [Jbv ICH - [Iav [Jbv JCH)[SC =
b(ccrb(sas + chs(sax - Cabs(scx + Cacsfsbr + Camc(sbs - Camb(scs)]s (134)

and
p(aabcdef{[dlelf})lx = aabcdef{cfxqceqrcdrs}ls (135)

where {-} means the sum of all permutations of d,e and f.
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ProoF. From (1.23)

Now,

( )

= b(ccocs(jbal )I (Ia IJJ) I ]
= (Le; L) Lo 1] + (Ib, L) o, 1]
+caxs(j I)Ib Caxs([bal)lc)

- b(ccmb]a + 5awccbsjs - 6catcabsjs + 6b:ccacsjs

+ Camc[b - Cabec)
- b(ccmb5a5 + chséam - Cabsécm + Cacsébm

+ Camcébs - Cazbécs)[s

P(Aabedef{Lalelf}) e = aapeder{p(La)p(Le) p(If) 1}

= Qabeder{p(La)p(Le) L1, L]}
= Qabedes{p(La) [ Le, [If, L]]}
= Qabedef{ [, [Les (17, L )]}
= Qapedef{Craglla, [1e, 1]}
= Gabedef{ CfaqCeqr[La, Ir]}

= Qabedef {Cf:rq CeqrCdrs } Is

La)

Jb)caxs( )UO p( )ca:ES(Ib ) Vo
[Le,
1)

(1.36)

(1.37)

(1.38)

(1.39)

(1.40)
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For the representation p to be consistent with (1.3) we thus require
that

b(ccxb6as + chs(sax - Cabsécm + Cacsébx + Caxc(sbs - Caa:b(;cs)
= aabcdef{cfxqceqrcdrs} (149)
for all a,b,c,z,s=1,2,..., N.
This is the condition on b we need to investigate in order to get the
values specified in Theorem 1.3.
Note that the RHS of (1.49) when fully expanded has six terms,
each with seven structure constants and eight summed and five free

indicies. How are we to work with such an expression without getting
lost among all the indicies?



CHAPTER 2

Birdtracks

In order to handle a multitude of structure constants and indicies
summed in various ways, we will adopt a diagrammatic notation. This
notation, first introduced by Penrose [27] and much endorsed and de-
veloped by Cvitanovié [8], is commonly referred to as ‘birdtracks’ due
to its appearance.

In this notation we write a § as a straight line:

b (2.1)

%45 = 4
and a structure constant c,p. as

[ o8

Cabe = *

b < (2.2)
Note that the legs corresponding to the indicies are ordered anti-

clockwise around the node. The antisymmetry of the structure con-
stants are reflected in the following rule,

o o
Cabe= A == & =-Cack
b
- b < (2.3)

Summing over two indicies is represented by joining the legs of those
indicies,

Cabe Cdcly, = o —€»—4
b (2.4)

However, cupeCacr = K(Ia, I3), where (-, -) is the Killing form. This
can be seen by the following argument:

9
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The matrix form of ad I, with respect to the basis {I,}, a =
1,2,..., N, is

[[aajl] [[CHIZ] [ICHIN]

ad [, = (2.5)

Ca11  Ca21 -+  CaN1

Ca12  Ca22 -  CaN2
= ) ) . (2.6)

CalN Ca2N " CaNN

We write this in index notation as (ad I,);; = ¢,j;. Hence

k(1 1) = tr(ad I, oad 1) (2.7)
= tr((ad Ia)ib(ad Id)bj) (28)
= (ad Io)a(ad Ia)ee (2.9)
= CabcCdceb (210)

SO CapeCach = K(La, Ig) and thus capeCaey = S0qq, Where s the ratio of
the Killing form to the inner product. By renormalization we are free
to choose the value of s. Cvitanovié¢ [8], for example, sets s = 1. We
will for most part leave the s alone, except for the case of su(n) where
we will adhere to physics conventions and set s = —n.

We thus have the following diagrammatic rule,

Cobc Cdce = a—O—4=G a—4 = SSa

(2.11)
The elements of a Lie algebra satisfy the Jacobi identity:

[z, [y, z]] + [y, [z, z]] + [z, [x,y]] = 0, for all z,y,z € g (2.12)

In terms of structure constants this reads,

[]m [Ib7 Ic]] + [Ib; [Ica Ia]] + [Ica []ay Ib” =0 (2]—3)
< CadeCbed T CbdeCead 1 CedeCabd = 0 (214)
< CadeCbed T CbdeCead = CeedCabd (2]‘5)

The birddtrack version of the Jacobi identity is then [8],
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a &  a e
* e
a = ) 4 <
+ Y =
h [
b ¢ b € (2.16)
If we introduce a third structure constant, ¢, on both sides of (2.16)
and sum over repeated indicies we have,

¢ f £
a - * ¢ o e
+ —
L e b < b c (

Using (2.11) and (2.3) this becomes

. f £
S)\“A:A
bcb C.b &

2.17)

(2.18)
By rearranging we obtain a rule for how to reduce a ‘3-loop’,
{
Fo
=2 A
2 %
b “ (2.19)

Finally we note that &y, = NN, and by antisymmetry c,, = 0. In
birdtrack form these statements are:

o = 0 =N (2.20)

ng\) = 6 =0
b (2.21)

We will often drop the letters labelling the different indicies when
they are implicit.



CHAPTER 3

Proving Theorem 1.3

How does our condition on b, (1.49), look in birdtrack notation?
Recall that (1.49) is

b<ccxb5as + ccbséax - cabs(scx + Cacsabx + Caxc(sbs - Caxbécs)

= Qgbcdef { CrzqCeqrCdrs }

The LHS of this is,

W€ 4 s a
(AN S X
b ¢ x c.x &

‘0 L [ 4 x
o s
) > - R
+ ——
e 7
& (3.1)
or
a S * 3 % s
SN
b < x ‘) C e & b L= x
a 3 a s a s
-8 < 2X
b x
g B2 e WiE Tm (3.2)

where we used (2.3).
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The RHS of (1.49) is (see Appendix B),

1

—

?.‘1,0

x

- S <
C x b C
a > & s
+ _
v x v
[ ax
% s
[}
.3 Y
b
= X
€ x (3.3)

We want to show that the above six ‘bipentagons’ reduce' to a
multiple of (3.2). Thereby we can find the value b must take for the
representation in Theorem 1.3 to exist. The full details of how we do
this can be found in Appendix B. In this section we will give a brief
summary.

By using identities derived from the Jacobi identity we show that (3.3)
equals the following:

By ‘reduce’ we mean removing loops in the sense of (2.19) and (2.11).
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—

BT

As seen in the last equation, we need a way to reduce a ‘4-loop’
in order to proceed with the calculation. Unlike (2.11) and (2.19), the
way in which we can reduce a 4-loop will be different for different Lie
algebras.

o

3.1. The exceptional Lie algebras

For the series of exceptional Lie algebras (as = su(3),gs,dy =
50(8), fi, €6, €7, €3) we have the following identity [8]:

- U Xx-ID)
+%(H+X) (3.5)
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Using this, we show that (3.4) reduces to

5s3

) AN T +\f_

(3.6)
Comparing this to (3.2) we find that b has to equal ﬁj\im
for (1.49) to hold. Hence the representation p in Theorem 1.3 is
consistent with (1.3) if and only if

—5g3

b= TN D (3.7)

for the Lie algebras of the exceptional series

ay = 5”(3)7 92, d4 = 50<8)7 f47 €6, €7, €8

including its classical elements. We can verify that the different ex-
pressions for b in Theorem 1.3 co-incide for the classical algebras in the
exceptional series. For su(3) (1.16) is

-1 -1 -1

32n2 32 x32 288

which equals (1.19):

-5 -5 ~1

144(N +2)  144(8+2) 288

For s0(8) (1.17) is
n—4 8§—4 -1

T16(n—2)3  16(8—2)% 864

and (1.19) is
S _ = _ -1
144(N +2)  144(28+2) 864

in perfect agreement.
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3.2. The Lie algebras su(n)

For g = su(n) we will adopt the notation commonly used in physics
litterature and make indirect use of Gell-Mann matrices A; [14]. These
are traceless, hermitian n x n matrices satisfying the multiplication law

2 .
AjAL = Ok + (djig + i fjm) N (3.8)

where the d-tensors are completely symmetric and the f-tensors are
the structure constants of su(n) (which are anti-symmetric) [22, 23].
In birdtrack notation we will write the structure constants f as usual:

LN

-F‘\bczhk

while for the d-tensors we will use a white node:

Aalc = ;\
L

Since the d-tensors are symmetric we have the following rule:

o-A .

Throughout this section we will follow [23, 22, 1] and use the
normalization s = —n:

—Or—=-n— (3.12)

From [22] we have the following Jacobi-type identity:
filmdmjk + fjlmdimk + fklmdijm =0 (313)

whose birdtrack equivalent can be written as

)} S S

< (3.9)

< (3.10)
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Further we have the result?[22]
fz]mfklm = ( ’Lkdjl 6zl6jk> + (dikmdjlm - djkmdilm) (315)

which we can write as

X =% =2(X-2)-p<

(3.16)
Rotating the above by 90 degrees we get
P -2 (X-11)-X
n (3.17)

and by combining the last two equations we have

X< =2 (11-2)-pX

(3.18)
In [22] we also find identities for how to reduce ‘3-loops’, of which we
shall only need to use the following:

(3.19)

A1 A
i
(3.20)

Note that the first of these is our familiar result (2.19) with the nor-
malization s = —n.
From [1] we get the following identities for reducing ‘4-loops’

Y= (D) 5 (Y )

(3.21)

2This is a generalization of the familiar su(2) result € jmepim = 0ind;i — didjk
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TSRS OO 3 ()

3 22
and

%) o

We will sometimes find it convenient to use (3.16) - (3.18) and
rewrite the first two ‘4-loop’ identities as:

F(- (= 1) 5 (4

(3.24)

JoCEICCIRL =S & G

These are all the identities we need to tackle equation (3.4). We do
so in Appendix C and only state the result here.
We find that (3.4) equals

S R ~AC Y - k)

Comparing this with (3.2) we conclude that for su(n), n > 3, the
representation p of Theorem 1.3 is consistent with (1.3) if and only if

(3.26)

3n —(-n)? =5
b= = = 3.27
4 x 24 32n2 32n2 ( )
Recall that we used the normalisation s = —n in our calculations.

Since su(2) only has three generators, at least two of the free indicies
in (3.26) and (3.2) have to co-incide. It is a straight-forward calculation
to verify that these expressions vanish when joining any two legs. So
for su(2) both (3.26) and (3.2) are zero and hence does not restrict the
values b can take.
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3.3. The Lie algebras so(n) and sp(n)

Unfortunately we do not know how to reduce a ‘4-loop’ for the alge-
bras so(n) and sp(n). Cvitanovié¢ [8] only gives a formula for turning a
‘4-loop’ in the adjoint representation into an expression in the defining
representation - an expression we do not know how to evaluate. It is
possible that the results we need exist in litterature but we have not
been able to find them, yet.

To get some results we do numerical calculations for so(5) and
hence, by isomorphism, sp(4).

The details of this calculation can be found in Appendix E.

We find that b has to take the value specified in Theorem 1.3
for (1.49) to hold. We only show that this is a neccessary condition,
whereas Theorem 1.3 states that it is a neccessary and sufficient con-
dition. Still it gives some justification where the values of b come from.

Since sp(4) = s0(5) we have also shown that (1.17) is a neccessary
condition for the result to hold when g = sp(4). We note that

444 1
Aop) = ~J5r 25 ~ T w27

(3.28)

and - )
As00) =~ 5525 = 16 x 27
So ¢(sp(4)) = c¢(s0(5)) as it should.

Further, so(8) is in the exceptional series, and we have shown pre-
viously that Theorem 1.3 holds in this case.

There is one more isomorphism between the simple Lie algebras:
su(4) = s0(6). It is easily verified that c(su(4)) = c(s0(6)). We have
thus already proved Theorem 1.3 for g = s0(6) in the last section.

To summarise, we have proved Theorem 1.3 for so(8) and so(6),
and showed that b has to take the specified values for s0(5) and sp(4)
if such a p exists.

(3.29)

3.4. The Lie algebra su(2)

When g = su(2) we need to look at how the representation p in
Theorem 1.3 acts on (1.4) instead of (1.3). This since (1.3) follows
from (1.2) for su(2) [10]. The claim of Theorem 1.3 is that the given
representation is consistent with (1.4) for all values of b. This requires
that both sides of (1.4) is zero when we apply p(-)ve and p(-) L.

LEMMA 3.1. Let p be defined as in Theorem 1.3. Then,
p([[Ja, ‘]b]’ [L"’ JSH + [[‘]7’7 JS]’ []av Jb]])UO =0 (330)
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and

p((aabcdefcrsc + arscdefcabc){[da [e> [f})UO =0 (331)

PROOF. That p((@abedefCrsc + ArscdefCabe){Las Les I })vo = 0 follows
directly from p(I,)vy = 0. Now,

[[Jaa Jb]? [[r: JSH + [[Jra Js]> [[a7 Jb]]

= [Jaa Jb] []7’7 Js] - []7"’ JS][Jm Jb] + (a7 b) A (Ta 3) (332)
= (Jan - JbJa)([sz - JSIT)
- (]T‘JS - ‘]SIT)(JG‘]I) - Jb‘]a) + (a'7 b) A (T7 S) (333)

= Jo Il Js — Jo Iy Jsl. — Ty Jo I Js + Sy o Jsl, — 1. JsJo Ty
+ L Js Iy o — Js I oy + Js I JyJy + (a,0) <> (r,s)  (3.34)
When we apply p(-)vg to the above the terms of the form XX X7
and XI.JJ will be zero. This since p(I,)vg = 0 and p(J,) takes an
element of g to C and vice versa.
So,
p([[‘](m Jb]a [I'N JS” + [[JT’7 JS]; [Iaa Jb]])vo
= p(Jan[sz)UO - p(JbJa[sz)UO - p(IszJan)UO

+ p(L; JsJpJo)vo + (a,b) < (1, s) (3.35)
= o(Ju oI )Ly — p(JyJul, )BT, — p(1, T, J0)bI,

+ p(1 JsJp)bl, + (a,b) <> (r,s) (3.36)
= p(Judp)b[L, Is] — p(JpJo)b[1y, Is| — p(1.Js)b(1a, Ip)vo

+ p(1Js)b(Iy, I,) + (a,b) <> (r,s) (3.37)
= p(Jady)bcrsely — p(JyJa)berse Iy — p(1Js)bdasvo

+ p(1Js)bdapvo + (a,b) <> (1, s) (3.38)
= p(Jo)bcrst(Ly, It )vg — p(Jp)bersi(La, It)vo + (a, b) <> (1, s)

(
= bzcrst(sbt[a - b2crst5atjb + (CL, b) A (Tv 3) (
= bz(crstébt[a - Crst(satjb + Cabtdst[r - Cabtértjs) (341
= bQ(CrsbIa - Crsa[b + Cabs[r - CabrIs) (
Since there are only three generators in su(2) we have a, b, r, s € {1,2,3}.

Thus for ¢, # 0 we need {r,s,b} = {1,2,3}. This means that either
a=b,a=r, ora=s.
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If a = b then,
V*(crspla — Crsaly + Cavs Iy — Capr L)
= (crsply — Crsp Iy + Cons I — Coin L) (3.43)
= b*(craply — Craply) (3.44)
—0 (3.45)

If a = r then,
b (crspla — Crsaly + Cavs Iy — Capr L)
=0’ (crap ]y — Cror Dy + Cros Iy — Crap )
= b*(crsply + Crpsly)
= b2(crsbIr - Crsblr)
=0
If a = s then,

b2(crsbja — CrsaIb + CabsIr — Cabrls)

= b (crspls — Crssly + Cspslr — Cpr 1) (3.50)
= b*(crapls — Copr 1) (3.51)
= b*(crapls — Craply) (3.52)
=0 (3.53)

So if ¢q # 0, then b(cply — Crsaly + Capsly — Caprls) = 0. Similarly,
assuming c,s, # 0, caps # 0, and cqp- # 0 we also get that

bQ(CrsbIa - CrsaIb + Cabs]r - CabrIs) =0

Hence p([[Ja, Jb]7 []r, JSH + [[Jm ‘]8]7 [Im Jb]DUO = 0. O

We have thus showed that taking p(-)vy is consistent with (1.4), for
any value of b.

LEMMA 3.2. Let p be defined as in Theorem 1.3. Then,
P([[Jas Jo), Ly, S]] + ([ Js], [Lay Jb]]) Lz = O (3.54)
and

p((aabcdefcrsc + arscdefcabc){[ch [ea If})lx =0 (355)
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PRrOOF. From (3.34)
[[Jaa Jb]7 [IT7 Js]] + HJTa Js]7 [[(M Jb]]
= Jo ol Js — Jo o Jsl — Ty Jod Js + Sy dodsl — 1. Js o Jy
+ L Js Iy o — JsI o Jy + JsIp JyJoy + (a,b) <> (r,s)  (3.56)
When we apply p(-)I, to the above, the terms of the form X X7.J and
1J.JJ will be zero. So,
P Tas Jo, L, S]] + [[Tr; Jo], Loy S]] Lo
= —p(JoJpJsI )L, + p(JyJo Js1) I,
—p(Jf Jado) Lo + p(JsIy Iy Ja) Lo + (a,b) < (r,s)  (3.57)
—p(JaoJS) I, L] + p(Jodas) Iy, L] — p(JsIJo) (L, L )vo

+p(J I Jy) (1o, I;)vg + (a,b) <> (1, ) (3.58)
—p(JadoJs)Cratdy + p(JoJads)Cratdy — p(JsIyJa)0bav0
+ p(JsIp Jp)dazvo + (a,b) < (1, 9) (3.59)
—p(Jadb)ratdstvo + p(JoJa)Cratdsivo — p(JsIr)dpebl,
+ p(JsI;)0aubly + (a,b) <> (1, 5) (3.60)
= b(—p(Ja)cratdsily + p(Jp)CratOsila — p(Js)ObaCratls
+ p(Js)dazCrviIt) + (a,b) <> (1, 5) (3.61)
= b(—Crat0st0abV0 + CratdstOpao — ObaCratdstVo
+ daxCrisOst) + (a, b) < (1, 5) (3.62)
= bvo(0axCrbs — ObwCras + OraCash — OseCarb) (3.63)

By an argument very similar to that in the proof of Lemma 3.1, it
can be shown that

6amcrbs - 5baccras + 57"xcasb - 5s:vcarb =0
Hence p([[Ja, o], [Ir, Js]] + [, Ts]s [Lay Jb)]) L = O.

Now,

p((aabcdefcrsc + a'rscdefcabc){[da ]ea If})

= (aabcdefcrsc + arscdefcabc){p([d )[Iz7 [f]} (364)
- (aabcdefcrsc + arscdefcabc){p(j )[[Ixa [f] I ]} (365)
- (aabcdefcrsc + arscdefcabc){[[[l ] ] d]} (366)

where {-} means the sum of all permutations of the indicies d, e, f.
This expression was evaluated numerically using the computer soft-
ware Matlab, see Appendix D. The result was that

p((aabcdefcrsc + arscdefcabc){lda ]ey If})lx =0 (367)
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U
Hence, taking p(-)I, is consistent with (1.4), for any value of b.

So indeed, the constant b in the representation of Theorem 1.3 can
take any value, when g = su(2).



Conclusion

In this project we have studied Yangians and their representations.
We have given some historical background of the topic and briefly dis-
cussed its connection with the Yang-Baxter equation. We proved a
theorem from Drinfel’d’s paper [10] about the adjoint@®singlet repre-
sentation of Y(g) for the Lie algebras of the exceptional series and
su(n). For the algebras so(5) and thus sp(4) we only managed to
give some numerical verifications of the theorem. The reason we could
not complete the proof for these algebras was that we did not find an
identity for reducing a ‘4-loop’ in these cases. It is possible that such
identities already exists in litterature, and further searches could thus
be fruitful. Another option would be to learn more about Cvitanovié¢’s
birdtrack methods and thereby (hopefully) be able to derive the result.
It is possible that Drinfel’d had a better method than ours for proving
Theorem 1.3 and it would be interesting to know how he arrived at the
result, in particular if he did so without a long explicit calculation.

Finally we would like to point out that Yangians have found many
other applications than the Yang-Baxter equation, for example on both
sides of the AdS/CFT correspondence [6, 9, 15] and thus they continue
to be of importance to modern theoretical physics.

The author would like to thank Dr Niall MacKay for kind supervi-

sion and help with this project and Dr Adele Taylor for useful discus-
sions.
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APPENDIX A

Drinfel’d’s Third Relation

It is far from obvious what the relation (1.3) signifies in Defini-
tion 1.1 of the Yangian. Recall that (1.3) is

[']aa [Jb7 [CH - [[m [Jba Jc“ = aabcdef{[d7 [ea [f}
We saw that one can give a Hopf algebra structure to the Yangian by

defining a co-unit, antipode and coproduct. The coproduct A : Y (g) —
Y (g) ® Y(g) is defined as follows:

AL)=I,®1+1®], (A.1)

A(Je) =Ja®@1+1® Jy+ 5Capele @ I, (A.2)
We will show that the relation (1.3) follows from the requirement that
A be a homomorphism. To do so we follow the outline of the argument

in [24] which originates from personal correspondence with Drinfel’d.

Let ug, € C be such that u,, = —up, and
uab[]a, Ib] =0 (A3)

If we require A to be a homomorphism we have the following result
[24] 1

LEMMA A.1.

Uah(A([Ja, b)) = 1@ [Ja, Jp] = [Jas S5 @ 1)
= %uabcadecbfgcdfh(]e]g X Ih + Ih X [efg) (A4)

In [24] the result differs from mine by a factor of 2. We assume that this is a
typo.

25
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PROOF.

Uah(A([Jay J]) = 1@ [Ja, o] — [Ja, Jp] @ 1)
= Uap([A(Ja), A(Sp)]) = 1 & [Ja, o] — [Ja, Jp] @ 1) (A.5)
= Uep([Ja © 1+ 1® Jo + §Cagele @ Lg, Jy @ 1+ 1@ Jy + 5cor4ly ® 1]

T A AR A AT Y (A.6)
= Uab(§CadeCopglLle @ La, Iy @ If] + [Jo ® 1 + 1 ® Ju, 3C0p91 © 1]

+ [Scadele ® Iy, [y @ 1+ 1 ® J)) (A7)
= Uab(icadecbfg(]e]g ® Ialy — Il ® Ip1q) + %beg]g ® [Ja, If]

+ 2up[Ja, Il @ It + 3Cadele @ [La, Jo] + 3Cadelle, Jo) ® 1a) (A.8)

= UabCadeCofy(Lely @ Laly + (L, Ig] — IeIy) ® Iy1a)

+ SUabChfgCasily @ Ji + %yabcbfgcagkjk ® Iy

-
feg
1 1
+ 5 UabCadeCavkle @ T +3 UabCadeCebi Tk ® Ia) (A.9)
e—~g,d—f d—g,e—f

= fUabCadeChfy(lely @ [, If] + [Ie; 1) ® Ip1a)

+ 3Uab(CogCag + CafgCron) Iy @ Jr — 5Uan(CorgCafh + CapgCron) Jx @ I
(A.10)

where we have renamed bound indicies in the last step. By the Ja-

cobi identity cprgCafi = —CafgChft — CkfgCbfa = —CafgCfbk — CkfgCabf-
Hence (A.10) is

TabCadeChfg(Lely @ (L, Iy] + [Ie, 1)) @ I11,)
— %uabcabfckfg([g & Jk — Jk & Ig) (A.ll)
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Since ugp|ly, I)) = 0, we have that ugcy = 0. So the last term
in (A.11) is zero. Thus,

uab(A([Jaa Jb]) -1® [Ja7 Jb] - [Jm Jb] ® 1)
= YugpCaaeCrpy(Iely @ [Ig, I5] + I, I, @ I114) (A.12)
= iuabcadecbfgcdfhjelg ® Ih + iyabcadecbfgcegh[h & [f[% (A13)

-~

e f,d<g

= YugpCadecCopgCarnlely @ I, + FUabCagsCheaCranln @ Il (A.14)

= YugpCadeCopgCapnlely @ I, — iyabcafgcbdecdfhlh ® I.1, (A.15)
a:—:b
= YugpCadeCopgCarnlely @ Iy — UpaChpgCadeCarnln @ IeI, (A.16)
= }Luabcadecbfgcdfh(le]g & ]h + ]h & IeIg) (Al?)
where we used vy, = —Upg.
O

Since UgpCape = 0 we can write

Uab = VUimaClimb — VimbCima (A18)

for some anti-symmetric tensor vy,,. This is a non-trivial result, equiv-
alent to the second homology Hs(g) being zero [24].
So,

Uah(A([Jas B]) = 1@ [Ja, Jo] = [Jas Sp] @ 1)
= 1 (VimaCimb — VimbCima)CadeCofgCarn(lely @ Iy + I, @ I.1;)  (A.19)

Now we make repeated use of the Jacobi identity to obtain the
following result

LEMMA A.2. (UimaCimb— VimbClma ) CadeCbfgCafh = 2VlmaCmgbCacdCihfCodf

PROOF. First we will show that

VimaClmbCadeCbfgCafh = 2Vima(CmgbCadeChafCifh + CmgbCadeCaifCofn) (A.20)



A. DRINFEL’D’S THIRD RELATION

We do this by using the Jacobi identity twice.

VimaCimbCadeCofgCdfh = UVima CimbCqbf CadeCdfh
N——

use Jacobi

= —Vima(CmgbCinf + CgibCmbf ) CadeCarh

- _Ulma(cmgbcade CivfCdfhn +Cglbcade Cmbfcdfh)

N—— N——

use Jacobi use Jacobi

Vima(CmgbCade (Codf Cupn + CaifCusn)

+ CotvCade (Coaf Crmfh + CamfChfn))

VimaCmgbCadeCbdf Cifh T VimaCmgbCadeCdifChfh

+ UlmaCqlbCade Codf Cm fh + VimaCytbCadeCdm fCh fh

' Vv
l<>m l+>m

VimaCmgbCadeCbdf Cifh + VimaCmgbCadeCdlfCbfh
+ UmiaCgmbCadeCodf CLfh T VmlaCgmbCadeCdlf Chfh

= 2Ulma(cmgbcadecbdfcl fh T CmgbCadeCdl befh)

where we used the anti-symmetry of vy,,.
By a similar argument one can show that

(Ulmaclmb — UVimbCima ) CadeCbfgCdfh

= szma(cmgbcadecbdfcl fh — CmebCafgChldChdf

+ CmgbCadeCdifCofh — Cmebcafgcbhdcldf)

Vima (Cmgbcade CodfCifh — CmebCafyg Chlclcbdf)

= VimaCmgbCaedClhfCodf — VlmaCmebCagf ClhdCbdf
NS >

m<«ra,b—d— f—b
= VimaCmgbCaedClhfCodf — VlamCaedCmgbClhfCdfb
= VimaCmgbCaedClh f Codf + VimaCaedCmgbClh f Codf

= 2U1maCmgbCaedCin f Codf

28

(A.21)

A.22)

o~~~

(A.24)

(A.25)

—~
>
[\
D

(A.27)

VimbCimaCadeCbfgCdfh = 2vlma(cmebca FgChldChdf + CmebCa fngthldf)

(A.28)

(A.29)

(A.30)
(A.31)
(A.32)
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And
Ulma(CmgbCadeCdz FfCbfh — CmebCa fngthldf)
= VimaCmgbCaedCbhfCifd — Ulmacmebcagfcbhdclf(i (A33)
m(—)a,b:dafab

= VimaCmgbCaedCbhfClfd — ViamCaedCmgbCdhfCibf (A-34)

= UlmaCmgbCacd( ConfCisd +CangCivs) (A.35)
—
use Jacobi

= UlmaCmgbCaed(—ChifCobfd — CibfChfd + CanfCivf) (A.36)

= —VimaCmgbCaedCinf Codf (A.37)

So, from (A.28), we have

('Ulmaclmb - Ulmbclma)cadecbfgcdfh - 2Ulmacmgbcaedclhfcbdf

]
Using this result in equation (A.19) we get,
Uah(A([Jas Jo]) =1 @ [Ja, o] = [Ja, J] © 1)
= L UlmaCmgbCacdCinfCoaf (Iely @ I + I @ I.1,) (A.38)
From our expression (A.18) we have
Uah(A([Jas Jo]) = 1@ [Joy Jo] = [Ja, o] @ 1)
= (VimaCmb — VimbCima) (A([Ja, Jb]) =1 @ [Ja, Jp] = [Ja, o] ® 1)
(A.39)
= UmaCimb(A([Ja, Jp)) = 1 @ [Ja, o) — [Ja, Jp] @ 1)
— yzmbclma(A([Ja, J)) = 1@ [Ja, Jp] = [Ja, J] @ 12 (A.40)
a++b
= UmaCimb(A([Ja, b)) = 1 @ [Ja, ] — [Ja, Jp] @ 1)
= VimaCtms(A([Jy, Ja]) = 1@ [y, Jo] = [, Ja] © 1) (A.41)
= 20maClmb (A ([Ja, Jp)) = 1 @ [Ja, Jp] — [Ja, Jp] @ 1) (A.42)
= 2VimaCoim(A([Ja, b)) = 1@ [Ja, Jo] = [Ja, Jy] @ 1) (A.43)
Equation (A.38) thus reads
20pmaCoim (A([Jay J)) — 1 @ [Jay Jp] = [Jay Jo) @ 1)
= LUlmaCmgbCacdCing Coaf (Iely @ I + I @ I.1,) (A.44)
= 1201ma@mange (Lely @ I + I ® 1.1,) (A.45)

where we used the expression agpeder = icadiCbejCckaijk, as in Defini-
tion 1.1.
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Now we take the anti-symmetric sum of all permutations of the
indicies [, m, a

2U[lma]cb[lm(A([Ja}a Jb]) -1® [Ja}a Jb] - [Ja]7 Jb] X 1)
= 12U[lma]a[lma]hge(jelg & ]h + ]h & [e[g) (A46)

where [lma] = Ima + mal + alm — lam — aml — mla.
LEMMA A.3. We can express the LHS of (1.3) as
[, [Jims Ta]] = (Lo [Tons Ja]] = 5C0m [ Jal, Jb] (A.47)
PROOF. By using the Jacobi identity?,
[ s La]] = i, [y o]l = 1 [y La]] + [Ty [Jas L] + [ [ ]

(A.48)
= Cmab[J1; Jo]) + Catv[Tm, o] + Ctmb[Ja; Jb) (A.49)
= %Cb[lm[']m]; Jb] (A50)
where we used the anti-symmetry of the structure constants. 0
Equation (A.46) is then
4U[lma]<A([Jla [Jm> Ia]] - [[la [Jm7 Ja]])
-1® ([‘]17 [er Ia]] - [Il7 [‘]Tm ‘]a]])
— ([, [, La]] = [0, [, Ja]]) @ 1))
= 127][lma]a[lma}hge(IeIg ® ]h —f- ]h ® ]e]g) (A51)

To see what the RHS of this expression is we use the following
Lemma from [18]:

LEMMA A 4.
Aimalhge(Lely @ In + I @ Io1y) = aimange{lely @ I+ I @ 11} (A.52)
where {-} means the sum of all permutations of the indicies h,e and g.
PROOF.
Wmange{Lely @ In + I @ I 1y} = aimagngey(Lely @ Iy + I, @ L{QA) )

2We can use the Jacobi identity for the J’s as well since our Lie bracket |-, -] is
just a commutator
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and

24 x Aima{hge} = CihiCmgjCaeckCijk + ClgiCmejCahkCijk + CleiCmhjCagkCijk

NV WV
i—j—k—1 i—k—j—i

+ ClhiCme;jCagkCijk + \clgicmhjca,ekcijli + gleicmgjcahkcijlz

jerk ierj ik
(A.54)

= ClhiCmgjCaekCijk + ClgjCmekCahiCjki + ClekCmhiCagjCkij

+ ClhiCmekCagjCikj + ClgjCmhiCaekCjik + ClekCmgjCahiCkji

(A.55)
= ClhiCmgjCackCijk + CahiClgjCmekCijk + CmhiCagjClekCijk

— ClhiCagjCmekCijk — CmhiClgjCaekCijk — CahiCmgjClekCijk
(A.56)
=24 X Q[lma]hge (A57)
So

almahge{le[g & Ih —+ [h & [eIg} = a[lma]hge(jejg & Ih + Ih & Ielg) (A58)

]
Equation (A.51) is then
U[lma](A([Jb [ins La]] = 11, [Ty Jal])
-1® ([‘]17 [Jm7 Ia]] - [117 [Jma Ja]])
= ([J; [ Lal] = [0, [T, Ja]]) @ 1))
== 3U[lma]almahge{lelg X ]h -+ ]h X ]e]g} (A59)

Applying A to the RHS of (1.3) and requiring it to be a homomor-
phism we get the following outcome.

LEMMA AL5.

A(Cllrnahge{jh[g[e})
= Cleahge(l X {]h]elg} + {IhIeIg} ®1
+3{LL, @I+ I ® LIY) (A.60)
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PROOF. Requiring A to be a homomorphism we have,

A{I I, LY = {A)AL)AL)) (A.61)
QoL+ L)L+, )1+ ®1)}
(A.62)

={LI .1+ LI, + 1. R1,+ 1] &I,
1@ LI+ I, @ I+ 1@ LI, + I, ® [,1.} (A.63)
=1 {1} + {11, 1.} 1+ 3{[,[. @I, + [, ® [,].}

(A.64)
= 1@ {Ipldy} + {Indedy} @14+ 3{I 1y, ® I}, + I, ® I.1,}
(A.65)
So,
A<almahge{IhIgIe})
= Umahge(1 @ {Ipnledy} + {Inlc 1y} @1
+3{I I, @ Iy + I, ® I1,}) (A.66)
0

Using this result in (A.59) we get
Viima) (A1, [Jms Lal] = L1, [T Ja]])

= 1@ ([, [, Lal) = [11, [T, Jal])

= ([ [ Lal] = [I1; [ a]]) @ 1))

= U[lma}A(almahge{]h]g]e})
— Vlima] Gimahge(1 @ {Inledy} + {Inl Iy} ® 1) (A.67)

Requiring (A.67) to hold for all v, we obtain

[0, [Ty La]] = 1, [Ty Ja)] = @imange{In1y1e} (A.68)

which is the third defining relation of the Yangian, (1.3).



APPENDIX B

Full calculation for the exceptional algebras

In this section we will show in full detail that (1.49) holds if and

only if b = 773 Recall that (1.49) is

b<ccxb5as + chs(sax - Cabséc:v + Cacsébx + Caa:cabs - Caccb(scs)

= Qgbedef {Cfxqceqr Cdrs }
or

24b(ccazb5a5 + chséaaz - Cab550$ + Cacsébaz + Caxcdbs - Caxb(scs)
= 24aabcdef{cf:vqceqrcdrs} (Bl)

Writing out the RHS of this in full we get,

24aabcdef {cfxqceqrcdrs} - (Cadicbej CefkCijk (Cfxqceqrcdrs + CexqCdgrCfrs
+ CdaqCfqrCers + CrzqCdgrCers + CexqCfqrCdrs
+ CdaqCeqrCsrs)) (B.2)

Now we proceed to write this in diagrammatic notation. Start-

g with CadiCbejCefkCijkCfaqCeqrCdrs = CaidCbejCefkCikjCfaqCeqrCdrs, WE write
this in birdtrack notation as:

(B.3)

We will call this type of figure a ‘bipentagon’.
33
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The next term in the RHS of (B.2) iS CuiaCbejCefiCikjCenqCdqrCirs:

LS

<
4
H—a |
X
A
o X

S

2,

c x
(B.4)
which is also a bipentagon, but with some of the free indicies swapped.
By similiar methods we find that the birdtrack version of the RHS
of (B.2) is is

E-
e

We have dropped the explicit labelling of indicies and will continue
to do so for the rest of this section.
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The Jacobi identity (2.16) can be written

<o X,

H\az/
-mww
S

ﬁk(%

where we used the Jacobi identity. Moving one of the free indicies ‘up’
we get

which implies that

SV,

We have thus derived the rule

I

(B.7)
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By a similiar argument (adding and subtracting the same terms
and using the Jacobi identity) we can derive the following result:

u +
zZ (B.11)

Now we use (B.10) on the last two terms of (B.5).

I
I

I

(B.12)
Thus (B.5) reads
el = e =l
+
(B.13)

Now we apply (B.11) to the terms of the above expression
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and similarly,

(B.15)
Equation (B.13) is then
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R
Kkl
AR ==

We use (B.10) on the last two terms:

B.16)

RS AR

(B.17)
Finally, from (B.16), we end up with the following expression for
the RHS of (B.1) :
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'ZBH%{;&Q
I Y
CH
palhea

(B.18)

Our aim is to show that this equals
24b(ccxb5as + chsda:c - cabsécaz + Cacs(sbac + Cawcébs - Cawb(scs)

if and only if b takes a specific value namely b= 144_(% The above
expression in birdtrack form is (see (3.2))
241 K

s
¥
s )? +

x (B.19)
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For the exceptional series of Lie algebras Cvitanovi¢ [8] gives the
following rule for reducing a ‘4-loop’:

- -6%33:& | |+ X+
+ 5 X)
C(H+ (B.20)

We use this rule on the terms in (B.18), starting with the figure
labelled (1):

G 8 NHOR
——1@2;( X %g

o
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Noting that the figure labelled (4) in (B.18) is the same as figure (1)
but with the two rightmost indicies swapped, we have that (1)4(4) is

SR
Sl -3 L -2 o )
*%%ﬂ -1\;@)( n)&,l)a(

“Eel K-S - -2 -2 gd]
P R ]

(B.22)

where we used the Jacobi identity in the last step.
Further, this equals

Egc:%a LS KSY A 2 2\

MR

Now, the ‘4-loops’ in (B.23) reduce as follows:

R A )




LLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLL

(B.25)

*EX_-LS%%- S’le (B.26)

jSa i VRV e e
"ic‘&c«%i:f-»uw«l*-z&\z%—ﬁ
(

B.27)
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Hence (1)+(4) in (B.18) equals

= (4]

XY AR AR Y 45
i * = & X _ 1 .
Y G e - _%\}\'T;;X(]
+§S

amey | 2 e L\}_T(_Q\},\/‘S
+ '3_,% ?.}T{n_w +l§é\"’1\ﬁ7\
41&8/-»1\—5?/ '1$(<*zk{}

(B.23)

(B.29)
By noting that figure (3) in (B.18) is the same as (1) but with
the left top and bottom indicies (or the ‘@’ and ‘b’ indicies) swapped,

and similiarly for (6) and (4), we have that ‘(3)+(6)=-3((1)+(4))” with
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these indicies swapped. So (3)4(6) in (B.18) is:

(B.30)

Next we note that figure (7) in (B.18) is the same as (1) but with
the bottom left and bottom middle (or the ‘b’ and ‘¢’ indicies) swapped,
and similiarly for (8) and (4), we thus have that ‘(7)+(8)=-3((1)+(4))’
with those indicies swapped. So (7)+(8) in (B.18) is:

= S Y sy
TEA AKX
+&TS:E:;§\§7\+1\X~(*\%Z/}
R e
PV (|

(B.31)
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Figure (2) in (B.18) is

= %ﬁi H“( v 5 +>7<1)
L K3
Ccmﬂih'( *SY )-si%
IR

M[Y._ A Y SV B S T

+§Ex\&W")’%3
R A )

(B.32)

which equals (B.33)
Y- 5 Y= XA
e s ]
o),

Noting that figure (5) is the same as figure (2), but with opposite
sign and the top and bottom right indicies swapped, we have that
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(2)+(5) is

G(Nm{\( M
*g_:N—z\&lH +*§<+Mg
TR A

(B.35)

Using (B.20) we can show that figure (9) in (B.18) is:

W g(im}{ —Y 3”\ }

+“£f$§;l\{ )-r\’*\?fq
) isz {_W __)Hr‘(] (B.36)

and (10) is:

TP {-8alhad

*ACT;E&{M'\T{]
' %fv {—M +\'5?_<} (B.37)
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Now we add it all together. Starting with the terms of order s3:

—g(i+1\ _—/T\ +K+Y
X K- K]

(B.39)
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The terms with a factor of 6(%;) are

H s \jz (1)+4)
ARy R
ot -4

(7)+(8)

"7‘\_1—‘( x )—452/ & )_6\ (2)+(5)
(e
OB B

(B.40)
which is equal to

(.Sc—:a Sl an il ahlad
RN

2V 1R

T - et

(B.41)
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Now, using the Jacobi identity

Sy <y A
= (%) -(hr-rxt)

(B.42)

(B.43)
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Further

(B.44)
So (B.41) is equal to
"N % +/¥
AR driaa ¥ o
A K
AT 9z,
=0 (B.45)

where we moved one of the free indicies to make the use of the Jacobi
. . . 2

identity more clear. Hence the terms with a factor of % cancel
each other.
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The terms with a factor of % are

3% 1H*1\3é\+‘2.\427\+ ?_Bg
M Y e e AT
R R R
XA AGA TR s
B Ey ol =
TR N

B.46)

which equals

R N =
TSR S

(B.47)
Now, similarly to (B.43)
2V oA+
fo“‘/r%’ A

(B.48)
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52
and similarly to (B.44)

(B.49)

el

B G AR S SR

- a8 e

- —\3/2\ g +>’4 (B.50)
N ot
t;H*l\Sé\“lY‘/\
B (B.51)

Hence the terms with a factor of % cancel as well.
We thus conclude that (B.18) equals

%ﬂ&dﬁ ! KJ'Y—
._i +)ﬁ_)>(]

(B.52)
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In classical notation, this means that (see (B.19))

24aabcdef{cfxqceqrcdrs} =
_— cx 6&5 c s(sa:p - Ca s(scx
60N + 2) (Centdas + Cotsdaz = Cav
+ Cacs(sb:c + Caxcébs - Caxbécs) (B53)
Thus
b(ccxbéas + chséaac - Cabs5cx + Cacs(sbx + Camcdbs - Cazb(scs)
= aabcdef{cf:vqceqrcdrs}
if and only if
—5
b=
24 % 6(N + 2)
B -9
~ 144(N +2)
We have thus shown that the representation p in Theorem 1.3 is
consistent with (1.3) if and only if
-5
b= — 2
144(N +2)

for the exceptional Lie algebras.

(B.54)

(B.55)
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Full calculation for su(n)

Here we give the details of how we calculate the expression (3.4)
for g = su(n). We make use of the identities (3.13) - (3.25).
Using (3.21) on figure (1) in (B.18) we have

using (3.21) and (3.16). This simplifies to
= *
6"\“}11 i +2 -
‘1{ )ﬁ Pan H

+/E~
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=+( %Y 14X
*““’(%\ 5 5
W)

?'\SH_J*;B( = LY -2 e’ _2 )
+%_("" + X L W A A K XK
2R (LS ULV Y SN
ﬁ(-*go("\*‘%?‘*“‘s{*(*\én
T g+
Von-ad 3]
(5 )
R A1)

(C.12)
Now, using the Jacobi identity and (3.16) - (3.18) we have



(C.15)

—1“’;7\—1‘3{—1}1-(-& YR+ %Z‘ o
+%(—%);\+%_ S WY AL ALY
RO - AR AR R

S8 A ST )

(C.18)
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can simplify this using the Jacobi identity. Firstly,

(C.20)
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Thus (1)4(4) of (3.4) is

2 - -
AR TEEY, L VES B TP Ve ¢

(C.21)

Since ‘(3)+(6)=-3((1)+(4))" with the left top and bottom indicies

(or the ‘a’” and ‘b’ indicies) swapped, we have that (3)+(6) in (B.18) is

_H-L?ﬁ__
(3R AN K Y-
(C.22)

Next we note that ‘(7)+(8)=-3((1)+(4))’ with the bottom left and

bottom middle (or the ‘b” and ‘¢’ indicies) swapped, so (7)+(8) in (B.18)
Is:

Xt
H(INIVE ALY 23

Figure (2) in (B.18) is:

Y =Y < P
_“""U&*—( *%(\

UF( h*—ﬂ .
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Now, using (3.24) and (3.25), we have

ﬁ-*ﬁ(:‘z(m:—tz\ﬁx-:)
RO -3
= ah =2 (C.25)

So

2) X “?:)—T'( (C.26)
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Figure (9) in (B.18) is:

where we made use of (C.25).
Figure (10) in (B.18) is:

]
Ny
<\5 NS =i _—
— o
!
———

+

\

+

BCmd)

Rotating (C.25) we get

):('*ﬁ:)(*:_%‘x (C.30)
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So figure (10) is

THT = 3 S5 (4 B
BEIAA LS f [ AVETPY

(C.31)
Now we add together the terms in (B.18). First we see that the
terms with three structure constants cancel

=(-h~< ‘?{)“‘% ()
'LiL S - ﬁ)-\r—-%-{- LN pa + L o

(C.32)

= AL L R A n ok A
(C.33)

—— \
H+ ﬁ+§ (C.34)

AR R

0

\

(C.35)
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The terms with one structure constant are:

%("3)ﬂ+3¥ WY oa A 2R Y
A KA RS X
X IR AR IR XY
*3 M -3Y_
“2Y 9|4
+ X 2|4 )

BN - Yooy Kk
So (3.4) equals

7‘%—\(2\- _R&“Yﬂ+¥ﬂ)ﬂ+k) (C.37)

Comparing this with (3.2) we conclude that the representation p of
Theorem 1.3 is consistent with (1.3) if and only if

(C.36)

3n —(—n)* =
4 x 24 32n2 32n2 ( )
since we have used the normalisation s = —n in our calculations.

Thus we have proved the result for su(n).
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Numerical calculation for su(2)

In this appendix we prove the statement (3.67) in the proof of
Lemma 3.2. That is

p((aabcdefcrsc + arscdefcabc){[dy [ea [f}>I:v =0
By (3.66),

p((aabcdefcrsc + arscdefcabc){Iab Ie; If})lm
= (aabcdefcrsc + arscdefcabc){[ [ [Ixy [f]a 16]7 [d]} (Dl)

In order to evaluate the RHS of this expression we use the com-
puter software Matlab. First we choose three anti-hermitian matrices

generating su(2),
1 0
-5 ) o

I, = (‘3 é) (D.3)
I = (_01 é) (D.4)

These matrices are orthonormal with respect to the inner product
(A, B) = tr(AB") (D.5)

This inner product is associative because of the cyclicity of the trace
and the anti-hermiticity of the chosen basis,

(Las [Io, I]) = gtr{La(Io]e)" = To(I.1)"} (D.6)
= {1111} — LI} I} (D.7)
= dtr{—LI' I, + [,I,I!} (D.8)
= tr{~LI.I + I.I,I1} (D.9)
= 3tr{[L, ]I} (D.10)
= (o L), I) (D.11)

Hence this inner product satisfies the requirements of Theorem 1.3.
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We then use the code below to evaluate the RHS of (D.1). The func-
tions below should be saved as M-files with file names ‘function.m’.
The other segments of code should be executed in the command win-
dow, in order of appearance.

global n
global dim

n=2;
dim=n*n-1; %=3

function [ Ik ] = I( k )
%Takes input k, returns matrix Ik, for k=1,2,3

global n
Ik=zeros(n);
if k==1
Ik=[1i 0; 0 -1i];
end
if k==2
Ik=[0 1i ; 1i 0];
end
if k==3

Ix=[0 1; -1 0];
end

function [ in ] = inner( A,B )
%INNER calculates the inner product of A and B

global n
in=trace(A*B’)/2;

%B’ means B hermitian transpose

end
fhmmmmmmm e COM.M-——=——=——— == - - oo
function [ com ] = com( X, Y )

%COM returns [X,Y]=X*Y-Yx*X

com=X*Y-Y*X;
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%hcreates the structure constants and places them in a 3x3x3 array

%the values of the constants are then obtained by writing e.g. c(1,2,3)
global c

global dim

global n

c= cat( 3, zeros(l,dim), zeros(l,dim), zeros(1l,dim));

for i=1:dim
for j=1:dim

M=com(I(1i),I(j));
for k=1:dim
c(i,j,k)=inner(M,I(k));
end

end
end

% —a.m - - -

function [ A ] = a( la, mu, nu, alf, bet, gam )
%Calculates the a’s as defined by Drinfel’d

global c
global n
global dim
A=0;
for i=1:dim
for j=1:dim
for k=1:dim
A=A+c(la,alf,i)*c(mu,bet, j)*c(nu,gam,k)*c(i,j,k);
end
end
end
A=A/24;
end
% rhs.m -—- -—- -—=

function [ Sr ] = rhs( la, mu, r, s, x )

%RHS evaluates RHS for the given values of the free indicies
)

global n

global dim

global c

S=zeros(n,n);



for alf=1:dim
for bet=1:dim

for gam=1:dim

for nu=1:dim

D. NUMERICAL CALCULATION FOR su(2)

S=S+(a(la,mu,nu, alf, bet, gam)*c(r,s,nu) + a(r,s,nu, alf, bet, gam)
*c(la,mu,nu) )*(com(I(alf), com(I(bet), com(I(gam),I(x))))

+

+ o+ o+ o+

%The above expression "S=S+ ...

com(I(bet),
com(I(gam),
com(I(alf),
com(I(gam),
com(I(bet),

end
end

com
com
com
com
com

(I(gam), com(I(alf),I(x))))
(I(alf), com(I(bet),I(x))))
(I(gam), com(I(bet),I(x))))
(I(bet), com(I(alf),I(x))))
(I(alf), com(I(gam),I(x)))));

" should be written on ONE line

%tests if rhs=0 for all i,j,k,1,m

%The running time for this is about 2 minutes
global n
global dim

err=[]; %to store error values

for i=1:dim

end

for j=1:dim

for k=1:

dim

for 1=1:dim
for m=1:dim

end
end
end

if i

else

end
end

sequal(rhs(i,j,k,1,m),zeros(n,n))

err= [err , i, j, k, 1, m,0];
%if rhs is not zero, store the values of i,j,k,1,m

err Jdisplay errors. If empty, rhs=0 for all i,j,k,l,m
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We get the output

err = []

which means that the RHS of (D.1) is zero, for all a,b,r, s,z = 1,2, 3.
Hence

p((aabcdefcrsc + arscdefcabc){ldu ]ea ]f})]x = 0.
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Numerical calculation for so(5)

Using Matlab we evaluate both sides of the equation:
b<cczb5as + chséaz - Cabs6cx + Cacsébz + Camcgbs - Caxb(scs)
- aabcdef{cfcheqrcdrs} (El)

which gives the same condition on b as (1.49).
First we chose an anti-hermitian basis of so(5):

0 1000
~1000 0
L=|0 0000 (E.2)
0 0000
0 0000
00100
0 0000
L=|-10000 (E.3)
0 0000
0 0000
(E.4)
000 0 0
000 0 0
Io=|000 0 0 (E.5)
000 0 1
000 —10

These matrices are orthonormal with respect to the associative
inner product

(A, B) = tr(AB") (E.6)
We now use the code below. The functions below should be saved

as M-files with file names ‘function.m’. The other segments of code
should be executed in the command window, in order of appearance.

ISee Appendix D for a proof of associativity
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Y= I.m- -—= -——
function [ I ] = I(n)
Jreturns basis element of so(5)

I=zeros(5,5);
if n >= 1 && n <=4
I(1,n+1)=1;

end

if n>=5 && n<=7

I(2,n-2)=1;
end
if n==
I(3,4)=1;
end
if n==
1(8,5)=1;
end
if n==10
I(4,5)=1;
end
I=I-1I’;
%I’ means the transpose of I
end
hm—mm inner.m---------—--—-----
function [ in ] = inner( A, B )

%calculates the inner product of A and B
% sob

h A=I(a);

% B=I(b);

in=trace(A*B’)/2;

end

function [ com ] = com( X, Y )
%Calculates the commutator of X and Y

com=X*Y-Y*X;

end
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Y% — e
%creates the structure constants

global c

c= cat( 3, zeros(1,10), zeros(1,10), zeros(1,10));

for i=1:10
for j=1:10

M=com(I(i),I(j));
for k=1:10
c(i,j,k)=inner(M,I(k));

end

function [ A ] = a( lam, mu, nu, alf, bet, gam )
Jcalculates the a’s in D3

global c
A=0;
for i=1:10
for j=1:10
for k=1:10
A=A+c(lam,alf,i)*c(mu,bet, j)*c(nu,gam,k)*c(i,j,k);
end
end
end
A=A/24;
end
Y= kill.m -—- -

function [ kill ] = kill( a,b )
%calculates the killing form of I(a) and I(b)

global c
kill=0;

for i=1:10
for j=1:10
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kill=kill+ c(a,j,i)*c(b,i,j);

end
end

Ymmmmmm e testkill.m-- - -

%calculates the Killing form between all the basis elements and
%places the result in a matrix

K=zeros(10,10);

for a=1:10
for b=1:10
K(a,b)=kill(a,b);
end
end
K
Y= lhs.m———-——————————————-

function [ S1 ] = lhs( la, mu, nu, x)
Y%evlauates LHS of D3

global c

S=zeros(5,5);

for si=1:10
S= S + (c(nu, x, mu)*delta(la,si) + c(nu,mu,si)*delta(la,x) -
c(la,mu,si)*delta(nu,x) + c(la,nu,si)*delta(mu,x)

+ c(la,x,nu)*delta(mu,si) - c(la,x,mu)*delta(nu,si))*I(si);

%NOTE: the above expression ’S=S+...° should be written on
the same line

function [ Sr ] = rhs( la, mu, nu, x )
%Evaluates rhs of D3

S=zeros(5,5);

for alf=1:10

73



E. NUMERICAL CALCULATION FOR so(5) 74

for bet=1:10
for gam=1:10

S=S+a(la,mu,nu, alf, bet, gam)*(com(I(alf), com(I(bet), com(I(gam),I(x))))
+ com(I(bet), com(I(gam), com(I(alf),I(x)))) + com(I(gam), com(I(alf),
com(I(bet),I(x)))) + com(I(alf), com(I(gam), com(I(bet),I(x))))+
com(I(gam), com(I(bet), com(I(alf),I(x))))+ com(I(bet), com(I(alf),
com(I(gam),I(x)))));

%NOTE: the above expression ’S=S+...° should be written on
the same line

end
end
end

Sr=S;

end

We can now write for example
1hs(1,2,3,4)
rhs(1,2,3,4)
to find that both the LHS and RHS of (E.1) is zero when a = 1,
b=2,c=3and x =4.
If we instead calculate
1hs(1,2,3,5)
rhs(1,2,3,5)

we get the outputs

(E.7)

o= O oo
o OO oo
o OO oo
OOOO'
OO oo

and
0
0
0
0.5
0 O

(E.8)

cooo
coooco
coooco

cooo

e}

respectively. By (E.1) we thus have the neccessary condition b = %
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The value of b in Theorem 1.3 is
g_Nn= 4 =5
16(n —2)3 16 x 33

h=—

By executing
testkill

we see that the ratio of the Killing form to the inner product is
s = —6.
Hence the value of b as given by Theorem 1.3 is
—‘(——6)3 B 1

T 16x3 2

In our case.
Our numerical results thus verifies Theorem 1.3. However it should
be noted that our calculation only gives a neccessary condition on b.

For a sufficient result we would need to do calculations for all a, b, c,z =
1,2,...,10.
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