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Appendix D

Answersto Exercises

D.1 Exerciseson Chapter 1

1. Considering trumps and non-trumps separately, reqpiraolbility is

5 3\ (23 26y 11
3) \10 13) 50
Probability of a2 : 1 splitis 39/50, and the conditional probability that theckis the

odd one is 1/3, so probability one player has the king and therdhe remaining two
is 13/50.

2. (@) IfP(A)=00rP(A)=1.
(b) TakeA as “odd red die” B as “odd blue die” and” as “odd sum”.

(c) TakeC as{HHH, THH, THT, TTH?}.

3. (&) P(homozygous= 1/3; P(heterozygous= 2/3.
(b) By Bayes’ Theorem

(1/3)(1) 64
PIBBITblack = sy - /3)(1/27) ~ 65

(c) Similarly we see by induction (wih case= 0 given by part (a)) tha® (BB | first n black) =
2n=1/(2n=1 4+ 1) since

{20t/ + )iQ)
{2n=t/@2n 1+ DRI + {1/ +1)}(1/2)
2TL
on 417

P(BB|firstn + 1 black) =




4. UseP(GG) = P(M)P(GG|M) + P(D)P(GG|D) to get

_ P(GG) —p?
PQM) = p(1—p)

5. p(3) = p(4) = 1/36, p(5) = p(6) = 2/36, p(7) = --- = p(14) = 3/36,
p(15) = p(16) = 2/36, p(17) = p(18) = 1/36. As for the distribution function,
0 forz < 3;
1/36 for3 <z <4;
2/36 ford <z < 5;
4/36 for5 <z < 6;
Flz) = 6/36 for6 <z <7,
(3[x] —12)/36 forn <z <n+ 1where7 <n < 15;
32/36 for 15 < = < 16;
34/36 for16 <z < 17;
35/36 for17 <z < 18;
1 forx > 18

where[x] denotes the integer part of
6. P(k=0)=(1-7)"=(1-\/n)" — e . More generally

) = ()1 = mt

7& 175 nﬁnfl n—k+1 175 —k
k! n) n n n n

7. @P(k=0)=P(m=n=0)=PMm=0)PH =0)=e e#=e ),

P(k=1)=P({m=1,n=0}or{m=0,7n=1})

— )\e*(AJrH) + ILLe*(AJFN) — ()\ + M)e*(A‘HL)'
(b) More generally

k
P(iv=m,n=k—m)=Y_ P@i=m)P@=Fk-m)
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k k

= ep(-( ) Y ( * ) ATk = % exp(=(A+p).

m=0

(c) By definition of conditional probability
P(m=m k=%k P(m=m, n==k—m)
P(k = k) P(k=k)
m k—m
A% exp(—A)) iy exp(— )
O exp(—(A + 1)

(0

8. Lety = z2 wherex ~ N(0,1). Then

P(m=m|k=Fk)

so that (because(z = —,/y) = 0)
Fyly) = F5 (Vy) — Fz (=)
and on differentiation
pp(y) = 3y 7px (V) + 3y pr (—v5).-
Alternatively, you could argue that
Py<y<y+dy) =Pex<z<z+dr)+P(—z—de <% < —2x)

implying
py(y) dy = pz(x) dz + pz(—x) dz
which as ¢/ dz = 22 = 2,/y leads to the same conclusion.
In the case where ~ N(0, 1) this gives
py(y) = 2my) "2 exp (=3)

which is the density of?.

9. By independence, sincd < M iff every one of the indviduak; are less than or
equal toM

- - = 1= (1= F(m))"
par(M) = nf (M)(F(M))™ prn(m) = n (m)(1 = F(m))""!



10. Letm be the minimum of: andv andc be the length of the centre section. Then
p(m, ¢) = pa (M, ¢) + pg,5(c,m) = 2if m+ ¢ < 1 and 0 otherwise.

11. If F(z,y) = F(z)F(y) then by differentiation with respect toand with respect
toy we havep(z,y) = p(z)p(y). The converse follows by integration.

In discrete cases ' (z,y) = F(x)F (y) thenp(z,y) = F(z,y) — F(x —-1,y) —
Fle,y—1) + Fle - Ly = 1) = (F(2) - Fz(z — 1)(Fly) — F3(y = 1)) =
p(z)p(y). Coversely ifp(z,y) = p(z)p(y) thenF(z,y) = 3., anypxy(f,n
and soF (,y) = 3 e, P#(8) X<, Py(n) = F(2)F(y).

12. EX =n(l—m)/m VX =n(l —m)n?

13. EX = Y EZ? = Y1 = v, while EX2 = Y EZ! + 3, EX?X? = 3v +
v(v —1) sothatvZ = EX? — (EX)? = 2v. Similarly by integration.

14, EX =nm, EX(X —1)=n(n—1)r?andEX(X —1)(X —2) =n(n—1)(n—
2)m3, SOEX = nm, EX? =EX(X — 1)+ EX = n(n — 1)7 + n7 and

E(X —EX)® =EX?® - 3(EX?)(EX) 4 2(EX)?
=EX(X —1)(X —2) - 3(EX?)(EX) + 3EX? 4+ 2(EX)® — 2EX
=nm(l —m)(1 - 2m),

and thusy; = (1 — 2m)/+/[nm(1 — 7).
15 6> f{w; |z—p|>c} ple)dr = *P(le — pl > o).

16. By symmetrnyEx = Ey = Exy = 0 soC(z,y

) = Exy — EzEy = 0. However
0=Pz=0,y=0)#Pxz=0Ply=0=1x1=1

17. p(ylx) ={2r(1—p )} 2 exp{— sy— px)Q/(l — p?)} so conditional oi¥ =
we havey ~ N(pz,1 — p?), sOE(y|z) = p. Ely *lz) = Viylz) + {E(y\fﬁ)}2 =
1 — p? + p2a?, henceE(:z:y|a:) = px?, E(2?y?|z) = 2% — p?2% + p?2*. Therefore
Exy = p and (asEz* = 3) Ex%y? = 1 + 2p?, soExy — (Ex)(Ey) = p andEx2y2 —
(Ez?)(Ey?) = 2p*. AsVz = 1 andVz? = Ex4 — (E2%)?2 =3 -1 =2 = Vy, the
result follows.

/\

18. (@) p(z,y) = (\"e*/al)(] )wy(l 7)*~Y so adding over = y,y+1,... and
using>> A* =¥ (1 — )~ = e*1-7) we getp(y) = (Ar)Ye 7 /y! so thaty ~ P()m).

Now note thaky;(y|z) = 27 and this has expectationr.

(b) Note thatVyz(y|z) = 2m(1 — 7) which has expectationr (1 — 7) and that
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E;z(y|Z) = am which has variancen? so that the right hand side addse, the
variance ofy.

19. We note that

r= [ el e = [ o3 ys

for anyy (on settingz = xy). Puttingz in place ofy, it follows that for anyz

= ooeX *lZ.CCzZI
u/o p(—1(22)?) 2d

so that

2= (/OOO exp(—;zQ)dz) (/OOO exp(—;(zx)Q)dm) _ /m /OOO exp{— 1 (22 +1)2} 2 dz da.

Now set(1 + z2%)z? = 2t so thatz dz = dt/ z?) to get

(1+
//e"p 1+x2 ( xpl= )</ooo(1f;2))

[—exp(—t)]g° [tan™ x]o =

2

and hencd = /7 /2 so that the integral of from —oo to co is 1, and hence is a
probability density function. This method is apparentleda Laplace (1812, Section
24, pages 94-95 in the first edition).

D.2 Exerciseson Chapter 2

1. p(r)=Bk+1,n—k+ 1))71771‘3(1 —m)"*orm~Be(k+1,n—k+1).

2. T = 16.35525, so assuming uniform prior, posterior igM.35525, 1/12). A
90% HDR is16.35525 + 1.6449/1/12 or 16.35525 + 0.47484, that is, the interval
(15.88041, 16.83009).

3. z—0~N(0,1)andf ~ N(16.35525, 1/12), soz ~ N(16.35525, 13/12).

4. Assumming uniform prior, posterior is(l, ¢/n), so taken = k. If prior variance
is ¢o, posterior is{1/¢y + n/¢}~!, so taken the least integer such that > (k —

1)¢/do.

5. Posterior isk(27/25)" 7 exp{—1(0 — 0.33)> x 25} for > 0 and 0 ford <

0. Integrating we findl = kP(X > 0) WhereX ~ N(0.33, 1/25), sok = {1 —
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®(—1.65)} 1 = 1.052. We now seel; such thap(d < 0;|z) = 0.95 or equivalently
kP(0 < X < 6;) = 1 with k and X as before. This results in95 = 1.052{®(560; —

1.65) — ®(—1.65)}, so®(50; — 1.65) = 0.95/1.052 + 0.0495 = 0.9525 leading to
560, — 1.65 = 1.67 and so td#; = 0.664. The required interval is thys, 0.664).n

6. From the point of view of someone starting from prior iggmmee, my beliefs are
equivalent to an observation of meamnd variance> and yours to one of meanand
variancey, so after taking into account my beliefs such a person istahlse Section
2.2 and concludé@ ~ N(\q, ¢1) wherel/¢1 = 1/¢ + 1/ andA1/d1 = A/ o + p/7).

7. The likelihood (after inserting a convenient constasit) i

U(]6) = (276/n) "% exp{—3(Z — 0)*/(¢/n)}.
Hence by Bayes’ Theorem, withify,

Ac(1 — €)(2m/n) "% exp{—1(T — 0)/(¢/n)} < p(f]x)
< Ac(1+e)(2m¢/n) "% exp{—L(T — 0)%/(¢/n)}
and outsidd,
0 < p(flz) < AMc(2m¢/n) "% exp{—3(T — 0)%/(¢/n)},

whereA is a constant equal ta(z)~!. Using the right hand inequality for the region
insidel, we get

/ p(6l) db < Ac(1 + <) / (27/n) "} exp{—L (@ — 6)2/(¢/n)} 9
I, 1,

Aa

— Ac(1 +¢) / (27) % exp(— L%) dt, wheret = (7 — 0)/\/d/n

—Ag,
=Ac(1+4e)[@(A\a) — P(—Ao)] = Ac(1+2)(1 — )

since®(—\,) =1 — ®(\,). Similarly, the same integral exceed§)c(1 —¢)(1 — ),
and, if J, is the outside of .,

0< / p(flx)dd < AMca.

Ja

Combining these results we have, sirfg{guh p(0)x)do =1,
Ac(l—e)(1—a) <1< Ac[(1+¢)(1 — a) + Ma],

and hence
1 < Ac < .
X Cx .
(I1+e)(1—a)+ Ma (1-¢)(1-a)
The result now follows on remarking that the maximum valuthefexponential i/,
occurs at the end-points+ A, \/¢/n, where it has the valuexp(—3A2).
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8. The likelihood is
101) o h(6)" exp { > tw:)(6)}
x h(0)" exp {exp [1og ¥(0) — log (1 / Zt(zi) )} } .
This is of the data-translated forgy (6) — ¢(x)) if the functionh(z) = 1.
9. Take priorSyy, 2 wherev = 8 andSy /(v — 2) = 100 s0.Sy; = 600 and taken =
30 andsS = 13.2%(n— 1) = 5052.96. Then (cf. Section 2.7) posterior (§o +5)x, 7.,
wherev +n = 38 andSy + S = 5652.96. Values ofx? corresponding to a 90%

HDR for log x %, are (interpolating between 35 and 40 degrees of freedor8p2and
54.269 so 90% interval €04, 223).

10. n = 10,7 = 5.032, S = 3.05996, s/y/n = 0.1844. Posterior for meas is
such that(# — 5.032)/0.1844 ~ t,, SO as$ .95 = 1.833 a 90% HDR is(4.69, 5.37).
Posterior for variance is S, 2, so as values of? corresponding to a 90% HDR for
log x2 are 3.628 and 18.087 required interval(sl7,0.84).

11. Sufficient statistic i$""_, z;, or equivalentlyz.

12. Sufficient statistic i) ., z;, [[\—, z;) or equivalently(z, #) wherez is the
geometric mean.

13. p(B) x B~ exp(—¢/P).

14. If§ ~ U(—n/2,7/2) andz = tan#6, then by the usual change-of-variable rule
p(z) = 77 df/dz| = 7! (1+x2)_1, and similarly if0 ~ U(n/2,37/2). The
result follows.

15. Straightforwardly

plalm) = x!y!z!ﬂzpyaz
'n—z—y)!
x explzlog{m/(1 — 7 — p} + ylog{p/(1 — 7 — p)}]
= g(x,y) x h(m,p) x exp[t(z,y)b(7, p) + u(z, y)x(7, p)]

_ (I'y'”'|> « exp{nlog(l — 7 — p)}

16. vy = vy +n = 104; ny = ng +n = 101; 61 = (nebo + nT)/n1 = 88.96;
S =(n—1)s?=2970; S; = S+ S+ (ng ' +n=1) "0y —T)? = 3336; 51/ /1 =
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\/3336/(101 x 104) = 0.56. It follows thata posteriori

p— 0
sl/x/nl

For prior, find 75% point of ¢ from, e.g., Neave’s Table 3.1 as 0.741. For posterior,
as degrees of freedom are large, can approximate t by nonotihg that the 75%
point of the standard normal distribution is 0.6745. Hen&9% prior HDR foru is

85 4+ 0.741./(350/4 x 1), that is(75.6,94.4), while a 50% posterior HDR for. is
88.96 + 0.6745 x 0.56, that is,(88.58,89.34).

~ ¢ ~ Six,2.

17. Withp,(0) being NO, 1) we see thap, (f|x) is N(2,2), and withps(0) being
N(1,1) we see thap,(0]x) is N(3,1). As

[ oo @)= [ - ex-4 -0 - 1%}

Z\/%exp{—ixg}
></ L (- 10— 1o)/1 o

1
27'['5
1
Vi 1

VoA W

exp{—2}

and similarly
[ p(alomi @) = [ - expi-b(o -0 - 6~ 1)) o

= V2 exp{—L(z—1)%)

Ver
1
exp{—2(0— L(z+1))?/3} do
/\/; p{=30 = S+ 1)7/4)
2 1

= mexp{—i(ﬂc —1)%) = NG exp{—i}

so that just as in Section 2.13 we see that the posteriordg 83’ mixture of N(2, 1)
and N(3,1) wherea/ o« 2e72 = 0.09 and’ o te~1/* = 0.26, so thatn’ = 0.26 and
B = 0.74. It follows that

P(0 > 1) = 0.26 x 0.1587 4 0.74 x 0.0228 = 0.058.



18. Elementary manipulation gives

HX-F TL090>2

—2
X 62 —
nX + nobj (n+n0)< e

[{n(n+mng) — n2}f2 + {no(n +np) — ni}@% —2(nng) X 0]

n -+ no

nng 2 — _ N~
*M[X + 02 —2X00] = (ng ' +n H)THX — 0)2.

D.3 Exerciseson Chapter 3

1. Using Bayes postulatg(w) = 1 for 0 < © < 1 we get a posteriofn + 1)7"
which has meain + 1)/(n + 2).

2. From Table B.5F ;; 54 = 0.55 and F40 24 = 1.87, so for Bg20, 12) take lower
limit 20 x 0.55/(12 + 20 x 0.55) = 0.48 and upper limit20 x 1.87/(12 + 20 x

1.87) = 0.76 so 90% HDR(0.48.0.76). Similarly by interpolationf” ;; 5 = 0.56

and F'4; 25 = 1.85, so for B€20.5,12.5) quote(0.48.0.75). Finally by interpolation
F 4596 = 0.56 and F43 56 = 1.83, so for B&21, 13) quote(0.47.0.75). It does not
seem to make much difference whether we use @Bg, a Bg1,1) or a B41,1)

prior.

3. Takea/(a+ 3) =1/3s03 =2« and

Vo — af B 2
TT@rBPar Bl 3Batl)
soa = 55/27 =2 2 and = 4. Posterior is then B@ + 8,4 + 12), that is B&10, 16).
The 95% values fo¥s, o9 are 0.45 and 2.30 by interpolation, so those figg 3, are
0.43 and 2.22. An appropriate interval foris from 10 x 0.43/(16 + 10 x 0.43 to
10 x 2.22/(16 4 10 x 2.22), thatis(0.21, 0.58).

4. Takea/(a+ ) =0.4anda+ (5 = 12, so approximately = 5, 3 = 7. Posterior
is then B€5 + 12,7 + 13), that is, B&17, 20).

5. Take beta prior withv/(o + 8) = % anda + 3 = {11 = 2.75. It is convenient
to take integerr and 3, so takea = 1 and3 = 2, giving /(e + 3) = % and
(a + B)/11 = 0.273. Variance of prior is2/36 = 0.0555 so standard deviation
is 0.236. Data is such that = 11 and X = 3, so posterior is Bgl,10). From
tables, values of F corresponding to a 50% HDRIé@rFs s are F = 0.67 andF =
1.52. It follows that the appropriate interval of values of 5 is (1/F, 1/F), that is
(0.66,1.49). Consequently and appropriate interval for the proportiorequired is
4% 0.66/(10 + 4 x 0.66) < 7 < 4 x 1.49/(10 + 4 x 1.49), that is(0.21,0.37). The
posterior mean id/(4 + 10) = 0.29, the posterior mode it — 1)/(4 4+ 10 — 2) =

9



0.25 and using the relationship media&n (2 mean+ mode /3 the posterior mode is
approximately 0.28. The actual overall proportigy433 = 0.20 is consistent with
the above. [Data from the York A.U.T. Membership List for D#91.]

6. By Appendix A.13,Ex = n(1 — 7)/7 andVz = n(1 — «)/7?, sog'(Ez) =
In=(1 - 7)/7% "2, soVz = 1/4n (cf. Section 1.5). By analogy with the argument
that an arc-sine prior for the binomial distribution is amppmately data-translated,
this suggests a prior uniform inh~* /7 so with densityiw‘% (14 )~ =. But note

Jeffreys’ Rule suggests Bg %) as remarked in Section 7.4.

7. As this is a rare event, we use the Poisson distribution. e n = 280,
T = Y x; = 196. Posterior isS; 'x2, whereS; = Sy + 2n, v’ = v + 2T. For
reference prior take = 1, Sy = 0 we get a posterior which 560! y3,,. Using the
approximation in Appendix A.3, we find that a 95% intervalis,/785 + 1.96)% /560,
that is,(0.61,0.80).

8. Prior is such that/S, = 0.66, 2v/S2 = 0.115%, sov = 66, Sy = 100, SO
posterior hasS; = 660, v’ = 458. This gives a posterior 95% intervg(y/915 +
1.96)2 /660, that is,(0.61, 0.79).

9. Ip(z|e)/0a = 3/2a — L2? andd?p(z|e) /0a® = —3 /202, soI(a|z) = 3/2a2
and we takep(«) o< 1/« or equivalently a uniform prior inb = log «.

10. We have)’L /72 = —z/m? — 2/(1 — m — p)?, etc., sO

_(wfranfi—m—p)  nfl-m—p)
I(ﬂ,p|m,y7z)—( n/(1—m—p) n/p+n/(17rp))

and so after a little manipulatiatet (7, p | x,y, 2) = n{mp(1—m—p)}~!, suggesting
a prior

plm.p)ocn 2p 2 (l—m—p)~2
which is evidently related to the arc-sine distribution.

11. 9p(x|y)/dy = 1/ + log€ — logx anddp(z|v)/0v* = —1/4%, sol(y|z) =
1/~2 and we taken(v) o 1/ or equivalently a uniform prior i) = log .

12.  Using Appendix A.16, coefficient of variation j${2/(y + 1)(y — 2)}. This
is less than 0.01 it (v + 1)(y — 2) > 1/0.01% or 4% — v — 20,002 > 0, so if
v > 2(1+4 /80,009) = 141.9. Taking the reference prigr(c, 8) (8 — o) =2, that
is, Pablj—oo, 0o, —1) (cf. Section 3.6), we neegd = n — 1 > 141.9, that is,n at least
143.
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13. Take priomp() = (d — 1)0~< for 6y < 0 < oo. Then posterior i®(0|x) =
(d' —1)0=7 for 6, < 0 < oo whered’ = d + n(c + 1) andf, = max{6y, M} where
M = max{z;}.

14. Priorp(v) « 1/v as before, but likelihood is now(71,100|v) = 1/v2 for
v > 100, so posterior is approximately

p(v]71,100) oc v 3/ ( Z ,u?’) .

©>100

Approximating sums by integrals, the posterior probapiR(v > v, |71,100) =
1002 /12, and in particular the posterior medianl&)+/2 or about 140.

15. We havep() = 1/60 and setting) = log 6 we getp(y)) = p(6) |df/dy| = 1.
Thus we expect all pages to be more or less equally dirty.

16. The group operation {&,y) — = + y mod 27 and the appropriate Haar mea-
sure is Lebesgue measure on the circle, that is, arc lengtimdithe circle.

17. Table ofc?{c? + (z1 — p)?} " H{c? + (z2 — )2} 1

pw\e 1 2 3 4 4
0 0.00 0.01 0.01 0.01 0.01
2 0.06 0.05 0.04 0.03 0.02
4 0.04 0.06 005 0.04 0.03
6 0.06 0.05 0.04 0.03 0.02
8 0.00 0.01 0.01 0.01 0.01

Integrating over using Simpson’s Rule (and ignoring the constant) for thevalval-
ues ofu we get 0.11, 0.48, 0.57, 0.48 and 0.11 respectively. Integyagain we get
for intervals as shown:

(-1,1) (1,3) (3,5) (5,7) (7,9) Total
0.92 2.60 324 2,60 092 10.28

so the required posterior probabilityds24,/10.28 = 0.31.

18. First part follows as sum of concave functions is con@maa concave function
has a unique maximum. For the example, note that

p(2]0) = exp(0 — x) /{1 +exp(f — 2)}* (—o0 < = < 00)
= %sech2 1(0—1z) (—o0 <2 < 00)
(which is symmetrical about = 6), so that the log-likelihood is

L(fz) =0 — x — 2log{1 + exp(f — x)}.

11



Hence

L'flz) =1—2exp(0 —x)/{1 +exp(d —x)}
= {1 —exp(0 —z)}/{1 + exp( — )}
=1-2/{1+exp(z—0)}

L"(0]x) = —2exp(xz — 0)/{1 + exp(z — 0)}?
= —2exp(f — 2)/{1 + exp(d — z)}*.

As this is clearly always negative, the log-likelihood isicave. Also
L'(0]z)/L"(0]z) = 5{exp(0 — x) — exp(z — 0)}

1(0]x) =2 /_ ) exp(2(0 — x)) /{1 + exp(f — z)}* dz

= (1/8) /OC sech®(0 — ) dx

— 00

= (1/8) /00 sech® y dy

— 00

= (1/24)[sinh y sech® y + 2 tanhy]>=_ = 1/6.

(The integration can be checked by differentiation of theul®. Now proceed as in
Section 3.10.

D.4 Exerciseson Chapter 4

_ -1 _
L 1= (—po) == [14 (- B =1 () B+ (1
m0)2m; 2B 2. Result then follows on noting; > = {1 — (1 — )} " = 14 (1 —my).

2. Substituting in the formulae in the text we get

$1 = (0972 +1.872)"! = 0.648 = 0.80%

0; = 0.648(93.3/0.9% + 93.0/1.8%) = 93.2;

To = ®((93.0 — 93.3)/0.9) = ®(—0.333) = 0.3696; /(1 — mp) = 0.59;
po = ((93.0 — 93.2)/0.8) = &(—0.25) = 0.4013; po/(1 — po) = 0.67;
B =0.67/0.59 = 1.14.

3. n=12,7 = 11858, S = 12969, s/\/n = 9.91, (z — 100)/(s/y/n) = 1.875.
Taking a normal approximation this givedPavalue of1 — ®(1.875) = 0.0303.

4. n =300, nm = 900/16 = 56.25, nm(1 — 7) = 45.70, (56 — 56.25)/4/45.70 =
—0.037, so certainly not significant.

12



5. Posterior with reference prior & "2, with S; = 12 andv’ = 31. Values of
x? corresponding to a 90% HDR fasg 3, are (by interpolation) 19.741 and 45.898,
s0 a 90% posterior HDR is from 1.65 to 3.82 which includes 3n&oappropriate to
reject null hypothesis.

6. Ifk = 0.048 thenexp(2k) = 1.101 = 1/0.908, so taked within +c = k+/(¢/n)z =
0.048/(¢4/10)/2.5 = 0.006/.

7. Using standard power series expansions

@

B=(1+1/\)?exp[-1(1+ )]
= )\_%(1 + A)% exp(—1327) exp[$A2% (1 + A) 7]
= AZ(1+ I+ ) exp(— 321+ 3221+ 07 ]
= \Z exp(—122)(1+ A2+ 1) +...).

N|=

8. Likelihood ratio is
26+ o)} 2expl3 S/ @4 L (1, 2\ " o [ a2 /g2
2ré—a)} Pepl-t a2/ —2)] (145) ew[Xete]

= exp [ (Y 2F - no) /0]

ol (B2

9. I @)/ = {—5( + ¢/n)~" + 3(T — 0)*/(¥ + ¢/n)*}p1(T) which van-

ishes ify) + ¢/n = (T — 0)? = 22¢/nsoif = (22 — 1)¢/n. Hencep;(T) <

(2rp/n)" 227! exp(—3). Consequently3 = (2m¢p/n) "2 exp(—32%)/p1(T) > ezexp(—322).
For last part usgg = [1 + (m1/m)B™'].

10. Posterior probability is a minimum whdsis a minimum, hence wheblog B
is a minimum, and

d(2log B)/dn = {1 +n} "' + 22{1 + 1/n} 2(~1/n?)

which vanishes when = 22 — 1. Sincez? — 1 is not necessarily an integer, this answer
is only approximate.

11. Test against &324,0.75) with mean 5493 and variance 1373,s6= (5474 —
5493)/4/1373 = —0.51. Not significant so theory confirmed.
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12. Likelihood ratio is
(2726) % exp[—$u?/(29))(27¢)~F exp[-1 (= — u)/¥)]
(2m20))~ = exp[—luQ/ (20))(2m1p/2) " % exp[—4 (2 — 1) / (¥/2)]
= (¥/20)% exp[—$u?(1//2¢ — 1/20) + (2 — p)* /]
> (/2¢)* exp[—§u2/ (20) + 5(z — ) /¥

With /(¥ /¢) = 100, u = 2 x \/(2¢) andz = p, we getB = (100/v/2) exp(—2) =
9.57, although 2 standard deviation is beyond 1.96, the 5% level.

13. pi(Z) = [ p1(#)p(z|#) dd which is1/7 times the integral between+ 7/2 and
w—r/2 of an N0, gb/n) density and so as > ¢/n is nearly the whole integral. Hence
p1(T) = 1/7, from which it easily follows thaB = (27¢/n7%)~% exp(—422). In
Section 4.5 we found3 = (1 + ny/¢)2 exp[—32%(1 4+ ¢/ny) "], which for large
n is aboutB = (¢/ny) 2 exp(—32%). This agrees with the first form found here if
72 = 27¢. As the variance of a uniform distribution @p — 7/2, . + 7/2) is 72 /12,
this may be better expresseddg12 = (1/6)¢ = 0.52¢.

14. Jeffreys considers the case where both the Meamnd the variance are un-
known, and wishes to testgH: # = 0 versus H : § # 0 using the conventional
choice of prior oddsrg/m = 1, so thatB = py/p1. Under both hypotheses he uses
the standard conventional prior fgr namelyp(¢) o« 1/¢. He assumes that the prior
for ¢ is dependent o = /¢ as a scale factor. Thusif = 6/0 he assumes that
7(~,8) = p(v)p(0) so thaty andé are independent. He then assumes that

(i) if the sample sizew = 1 thenB =1, and
(ii) if the sample sizer > 2 andS = Y (X; — X)? = 0, thenB = 0, thatis,p; = 1.

From (i) he deduces that~) must be an even function with integral 1, while he shows
that (i) is equivalent to the condition

/ p(Y)7" " dy = o0.
0

He then shows that the simplest function satisfying theséitions isp(y) = 7= (1+
72)~* from which it follows thatp(8) = p(v)|dy/df| = 7~ 1o (c? + 62)~L. Putting
o = /¢ and generalizing to the case wherg ild thatd = 0, we get the dlstribution
in the question.

There is some arbitrariness in Jeffreys’ “simplest funttidf instead he had taken
p(y) = 7 'k(k? + 4%)~! he would have ended up with(d) = 7= 17(72 + (0 —
p)?)~* wherer = rko. However, even after this generalization, the argumenbfs n
overwhelmingly convincing.
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15. (a) Maximum likelihood estimatdrof 0 is x/n, SO
90)$ <1_90>n—x 1—71'0 é\ ’ 1—5 "
B>|—= = ; z [1+ — —
( 6 1-46 bo o to 1—16p

(b) From tables (e.g. D. V. Lindley and W. F. Scditew Cambridge Elementary
Satistical Tables, Cambridge: University Press 1995 [1st edn (1984)], Tablerl
H. R. Neave Satistics Tables for mathematicians, engineers, economists and the be-
havioural and management sciences, London: George Allen & Unwin (1978), Ta-
ble 1.1) the probability of a binomial observatieh 14 from B(20,0.5) is 0.9793,
so the appropriate (two-tailedy-value is2(1 — 0.9793) = 0.0414 = 1/24. The
maximum likelihood estimate i§ = 15/20 = 0.75, so the lower bound oB is
(0.5/0.75)1%(0.5/0.25)°> = 229/3' = (.0731, implying a lower bound omp, of
0.0681 or just over 1/15.

16. (@) n=12,v =11,¢t =T/(s/v/n) = 1.2/4/(1.1/12) = 3.96 and if we take

k = 1 the Bayes factoB is

(1 +t2/v)~w+1)/2 _ 0004910 ..
(1+nk)=3(1+2(1 +nk)=1/v)~(+1/2  (0.2774)(0.5356)

(b) z=7/(s/y/n) = 1.2/v/12 = 4.16 and (takingy = ¢ as usual)

B=(1+ n)% exp [—32%(1+1/n)"']
= (1+12)% exp [~ 1(4.16)2(1 + 1/12)~'] = 0.001.

17. Two-tailedP-value is 0.0432 (cf. D. V. Lindley and W. F. Scditew Cambridge
Elementary Statistical Tables, Cambridge: University Press 1995 [1st edn (1984)], Ta-
ble 9), while Bayes factor is

(1412 /)~ (wi1)/2 B 0.08712 0377
(14 nk)~2(1+2(1 + nk)~1/v)~(+D/2 — (0.3162)(0.7313)

SoF =1/B = 2.65. Range(1/30P,3/10P) is (0.77,6.94), so F isinside it and we
do not need to “think again”.

18. ForP-value 0.1 think again if” not in (3,3). Aspy = [1 + F]~! this means
if po not in (0.250,0.750), so if n = 1000. Similarly if P-value 0.05, ifpg not in

(0.143,0.600), so if n = 1000 (and the case = 100 is marginal); if P-value 0.01,
if po notin (0.032,0.231), so ifn = 100 or n = 1000; if P-value 0.001, ifpg not in

(0.003,0.029), so ifn = 50, n = 100 or n = 1000.
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D.5 Exerciseson Chapter 5

1. Mean differencar = 0.053, S = 0.0498, s = 0.0789. Assuming a standard
reference prior fod and a variance known equal 807892, the posterior distribution
of the effectd of Analyst A over AnalystB is N(0.053,0.07892/9) leading to a 90%
interval 0.053 + 1.6449 x 0.0789/3, that is, (0.010,0.097). If the variance is not
assumed known then the normal distribution should be reglay t.

2. If variance assumed known,= 0.053/(0.0789/3) = 2.028 so withy) = ¢

B =(1+n)? exp[~32*(1+1/n)""]
= (1+9)2 exp[—3(2.028)*(1 + ) ~'] = 0.497

m\»a

andpy = [1 + 0.497—1] ~' = 0.33 with the usual assumptions. If the variance is not
assumed known,
{1 +2.0282/8}9/2 0.1546

B— - =0.613
0-2{1+2.028210~'/8}-9/2  (0.3162)(0.7980)

andpo = [1+0.61371] ' = 0.38,

3. Weknowd (x;+y:) ~ N(20,2>" ¢;) and)_(z;—y;) isindependently KD, 2 > ¢;),
S0 (x; —i)?/23. ¢; ~ x2 and hence i) = 0 then

Z(ﬂfz‘ + i)/ Z(xi = 4i)* ~ b

Hence test whether = 0. If 6 # 0, it can be estimated as " (z; + ;).

4. Inthat case
B = (14 440.5/99)% exp[— 1 (1.91)2{1 + 99/440.5} 1]
= 5.4495% exp(—1.4893) = 0.53.
If the prior probability of the null hypothesis is taken &g = 1, then this gives a
posterior probability opy = (1 + 0.5371)~1 = 0.35.

5. m=9,n=12,7T = 12.42,5 = 12.27, s, = 0.1054, s, = 0.0989.

(@) Posterior off is N(12.42 — 12.27,0.12(1/9 + 1/12)) so 90% interval i$).15 +
1.6449 x 1/0.00194, that is,(0.077, 0.223).

(b) S =8x0. 10542 + 11 x 0.0989%2 = 0.1965, s = /0. 1965/19 = 0.102, so
sy/ (m~'+n~1) = 0.045, so from tables ofit, a 90% interval ig).1541.729 x 0.045,
that is(0.072, 0. 228).
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6. With independent priors uniform ik, i andlog ¢, that is,p(\, i, ¢) < 1/,
PN s @@, y) o< p(A, 1, &) p(x|A, 0) (Y1, @)

o (1/9)(2mg) = exp | =3 {3 = A + 5 3o — ) /9]
x ¢_(m+n)/2—1 exp[—%{sx + m(f — ) + %Sy + §n(§ _ ;U') }/¢]

writing S = S, + 5, andv = m +n — 2 we get

PO 1, e, y) oc 9/ exp[—18/¢] (2m¢/m)”? exp[—Im(\ — T)?)/2¢]
x (2m2¢/m)~ 2 exp|—sm(p — 7)%)/2¢)
p(1S) p(N|o, Z) p(ul ¢, Y)
where
p(¢|S)  isanSx,? density,
p(A @, T) isan Nz, ¢/m) density,
pu| 6,7) isan N7, 2¢/m) density,
It follows that, for giveng, the parameters andp have independent normal distribu-
tions, and so that the joint density &&= A — p and¢ is

p(8, ¢|z, y) = p(¢|S) p(0|7 — 7, ¢)
wherep(d |Z — 7, ¢) is an NT — 7, ¢(m~1 + 2n~1) density. This variance can now
be integrated out just as in Sections 2.12 and 5.2, givingyasimilar conclusion, that
is, that if
6—(T—-7)

t= T
s{m~—1+2n-1}2

wheres? = S/v, thent ~ t,,.

7. We find that
Sy = So+ Si + Sy + moAd + mT* + nopd + Ny — muA] — nypd
and then proceed as in Exercise 18 on Chapter 2 to show that

S1 =S80+ Sy + Sy + (mygt+m )@ = Xo)>+ (g +n7 )G — po)?.

8. m=10,n =97 = 222,75 = 23.1, s, = 1.253, s, = 0.650. Consequently

V(82 /m+ s2/n) = 0.452 andtan 0 == (s, /v/n)/(s./v/m) = 0.547, s06 = 30°.
Interpolating in Table B.1 with, = 8 andwv, = 9 the 90% point of the Behrens’ dis-

tribution is 1.42, so a 90% HDR 2.2 — 23.1 +1.42 x 0.452, that is,(—1.54, —0.26).

9. Evidentlyf; = (m —1)/(m — 3) and

(m — 1)?
(m —3)2(m — 5)

fo = (sin 6 + cos* 0).
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Also1 = (sin? §+cos? #)? = sin® §+cos* +2sin? f cos? 6, so thakin® O +cos? § =
1 —sin® 20 = cos? 2. The result follows.

10. AsT, ~t,( andT, ~ t,,) we have

v(y
P(Te, Tyla, y) o< (1+ T3 /v(x))~ VD214 T2 fu(y)) - WD/

Jacobian is trivial, and the result follows (cf. AppendixL8).

11. Sety = viz/(v2 +11z) sothatl —y = 1/(ve +1iz) and dy/de = —v1 /(v2 +
v1z)2. Then using Appendix A.19 for the density of

:Z:Vl/271

o (s + viz)(vi+v2)/2=2

dx

_ 1/1/271 1_ 1/2/271
a xy (1-y)

p(y) = p(x)

from which the result follows.

12. k=s5%/s3=06.77,50n"! = k/k = 6.77/Kk ~ Faq 14. A 95% interval for B4 14
from Table B.5i5(0.40, 2.73) so one forx is (2.5, 16.9).

13. k =3 withv, = v, = 9. A an interval corresponding to a 99% HDR fog F
for Fg o is (0.15,6.54), so a 99% interval for/x is from /3 x 0.15 to /3 x 6.54, that
is, (0.67,4.43).

14. Takeng+fp = 6, ao/(c0+50) = 5,70+ = 6,7/ (70+00) = 2,500 = 3,
Bo=3,7%=4,9 =2andhencex=3+a=11,6=3+b=15,7y =4+ c =52,
0 =2+ d=64sothat

log{(er = 3)(6 — $)/(B— $)(v — $)} = log 0.983 = —0.113

whilea= !4+ 3714 ~71 +5~1 = 0.192. Hence posterior of log-odds ratioAs— A’ ~
N(—0.113,0.192). The posterior probability that > p is

®(—0.113/1/0.192) = ®(—0.257) = 0.3986.

15. Cross-ratio i45 x 29)/(28 x 30) = 1.554 so its logarithm is 0.441. More
accurately, adjusted value (44.5 x 28.5)/(27.5 x 29.5) = 1.563 so its logarithm is
0.446. Value ofz~! +b~! + ¢! +d~' is 0.126, and so the posterior distribution of
the log-odds ratio is\ — A’ ~ N(0.441,0.126) or more accurately [0.446,0.126).
The posterior probability that the log-odds ratio is pesitis $(0.441/4/0.126) =
®(1.242) = 0.8929 or more accuratelyp(0.446/+/0.126) = &(1.256) = 0.8955.
With the same datain ' /(45/73) = 0.903 radians andin " 1/(30/59) = 0.794
radians, and /4m + 1/4n = 0.00766, so the posterior probability that > p is
®((0.903 — 0.794)/+/0.00766) = $(1.245) = 0.8934.
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16. A— A =log(n/p) —log{(1—7)/(1 —p)} soifr — p = a we get
A=A =log{r/(m — )} —log{(1 —m)/(1 — 7 + a)}

—log{l —a)/7} +log{l+a/(1 —m)}
a/mr+a/(l—m)=a/{r(l—-m)}.

1%

17. With conventional priors, posteriors are near Be(56, 252) andp ~ Be(34,212),
so approximating by normals of the same means and varianeeN (0.1818, 0.0004814),
p ~ N(0.1382,0.0004822), som — p ~ N(0.0436,0.000963) soP(m — p > 0.01) =
$((0.0436 — 0.01)/+/0.000963) = ®(1.083) = 0.8606 and so the posterior odds are
0.8606/(1 — 0.8606) = 6.174.

18. Using a normal approximatiom, ~ N(8.5,8.5) andy ~ N(11.0,11.0), so that
x —y~ N(-2.5,19.5).

D.6 Exerciseson Chapter 6

1. Straightforward substitution gives

Sample 1 2 3 4 5 Total
n 12 45 23 19 30 129
r 0.631 0.712 0.445 0.696 0.535

tanh ™' 2 0.743 0.891 0.478 0.860  0.597
ntanh™'z 8916 40.095 10.994 16.340 17.910  94.255

Posterior for¢ is N(94.255/129,1/129) and 95% HDR i9).7307 £+ 1.96 x 0.0880,
that is,(0.5582, 0.9032). A corresponding interval fop is (0.507,0.718).

2. Another straightforward substitution gives

n 45 34 49
1/n 0.0222  0.0294  0.0204
r 0.489 0.545 0.601

tanh 'z 0535  0.611  0.695

Hence¢; — (o ~ N(0.535 — 0.611, 0.0222 + 0.0294), that is, N—0.076,0.2272).
Similarely (s — (3 ~ N(—0.084,0.2232) and(z — ¢; ~ N(0.160,0.2062). It follows
without detailed examination that there is no evidence fhédince.

3. (~N(Xn;tanh™"7;)/ > n;, 1/3 n;) so required interval is

> on; tanh ™! 7 " 1.96
o \/Zni'
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4. We found in Section 6.1 that

(1 _ p2)(n71)/2
p(p|x,y) o P(P)W

Asp(p)(1 — p*)~z(1 — pr)®/? does not depend am, for largen

(1—p*)"/?
(1—pr)"

so thatlog [(p| ®,y) = ¢ + gnlog(l — p?) — nlog(1 — pr), and hence

p(plx,y)

(8/9p)logl(p|®,y) = —np(l — p*) ! +nr(l — pr) .
implying that the maximum likelihood estimatpr= r. Further
(0% /9p*) logl(p| =, y) = —n(1 = p*) ! = 2np*(1 = p*) > + nr®(1 — pr) 2,

so that ifp = r we have(9?/9p?) logl(p|z,y) = —n(1 — p?)~2. This implies that
the information should be aboutp|z,y) = n(1 — p?)~2, and so leads to a prior
p(p) o< (1 —p?) =1

5. We have
p(ole,y) s plp)(1 = )2 [ (eosht = pr) Ve
0

Now write —pr = cos # so that

p(plxe,y) < p(p)(1 — p2)(n71)/2/ (cosht + cos 9)7(7%1) dt
0

and set -
I, = / (cosht + cos @) ~* dt
0

We know thatl; = 6/sin6 (cf. J. A. EdwardsA Treatise on the Integral Calcuous
(2 vols), London: Macmillan (1921) [reprinted New York: Géea (1955)], art. 180).
Moreover

(0/06)(cosh t 4 cos )% = ksin O(cosh t + cos §)~*+1)
and by induction

(9/ sin 090" (cosh t + cos )~ = k!(cosht + cos §)~*+1)

Differentiating under the integral sign, we conclude that

(0/sin OO I, = kT (k> 0).
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Takingk =n —2,0ork+1=n—1, we get
I = / (cosht + cos @)~ F dt o (9/ sin 090)* (0 sin §).
0
(ignoring the factorial). Consequently

p(plz, y) o< p(p)(1 — p*) " ~1/2(9/ 5in 096)" (6 sin 0).

Since drp)/dd = d(—cosf)/dd = sinf and sod/sin 900 = d/d(rp), we could
alternatively write

p(plz,y) o< p(p)(1 — p2)(n—1)/2 S (arc COS(—pr))

dipr)=2 \ (1 - p2r2)2

6. Supposing that the prior is

p(p) o (1 — p*)*/?

andr = 0 then
plpla, y) o p(p)(1 — p*) =D/
so with the prior as in the question we get

p(P|w,’y) 0.8 (1 — p2)(k‘+n—1)/2

If we define
p t
t=vk+n+1)——, p=
( e VAR +n+1) 42
so that
L2 (k+n+1) dp  (k+n+1)2t
P e+n+)+e2 Pat = {(k+nt1)+2)2
dp (k+n+1)
dt  {(k+n+1)+2}3/2
and hence

p(t|X,Y) < p(p| X,Y)dp/ dt
(k+n+1) (k+n—1)/2 (k+n+1)
(k4+n—1)+1t2 {(k+n+1)+t2}3/2
2 —(k+n+2)/2
[ ]

1 -
+k+n+1

This can be recognized as Student’s t distributiort: enn + 1 degrees of freedom (see
Section 2.12).
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7. See G. E.P.BoxandG. C. Tideayesian Inference in Statistical Analysis, Read-
ing, MA: Addison-Wesley (1973, Section 8.5.4—the equatiaeig in the question is
implicit in their equation (8.5.49)).

8. See G. E.P.Box andG. C. Tideayesian Inference in Statistical Analysis, Read-
ing, MA: Addison-Wesley (1973, Section 8.5.4, and in partéc equation (8.5.43)).

9. For a bivariate normal distribution

logl(a, B,7|z,y) = —log 27w + %logé
—za(z =) =y(z = Ny —p) - 38y — n)®
wheres = a3 — 4% = 1/A. Then
(8/0a)logl = L8/6 — L(z — A)?
(0/08)logl == 30/8 — 5(y — w)*,
(0/07)logl = —7/6 — (z = A)(y — p),

Consequently the information matrix, i.e. minus the madfisecond derivatives (tak-
ing expectations is trivial as all elements are constant) is

13262 —157t + Laps? — B2
I= 755’1 + %aﬁé” %a25*2 —ay6?
—B~62 —ayd 2 071+ 242672
1 52 72 _257
=552 2 a? —2ary
=206y 20y 2(aB+97)
so that its determinant is
1 ﬂQ 72 _Qﬁ’}/
det I = 350 72 a? —2ary
28y —2ay —2(afB+7?)

Adding £ 3/~ times the last column to the first add, /3 times the last column to the
second we get

1 0 0 —203~
det I = 356 -4 aB718 —2ay
Byls =BT 2(af +97)
1

1 a ¥
=—(-2 ——82 4 28 ) = —
We thus conclude thalet I = 1/463 implying a reference prior
-3/2

pla, B,y x d
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Rather similarly we get

3((1 3 ) *¢2/A2 I/A - @/’/AZ 27/’“/A2
SO 1A - /A g2 A 20r/ A2
9,9, k) N o)A —1/A — 2K2/A2
1 2 K2 —2YK
== K2 @2 —20k
A% pk —gr g+ 2

and evaluate this as1/A?. It then follows that

(o, b, k) o | — 1/A3| p(a, B,7) xx A™3/2,

10. Age isy, weight isz. n = 12, T = 2911, y = 38.75, S, = 865,127,
Syy = 36.25, Sy, = 4727. Hencea = § = 38.75, b = Syy/Sse = 0.005464,
= Suy/\/(SexSyy) = 0.8441, See = Sy — 52, /Spa = Syy(1—1r?) = 10.422, and
s2 = See/(n —2) = 1.0422. Takexo, = 3000 and geta + b(zg — T) = 39.24
as mean age for weight 3000. For a particular baby, note Heat95% point of
tio is 1.812 ands\/ {1 + n~! + (z¢ — 7)?/S,.} = 1.067 so a 90% interval is
39.24 + 1.812 x 1.067, that is,(37.31,41.17). For the mean weight of all such ba-
bies notes\/ {n=! + (z — 7)?/S.. } = 0.310, so interval ig(38.68, 39.80).

11. From the formulae in the text

See = Syy — Siy/Sm = Syy — QSa%y/Sm + Siy/sm = Syy — 2bSzy + bQSm

whereb = S, /S,... Hence

See =Y (i —9)° — 26 (s — )i —7) + 0* Y (w; — 1)
= A —7) — bl —T))

The result now follows ag; = a.

12. Clearly (as stated in the hinf) u; = > v; = Y u;v; = 0, henceu =7 = 0
andS,, = 0. We now proceed on the lines of Section 6.3, redefirtipgasS,, —
Suy?/Suu — S,/ Sws and noting that

> i — o= Bui—yvi)® =Y {wi —9) + T - a) - Bu; — yvi}’
= Syy +1(yi = 7)% + 5°Suu + 72 Svo — 28Suy — 27Suy
= Syy — Suy/Suu = S5,/ Svo +1(yi —7)°
+ Suu(B = Suy/Suu)? + Suo(v — Svy/Suv)?
= See + (Y = 1) + Suu(B = Suy/Suu)” + Svu(y = Suy/Sww)?
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We consequently get a densjiyw, 3,7, ¢ | z, y) from which we integrate outoth 5
and~ to get

pla, |z, y) ¢_n/2 eXp[_%{See +n(a— a)g}/¢]~
The result now follows.

13. T=4,YK; =28,G =1779, 3.3 22 = 114,569, C = G?/N = 113,030.
Further,St = 1539, S; = (4262 + 4612 + 4502 + 4422)/7 — C' = 93 and hence the
analysis of variance table is as follows:

ANOVA Table
Degrees
Sum of of Mean
Source squares freedom square Ratio
Treatments 93 6 31 (<1
Error 1446 24 60

TOTAL 1539 27
We conclude that the results from the four samples agree.

14. d = 0y + 04 + 05 — 603 — 05 — 07 with C;Z\Z —1l4andKy; = (6/4)_1 so that
0.82(d +1.4)/2.74 ~ to5.

15. The analysis of variance table is as follows:

ANOVA Table
Degrees
Sumof  of Mean
Source squares freedom square Ratio
Treatments 49,884 2 24,942 13.3
Blocks 149,700 5 29,940 16.0
Error 18,725 10 1,872

TOTAL 218,309 17

We conclude that the treatments differ significantly (an~variable exceeds 9.43
with probability 0.5%).

16. This is probably seen most clearly by example. Whent = 2 we take

T111 1 1 0 1 0 O
112 1 1 0 1 0 O 1%
121 1 1.0 0 1 1 a7
122 1 1.0 0 1 1 (65)
=1l n |l A 1101101 B g
212 1 0 1 1 1 1 ﬁg
T221 1 01 0 1 0 K12
T2922 1 01 0 1 0
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17. EvidentlyA™ A = I from which (a) and (b) and (d) are immediate. For (c), note
AAT = A(ATA)~1 AT which is clearly symmetric.

18. We take
1 T
L n S
— T _ 2
as T e (S 58
1 =z,

so that writingS = >_(z; — 7)? we see thatlet(AT A) = n.S and hence

(Avml—;5<}§i _%%)7 'Ny_<£%%y)

from whichn = (ATA)~! ATy is easily found. In particular
A= . . N 2 9w —7)
= g (- 2w Dt n ) = ST

D.7 Exerciseson Chapter 7

1. Recall that is sufficient ford givenz if p(x|6) = f(¢,0)g(x) (see Section 2.9).

Now .
(el § Pa10) +pul6) = p(el6) it £ =1(2)
p(z|0) ift=t(x)forz#£y
so that .
_J 0o ife=y

p(t]) = { p(z|f) ifx=t
Settingf(t,0) = p(t|0) andg(z) = 1 (z # y), g(y) = 0, it follows thatt is sufficient
for z givend. It then follows from a néve appliaction of the weak sufficiency principle
that EAE,y,0) = EV(E, z,60). However ifZ is a continuous random variable, then
pz(y|0) = 0 for all y, so we may takg andz asany two possible values Gf.

2. 1(0|g(z)) =1(0]h(x)) from which the result follows.

3. The likelihood function is easily seen to be

1 x/2, 2z, 2x + 1 whenz is even
1(0|x) = 3 for 0=¢ (x—1)/2, 2z, 2x+1 whenz # 1is odd
1,2, 3 whenz = 1.

The estimatord, d; andds corresponding to the smallest, middle and largest possible
0 are

x/2 whenz is even

di(z) =< (x—1)/2 whenz # 1isodd
1 whenx =1,
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anddx(z) = 2z, ds(x) = 2z + 1. The values ofp(d; = ) given in the question now
follow. However, a Bayesian analyis leads to a posterior

16|z)m(6) _ m(0)14(0)
p(x) m(di(x)) + m(d2(x)) + m(ds(x))

wherer(0) is the prior,A = {d;(x), d2(z), ds(x)} andI 4(0) is the indicator function
of A. Thus, indeed, the data conveys nothing to the Bayesiatoveexcept that
is di(z), da(x), ords(z). However, Bayesians are indifferent betwegfiz), d2(x),
or ds(x) only if they have equal prior probabilities, which cannotchfor all z if the
prior is proper. For a discussion, see J. O. Berger and R. Ip&¥o The Likelihood
Principle, Hayward, CA: Institute of Mathematical Statistics (198414988, Example
34).

p(Olz) =

4. Computation of the posterior is straightforward. Forscdssion, see J. O. Berger
and R. L. WolperfThe Likelihood Principle, Hayward, CA: Institute of Mathematical
Statistics (1984 and 1988, Example 35).

5. Rules (a) and (kgre stopping times and rule (c) i®t.

6. n=4,7T=1.25 2z =1.25v4 = 2.50.

(a) Reject atthe 5% level (and indeed possibly do so on this bathe first observa-
tion alone).

(@) SinceB = (1 +n/d)z ex [—32%(1 + ¢/np) 1] = 1.07 with i) = ¢, so with
To = 3 We getpy = (1 + B~')~! = 0.52. Null hypothesis still more probable than
not.

7. As we donot stop the first four times budo the fifth time

)\3+1+2+5+7 3125 11
(@A) = S PN 36T

I(\|z) oc A2 exp(—5N).

8. ES =E(S+1)—1and after re-arrangemeBitS +1) is (s+1)(R" —2)/(r" — 2)
times a sum of probabilities for the beta-Pascal distridnutvith S replaced by(.S+ 1),
with s replaced by(s + 1), and withr” replaced by(r” — 1). As probabilities sum to
unity, the result follows.

9. Upto aconstant
L(r|z,y) = logl(r|z,y) = (x + n)logm + (n — z + y)log(1 — )
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so —(0?L(r)|z,y)/0n?) = (z +n)/m* + (n — z + y)/(1 — m)?>. Because the
expectations ofr andy are nm andn(1 — w)/7 respectively, we gef (r|z,y) =
n(1+ m)/m2(1 — ), so that Jeffreys’ rule leads to

_1
2-

p(rlz,y) oc (1 + 77)%71'71(1 — )

10. Eu(z) = Y u(x)p(zr) = > u(x)2~" suggesting you would enter provided
e < Eu(z). If u(z) « xthenEu(z) x > 2727% = oo resulting in the implausi-
ble proposition that you would pay an arbitrarily large grie £Le.

11. By differentiation of the log-likelihood.(w|z) = xlog + (n — x)log(1l — )
with respect t@ we see that:/n is the maximum likelihood estimator.

Because prior foé is uniform, that is, B€L, 1), posterioris Béx + 1,n — = + 1).
The question deals with a particular case of weighted qtiadoss, so we findl(z) as

E(1—0)" ) Blza+1,n—2) Blxa+1l,n—2a+1)

E“(0]z) = E@(1-6)'|z) Br+lLn-=z+1) B@n-z

SR

If z = 0 orx = n then the posterior logg a, x) is infinite for alla because the integral
diverges at: = 0 or atx = n so the minimum is not well-defined.

12.  The minimum of (7w —p)? —2a(E(m — p) +a? clearly occurs when = E(r—p).
But since the prior forr is uniform, that is, B€L, 1), its posterior is Bez+1,n—z+1)
and so its posterior mean(is+1)/(n+2); similarly fory. We conclude that the Bayes
ruleis

d(xz,y) = (z —y)/(n+2).

13. Posterior mean (resulting from quadratic loss) is a hteigy mean of the compo-
nent means, so with the data in Section 2.10 is

, 10 20 115 10 14 20

' — 2= 4 — 0.370.
“Tor20 TP 10120 12010120 T 12910+ 20

Posterior median (resulting from absolute error loss) aafiond by computing the
weighted mean of the distribution functions of the two betdributions for various
values and honing in. Result is 0.343. Posterior mode (iaguirom zero-one loss)
is not very meaningful in a bimodal case, and even in a caseaihe posterior is not
actually bimodal it is not very useful.

14. If we take as loss function

ula—40) ifa<¥
L(G,a):{ v(@—a) fax>¥0
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Supposen(z) is av/(u + v) fractile, so that
P(z <m(z)) =2 v/(u+w), P(z = m(z)) = u/(u+v).

Suuppose further that(x) is any other rule and, for definiteness, th&t) > m(x)
for some particulax (the proof is similar ifd(z) < m(z)). Then

u[m(x) — d(x)] ?f 0 < m(x
L(#,m(x)) — L(0,d(z)) =< (u+v)0 — [um(z)+ vd(x)] if m(z) < 0 < d(z)
vld(z) — m(z)] if 0> d(z)

while form(z) < 6 < d(z)
(u+v)0 — [um(z) + vd(x)] < uld —m(x)] < uld(x) —m(z)]
so that

Lo, m(w) - L. < { 4 e s e

and hence on taking expectations offer

p(m(z), ) = p(d(x),z) < {ulm(z) — d(@)]}P(0 < m(z)|z)
+ {wld(z) — m(z)]}P(6 > m(z) |z)
= {d(z) — m(z) }{—uP(§ < m(z)]|z)
+oP(0 = m(x)|z)}
< {d(z) —m(z) }H{—w/(u+v) +uv/(u+v)} =0

from which it follows that taking a/(u + v) fractile of the posterior distribution does
indeed result in the appropriate Bayes rule for this losstion.

15. By integration by parts, #f ~ Be(2, k) then

P <a)= /(, E(k+1)0(1 — 6)* do

@

= [(k+1)(1-0)"0], +/a(k+ 1)(1—6)~do
0
=[-(k+1)1 =00 — (1 -0 =1—(1-0)*1 + ka).

In this case, the prior fof is Be(2, 12) so that the prior probability of i that is, that
6 < 0.1, is 0.379, while the posterior is B2 18) so that the posterior probability that
0 < 0.1is 0.580.

(a) With “0-1" loss we accept the hypothesis with the greptesterior probability,
in this case H.
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(b) The second suggested loss function is of theK0—form and the decision de-
pends on the relative sizes pf and2p,. Again this results in a decision in facour of
H,.

16. Posterior expected losses are

p(ao, ) = 10p1, play,z) = 10po, p(az,x) = 3po + 3p1.

Chooseyy if 0 < pg < 0.3, chooser; if 0.3 < pg < 0.7 and chooses if 0.7 < py <
1.

17. Posterior variance i€25-! + 10071)~! = 69.23 = 8.322 and the posterior
mean is69.23(100/225 + 115/100) = 110.38. Posterior expected losses are

oo

110
plar,x) = /9 (0 — 90)7(0|x) db + / 2(0 — 90)7(0|x) do

0 110
Now note that (withp(z) the N(0, 1) density function

110 —0.046
/ (0 — 90)7(6]z) db = V/69.23 /
9 —

0

—0.046

(=) df + 20.38 / 6(2) db

2.450 —2.450

= —/(69.23/2m){exp(—30.046%) — exp(—12.450%)}
+20.39{®(—0.046) — ®(—2.450)}
= —3.15+9.66 = 6.51.

By similar manipulations we find that(a;, ) = 34.3, p(az, z) = 3.6 andp(asz, z) =
3.3, and thus conclude that is the Bayes decision.

18. In the negative binomial case
p(rlz) = p(m)p(z|T)/pz(z)

= ("IN e st

T

It follows that the posterior mean is

ewie) = [#(" 7T 4= w0 st

=2 (M)A nste)
~ (z+1) pz(z+1)
~ (n+a) pz(x)
This leads in the same way as in Section 7.5 to the estimate
D+
BRI AGES)
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D.8 Exerciseson Chapter 8
1. Writey = o/(a + 3) andd = (a + 8)~'/2. The Jacobian is

0y/0a 0v/9B | _| B/(atB)? - —af@+BP | _ 45w
96/0a 6v/0B | T | —3(a+pB)? —La+p) 2|

from which the result follows.

2. p(¢,0|x) x p(¢)p(6|o) p(x|6). So
p(¢,0|@) o ¢" [ [ 07" exp(—(6 + 1)6))
and by the usual change—-of-variable rule (ugohg do| = 1/(1 + ¢)?)
plz6]@) o 27" 2(1 = 2)" [] 65 exp(—6:/2).
Integrating with respect to all th using [ 6% exp(—6/z) o z*** we get
plzlz) oc 272 (1 - 2)"

or z ~ Be(nT — 1,n + 1), from which it follows thattz = (nz — 1)/(nT + n). Now
note that

p(0i | zi, @) o p(x4]6;) p(s] @) o 07" exp(—0;) ¢ exp(—¢b;) o 67" exp(—b;/z)

whichisa Qz;, z) or zx?2, distribution, from which it follows thakE(6; | z;, ¢) = ;2
and so
E(0;|x) = z;E(z]x) = 2;(nT — 1)/(nT + n).

3. (a) Use same estimatér= 5. Expression fOfp(é\O,X) hasS; replaced by a
weighted sum of squares abqut

(b) Use estimato# with 0, the posterior median of thi#h component.

4. We find the mean square error of the transformed data istBrk$é smaller and
of the equivalent probabilities is 3.09 (as opposed to epwading figures of 3.50 and
3.49 for the Efron-Morris estimator) For a complete analysee the program
http://ww-users. york. ac. uk/ ~pnl 1/ bayes/ r progs/ basebal | . t xt

or

http://ww« users. york. ac. uk/ ~pm 1/ bayes/ cpr ogs/ basebal | . cpp
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5. EvidentyATA = I or equivalentlya; "y, = 1if j = kand 0ifj # k. It
follows thatWW; ~ N(0, 1) and thailC(W;, W},) = 0if j # k which, since théV; have
a multivariate normal distribution, implies thit; andWW;, are independent. Further,
asATA = I we also haved AT = T and so

WIW = (X — p)!AAT(X — p) = (X — ) (X — p).

For the last part, normalize the;; for fixed j to produce a unit vector and the rest
follows as above.

6. We know that
R(6,675) — R(6,675T) = %Z [E (§J52 _ 5JS+2> _20E (ggs B @Jﬁ)} .

To show that the experession in brackets is alway8, calculate the expectation by
first conditioning onS;. For any valueS; < r — 2, we have@;’s = 5{3+ so that it
is enough to show that the right hand side is positive wheritional on any value
S, = s; > r — 2. Since in that casé\;’s+ = 0, it is enough to show that for any
s >r—2

r—

eiE[é}’S‘ 51281} — 0 (1— 2) E(X: — |81 = 1) <0

S1

and hence it is enough to show tRBE(X; — p; | ST = s1) > 0. Now S1 = s
is equivalent to(X; — )2 = s1 — {(X2 — p)* + - + (X,, — p)*}. Conditioning
further onXs, ..., X,, and noting that

P(X1=y]|S5 =51,Xe=29,...,X,, = z,,) X exp (—%(y — 91)2)
P(X1 =Y | Sl = 817X2 =ZT2,... 7Xn = In) X exp (—%(y + 91)2)

we find that

Ory(e”v — e~ 1)
BIO1(Xy — ) |51 =51, Ko =22, X =] = — 5

wherey = \/51 — (g2 — )2 — -+ — (z, — n)?. The right hand side is an increasing
function of|6,y|, which is zero wher, y = 0, and this completes the proof.

7. Notethat,aATA + kI and AT A commute,

0-0,={(ATA+kI) - (ATA)} (ATA) " L(ATA +kI) ‘ATz
= k(ATA)7'6,.
The bias is

b(k)={(ATA+kI)"'ATA-1T1}0,
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and the sum of the squares of the biases is

G(k) = b(k)Tb(k) = (EB), — 0)"(EO — 6).
The variance-covariance matrix is

V(0:) = ¢(ATA+ kI) "ATA(ATA + kI)™!
so that the sum of the variances of the regression coefficient
F(k) = E(8, — E0)T (0 — EO)

= TracgV(6;))

= ¢Trace{(ATA + k1) 'ATA(ATA+kI)™'}
and the residual sum of squares is

RSS, = (z — A8;) (x — AB;)
—E{(z— AB) + A0 — 0),)} {(z — AB) + A6 — 6,)}.

Becaused'(z — A8) = ATz — ATA(ATA)~1 ATz = 0, this can be written as

~ ~

RSS, = (z — A0)"(z — AB) + (6 — 6,)TATA(6 — 6),)
= RSS+k%26,T(ATA)'0,
while the mean square error is

MSE, = E(6, — 6)7(6), — 6)
= E{(6x — EB;) + (EB, — 0)}7{(8;, — EBy) + (EB, — 0)}
= E(0), — E0,)7(8; — EB;) + (EO), — 0)T(EO; — 0)
= F(k)+G(k)
using the fact thaE(§k — E§k) =0.

It can be shown thak (k) is a continuous monotonic decreasing functiot efith
F'(0) < 0, while G(k) is a continuous monotonic increasing function witto) =
G'(0) = 0 which approache878 as an upper limit aé — oco. It follows that there
always exists & > 0 such thatMSE;, < MSE,. In fact, this is always true when
k < 2¢/670 (cf. C. M. Theobold, “Generalizations of mean square erppliad to

ridge regression”Journal of the Royal Statistical Society Series B, 36 (1974), 103—
106).

8. We defined
H'=v'-9'B(B"v'B)B'T'

so that
B'"H'B=B"v 'B-B"» 'B=0.
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If B is square and non-singular then

H'=9¢'- 9 'BB'W(B") 'Bw =0 '_w'—p

9. Itis easily seen that

_ vt oyt 0 0
BT\IJ1:( 0 0 %1 %1)7

BT\Ille _ ( 21/);1 0 )

0 2¢5!
so that
H'=v'-9¢'B(B¥'B)BT'
Lyt Lyt 0 0
2 Yo 2 Ya
1,,—1 1,,—1
— _§wa 27 1 O—1 10 -1
0 0 Vst~
00 SRRt
while
4.0 2 2
0 4 2 2
T _
AA=149 940
2 2 0 4
Now
K1'1=ATo'A+H!
46430t —gs 2¢ 2¢
I U e T 20 26
2¢ 2¢ 4¢+éf; —3v5
2¢ 2¢ -3 4p+ 35t

10. See D. V. Lindley and A. F. M. Smith, “Bayes estimates for linear model”
(with discussion)Journal of the Royal Statistical Society Series B, 34 (1971), 1-41
[reprinted in N. Polson and G. C. TiaBayesian Inference (2 vols), (The International
Library of Critical Writingsin Econometrics, No. 7), Aldershot: Edward Elgar (1995)].

11. We have alt; = a sou'u = —mb/a sol + u'u = (a — mb)/a and thus

1 1 b\ 1 b a— (m+1)b
Yi=—|l-———-)=—-(1- =

a l+u'ua a a—mb a(a — mb)
(m+1)b

a(a — mb)

wherea =n/¢ + 1/¢ andb = —1/r.

Zij:_
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D.9 Exerciseson Chapter 9

1. Asimulation inR, the program for which can be seen on
http://wwusers. york. ac. uk/ ~pm 1/ bayes/ t progs/i ntegral . txt

resulted in values 1.684199, 1.516539, 1.7974, 1.9219325924, 1.573164, 1.812976,
1.880691, 1.641073, 1.770603 with a mean of 1.719450 aspasse to the theoreti-
cal value of e~ 1 = 1.71828. The theoretical variance of a single value df ehere

X ~U(0,1)is 1(e— 1)(3 — e) = 0.24204 so that the standard deviation of the mean

of 10 values is,/0.24204/10 = 0.15557 which compares with a sample standard
deviation of 0.1372971.
A simulation in C++, the program for which can be seen on

http://ww+ users. york. ac. uk/ ~pm 1/ bayes/ cprogs/i ntegral . cpp

resulted in values 1.74529, 1.86877, 1.68003, 1.9594292& 1.62953, 1.84021,
1.87704, 1.49146, 1.55213 with a mean of 1.72732 and a satgpidard deviation of
0.155317.

2. The easiest way to check the valuedffis by induction. Then note that for large
t the matrixA® is approximately

25 s

% 35

from which the result follows.

3. Inthis case
Q =E[(y1 +y2 —1)logn + (y3s +ya — 1) log(1 — n)]
giving
(t41) _ E(y [0, @) + 22— 1
E(y1 [7®, @) + 22 + 23 + E(ya |n®), x) — 1
wherey; ~ B(z1,1/(n+ 1)) andys ~ B(z4, (1 —n)/(2 — 7)), So that

Ui

(t+1) _ 1™/ (™ +1) + 25 — 1
w2/ + 1) + 22 + w5 + 24 (1 = 7) /(2 = ")) =2
B 4617 /(n® +1) 4130 — 1
T 46190 /(n® + 1) + 130 + 161 + 515(1 — n®) /(2 — n®) — 2

Ui

Starting withn(®) = 0.5, successive iterations give 0.4681, 0.4461, 0.4411, @,439
0.4386, 0.4385, and thereafter 0.4384. This compares withue of 0.439 found by
maximum likelihood in C. A. B. Smithop. cit.
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4. The proof thap(n®*+ |z) > p(n*+1) | x) in the subsection “Why théM al-
gorithm works” only uses the properties of3&M algorithm. As for the last part, if
convergence has occurred there is no further room for isorgd), so we must have
reached a maximum.

5. Take prior for variancé, x 2, that is,350x3, and prior for mean which is ¥y, ¢)
wherefy = 85 andgy = Sy /no(v —2) = 350/(1 x 2) = 175. We then have data with
n =100, 7 = 89 andS; = (n — 1)s? = 2970. Successive iterations using t&M
algorithm give the posterior mean as 88.9793 and at all sulese stages 88.9862.
This compares with 88.96 as found in Exercise 16 on Chapter 2.

6. Means for the four looms are 97.3497, 91.7870, 95.72729%8861, overall
mean is 97.4375. Variance of observations from the same i®sdn6250 and variance
of means from different looms in the population is 5.1680.

7. (@) For the example on genetic linkage in Section 9.3, see

http://ww users. york. ac. uk/ ~pm 1/ bayes/ r pr ogs/ dat aaug. t xt
or

http://ww« users. york. ac. uk/ ~pnl 1/ bayes/ cpr ogs/ dat aaug. cpp
(b) For the example on chained data sampling due to Casell&anrge, see a similar
file with chai ned in place ofdat aaug.

(c) For the example on the semi-conjugate prior with a noilikalihood (using both
theEM algorithm and chained data augmentation, see a similar fikeseni conj

in place ofdat aaug.

(d) For the example on a change-point analysis of data onmoahg disasters, see
similar files withcoal nr. cpp or coal . cpp in place ofdat aaug. cpp (the dif-
ference is that the former uses only routines in W. H. Peess, Numerical Recipes

in C (2nd edn), Cambridge: University Press 1992, whereas ttez [arogram, which
is in many ways preferable, uses gamma variates with n@géntparameters).

8. See the program referred to in part (a) of the previous answ
9. See the program referred to in part (b) of the answer totlestepn before last.

10. See the program
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http://ww:-users. york. ac. uk/ ~pnl 1/ bayes/r progs/ sem con2. t xt
or

http://ww« users. york. ac. uk/ ~pm 1/ bayes/ cprogs/ sem con2. cpp

11. See the ‘Rats’ example supplied with WinBUGS or any of
http://ww« users. york. ac. uk/ ~pm 1/ bayes/ rprogs/rats. txt
or

http://ww« users. york. ac. uk/ ~pm 1/ bayes/ cprogs/rats. cpp
or

http://wwwusers. york. ac. uk/ ~pnl 1/ bayes/ wi nbugs/ rats. t xt

12. See the program at

http://ww-users. york. ac. uk/ ~pm 1/ bayes/ rprogs/ | i nkagenh. t xt

13. See the program at
http://ww«+users. york. ac. uk/ ~pm 1/ bayes/ wi nbugs/ wheat . t xt
or

http://ww« users. york. ac. uk/ ~pnl 1/ bayes/ r pr ogs/ wheat . t xt

14. See the program at
http://ww users. york. ac. uk/ ~pm 1/ bayes/ wi nbugs/ | ogi sti 2.t xt

or
http://wwusers. york. ac. uk/ ~pnl 1/ bayes/rprogs/| ogisti 2. txt
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