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Limitations on the creation of maximal entanglement
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We study a limited set of optical circuits for creating near maximal polarization entanglewteout the
usual large vacuum contribution. The optical circuits we consider involve passive interferometers, feed-
forward detection, down converters, and squeezers. For input vacuum fields we find that the creation of
maximal entanglement using such circuits is impossible when conditioned on two detected auxiliary photons.
So far, there have been no experiments with more auxiliary photons. Thus, based on the minimum complexity
of the circuits required, if near maximal polarization entanglement is possible it seems unlikely that it will be
implemented experimentally with the current resources.

PACS numbd(s): 03.67—a, 42.50.Dv

Entanglement is one of the key ingredients in quantum By contrast, we would like to be able to tell that we in fact
communication and information. For instance, quantum proproduced a maximally entangled state before it is used. That
tocols such as dense coding, quantum error correction, arig, we wish to have a source which gives a macroscopic
quantum teleportatiofl] rely on the nonclassical correla- indication that a maximally polarization-entangled state has
tions provided by entanglement. Currently, substantial efpeen produced. Such a source is said to cresemt-ready
forts are being made to useptical implementations for entanglement. The vacuum contribution in E8) can be
quantum communication. eliminated by means of a polarization-independent quantum

The advantages of this are obvious: light travels at highhondemolition (QND) measurement. However, this would
speed and it weakly interacts with the environment. How-inyolve higher-order nonlinearitieglike the Kerr effect
ever, this weak interaction poses serious drawbacks. The fagfnich, in practice, are very noisiespecially when they are
that photons do not interact with each other makes it hard tgequired to operate at the single-photon l@viel general, the
manipulate them. For example, it has recently been showgreation of event-ready entanglement can be quantified by a
that it is impossible to perform so-called complete Bell mea-ertain probability of “happening.” When this probability is
surements on two-mode polarization states in linear quanturdqual to one, we have deterministicsource of event-ready
optics [2,3] (although theoretical schemes involving Kerr entanglement.
media[4] and atomic coherencks] have been reportgd Random entanglement has been used to demonstrate, for
Furthermore, maximally polarization-entangled two-photonexample, nonlocal features of quantum teleportation and en-
states have not been produced. In this paper we investiga{gngbment swappinf8—10]. One might, therefore, suppose
the pOSS|b|l|ty of Creating such states with linear OptiCS and q.hat in practice we do not rea”y need event_ready entang'e_

specific class of nonlinear elements. ment. However, on a theoretical level Bell states appear as
The maximally polarization-entangled states that are mosprimitive notions. This means that protocols like entangle-
commonly considered are the Bell states, ment purification and error correctigil,12 have been de-
. signed for maximally entangled states, rather than for ran-
(W)= (1) == INN2, dgm entanglement. )I/:or qua%tum communication to become
N ) a mature technology, one most certainly needs the ability to
[@5)=(1.1)= |<—”H>)/\/§' perform entanglement purification and error correction. It is

where|]) and| ) denote single-photon states with orthogo- not at all clear how these protocols can be convincingly

nal polarizations. In practice, these states have only beé! plemented with random entanglement. One approach

producedrandomly using for instance parametric down con- would be to try and investigate such protocols. However, that

version[6]. This process can yield a state is not our aim here. o .
[6] P y In this paper we give limitations to the creation of near

|ih)oc|0)+ £|W ™)+ O(&?), 2) maximal entanglement with linear optics and some nonlinear
optical componenté&uch as down converters and squeezers
where|0) denotes the vacuum agg< 1. This means that the First we present the tools with which we will attempt to
Bell state| W ~) is only produced with a small probability of produce event-ready entanglement. Then we derive a general
the order of|&|2. Although|) has a maximally entangled condition for an optical setup, which should be satisfied in
component, as a state it is very weakly entandteés may  order to yield event-ready entanglement. We subsequently
be quantified by its partial von Neumann entrd@y). Since  examine this condition in the context of several types of
we have no way of telling that an entangled photon-pair waphoton-sources.
produced without measuringnd hence destroyinghe out- Given a pair of photons in one maximally polarization-
going state, we call this randomly produced entanglemenientangled state, we can obtain any other such state by a
Currently, in quantum optics we have access to this type ofombination of a polarization rotation and a polarization-
entanglement only. dependent phase shift. When we study the creation of maxi-

1050-2947/2000/68)/0643014)/$15.00 62 064301-1 ©2000 The American Physical Society



BRIEF REPORTS PHYSICAL REVIEW A 62 064301

a) |¥) b) cade [13]. This device splits the mode into many modes
Y which are all detected. For a sufficiently large cascade there
is always a nonvanishing probability to have at most one
ok T T T T T T photon in each outgoing mode. In that case, the same state is
created while at most one photon enters each detector. Note
= U that this again yields a lower efficiencyl
Applying these results to the creation |oF ~), it is suf-
LR t ficient to consider a singléxedinterferometer acting on an
I¥in) incoming state, followed at the end by detection of the so-
called auxiliary modes.|¥ ™) is signaled by at least one
fixed detection pattern with at most one photon in each de-

FIG. 1. If an optical circuit with feed-forward detectida) pro- tector.

duces a specific state, the same output can be obtained by an opticz%l ':%WLd?txve t_proc_ezd n zymtg. ttO ma}tl.(e tnd} '>It Bell
circuit where detection of thauxiliary modes takes place at the end S ates Le ; ;]meh-ln. epefn en 'grera%'oﬂ ami pr?iﬁnf
(b). The efficiency of the latter, however, will generally be smaller. Incorporate both the interferometér and the creation o

| in) [see Fig. 1)]. The outgoing statprior to the detection
mal polarization entanglement we shall therefore restrict ourcan be formally written as
selves to theW ~) Bell state without loss of generality. B . :

In order to make|¥ ), we will assume that we have | You) = Ul in) = exp(—itH, /#)|0), ©)

several resources at our dispodalthis paper, the class of it |0} the vacuum. This defines an effective Hamiltonian
reasonable elements will consist of beam splitters, phas% which is generally not unique.

shifters, photodetectors, and nonlinear components, such as’ p¢ this point we find it useful to change our description.

down converters, squeezers, efbese elements are then ar- gjnce the creation and annihilation operators satisfy the same
ranged to give a specific optical circlétee Fig. 8)]. Partof . 1mtation relations asnumbers and their derivatives, we
this setup might be so-callédded-forwarddetection. In this can make the substitution! —a: and a—d. . where g
scheme the outcome of the detection of a number of modes ! ' o !

dynamically chooses the internal configuration of the subse= dlda; . Furthermore, we define=(ay, ... ay). Quan-

quent optical circuit based on the interim detection resultdUM States are then represented by functions atimbers

(see also Refl2]). Conditioned on these detections we Wantanq their derivatives. This is called the Bargmann represen-

to obtain a freely propagatiri? ~) Bell state in the remain- tation [14].

ing undetected modes. Fur.thermor.e, suppose we can normal order. the operator
We now introduce two simplifications for such an optical €XPCitH /%) in Eq. (3). This would leave us with a func-

circuit. First, we will show that we can discard feed-forward tion Of only the creation operators, acting on the vacuum. In

detection. Second, we will see that we only have to considef® Bargmann representation we then obtain a function of

the detection of modes with at most one photon. complex numbers With_out their_deriva’Fivgs. In p_ar_ticular,
Theorem 1In order to show that it ipossibleto produce  When we have an optical circuit consisting bf distinct
a specific outgoing state, any optical circuit with feed_mode_s(for no@atlonal convenience we treat distinct poIanza—
forward detection can be replaced byfieed optical circuit ~ 1ONS like, for instancex andy as separate modesve obtain
where detection only takes place at the end. the functiony,( «) after the unitary evolutiot and normal
Proof. Suppose a feed-forward optical circflike the one  ordering. The normal ordering of the evolution operator in
depicted in Fig. 1a)] giving | ~) exists. That means that conjunction with the vacuum input state is crucial, since it
the circuit create$¥ ) conditioned on one of potentially allows us to simplify the problem significantly.
many patterns of detector responses. It is sufficient to con- We now treat théidea) detection of the auxiliary modes
sider a single successful pattern. We can then take eveff the Bargmann representation. Suppose the outgoing state
interferometer to be fixed and postpone all detections of th@fter the detection oM photons emerges in modes, a,,
auxiliary modes to the very enfFig. 1(b)]. Note that this as, and a,. After a suitable reordering of the detected
procedure selects generally ongne setup in which en- modes the state which is responsible for the detector
tanglement is produced, whereas a feed-forward optical circoincidence indicating success can be written as
cuit potentially allows more setups. It therefore might reducdls, - . . ,dy+4,0m+5, - . .) (possibly on a countably infinite
the efficiency of the process. However, since we are onljiumber of modgs We then have the postselected state
interested in thepossibility of creating| ¥ ~), the efficiency | ¥pos?
is irrelevant.[]
Theorem 2Suppose an optical circuit produces a specific [posd1..a%(Ls, - - Dua: Omsy - - [ Yo
outgoing state conditioned am detected photons in mode 1, _
n, detected photons in mode 2, etwith n;=0,1,2...). = (0l as - aw +4f Yow- @
The same output can be obtained by a circuit where in everyq the Bargmann representation the right-hand side of4#q.
detected modat mostone photon is found. is
Proof. If there are more photons in a mode, we can re-
place the corresponding detector by a so-called deteetsr s I+ atioud @) 51— 0, (5
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where we writea’ = (as, . . . .ayia, ... ). 1Z-) as an
Writing out the entanglement explicitly in the four modes

(treating the polarization implicitly we arrive at the follow- ? ? ? tr T O

ing condition for the creation of two photons in the antisym-

metric Bell state:

The termO(¢) will allow for a small pollution ¢<1) in the
outgoing state. We will show that for certain special classes
of interaction Hamiltonians this condition is very hdifinot F»
impossiblg to satisfy. This renders the experimental realiza-

tion of two maximally polarization entangled photons atleast 5 2 The unitary interferometad’ with conditional photo-

highly impractical. _ _ _ detection and single-mode squeezers which should transfoym
We are now ready to shapg,, in more detail. In this jnio ¥ ).

paper we consider two distinct classes of interaction Hamil-

tonians. o , _ _zero. In this case no photons are detected égglin Eq. (8)
First, supposét, is Ilnegr in the creation operators..Th|s is proportional to - O(£), which corresponds to the
means that the optical circuit consists of coherent inputsy,.,um state.

linear -operations, a_nd no squeezing. The statg prior to the The next case involves two detected photons. To have
detection can be written as exjfi«). We immediately see  gnanglement in modes, to a, after detectingwo photons
that the detection in conditio(6) only yields constant fac- requires

tors. This can never give us th# ~) Bell state.
By contrast, we consider optical circuits including mode-
mixing, squeezers, and down converters. The corresponding

s+ - I+ atboul @)| a7 —0* @ra— azau+O(€).  (6) [7]
S

4

95968 *BN| 11 _ox ayay— azay+O(). 9

interaction HamiltoniangH, are quadratic in the creation The left-hand side of Eq9) is equal to
operators. There are no linear terms, so there are no coherent
displacements. More formally 4 o
N N Bsst > a;BisBjsa; |el“B|; _q. (10
ij=1
HI:"E:L aiTAi(jl)a;Ur_zl a/APa;+H.c., 7
L= L=

To satisfy Eq.(9), the vacuum contributioiBsg should be
negligible. We now ask whether the second term can give us
with A and A® complex matrices. According to Braun- entanglement.

stein_[lS], such an active interferometer is eq_uivalent to a The right-hand side of Eq9) can be rewritten according
passive interferometev, followgd by a set of single-mode tg a1a2_a3a422i4,j:1aiEijaj , whereE;; are the elements
squeezers and another passive interferométerWe can  of 3 symmetric matrixE. It is easily seen that d&t=1.

view the photon source described by Ed@) as an active Let M;;=BsBje. Since only the symmetric part d¥l
bilinear component of an interferometer. For vacuum 'npl"tcontributes, we constru&ﬂij=(Mij+Mji)/2. The condition

223 taofter normal orderinfil6], the optical setup then gives for two detected photons now yields

4
lai|\~/|ijaj=i12:1 aiEijaj+O(§). (11)

4
You=extl (a,Ba)], ® JE

with (@,Ba)=3jja;B;; ;. Such an optical setup would cor- If this equality is to hold, we would need detdetM
respond to a collection of single-mode squeezers acting on ’

the vacuum, followed by a passive optical interferométér '[;O(? =1 HowEver, ;thcan be spowlr:la'g\)at détio' M f:tafn
Here, B is a complex symmetric matrix determined by the erefore never have the same 1orm=aor sma & soltis
interaction Hamiltoniar?4, and the interferometet)’. We not p(_)ssmle to create maximal polarization entanglement
take B to be proportional to a common coupling constént conditioned upon two dete<_:ted photor_ls.
The outgoing auxiliary modess to ay, are detectedsee Fig. The last case we 9on5|der here involves four _detected
2). We will now investigate whether we can prodyek ™) Ehm(%;]?' V\]{hen dwf dtef'dmi: ?iBiiaJ , the left-hand side of
conditioned on a given number of detected photons. q- or four detected photons gives

In the case of a bilinear interaction Hamiltonian, photons

are always created in pairs. In addition, we seek to create (BseBret BsrBegt BsgBort BseX7Xs TBsrXeXs

maximally entangled photons. An odd number of detected + BsgXgX71+ Bg7X5Xg 1+ BggXs X7+ B7gXs5Xg
photons can never givel ~) and the number of detected L
photons should therefore be even. The lowest even number is + XsXgX7Xg)el®BY| -, _ . (12
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We have not been able either to prove or disprove [tfat)y  tum optics. To this end, we introduced two simplifications to
can be made this way. The number of terms which contributeur hypothetical optical circuit: first we replaced feed-
to the bilinear part inx rapidly increases for more detected forward detection by a fixed set of detectors at the end, and
photons. second, every detector needs to detect at most one photon.
We have proved that the multimode squeezed vacuunTonditioned on two detected photons, the multimode
conditioned on two detected photons cannot give maximasqueezed vacuum fails to create maximal entanglement. This
entanglement. We conjecture that this is true for any numbeads to our conjecture that maximal entanglement is impos-
of detected photons. However, suppose eald create  gjple using only these sources and linear interferometry.
maximal entanglement conditioned upon four detected phorhere is a number of open questions. First of all, is our

tons, how efficient would this process be? For four detede@onjecture true? And second, what happens when we have a
photons yieldingW =) we need at least three photon pairs. o pination of squeezing and coherent displacements? In

These are czreated with a probability of the order|§1fiii that case the approach taken here fails due to the more com-
Currently,|¢|*, the probability per mode, has a value of 10 0olex normal ordering of the interaction Hamiltonian.

[17). For experiments operating at a repetition rate of 10 Entanglement is a fascinating and important phenomenon
MHz using ideal detectors, this will amount to approximately .

. . .7 in physics. It not only provides us with insights in the mys-
one maximally entangled pair every few hours. For reallsmterious world of quantum mechanics, but it also appears as a
detectors this is much less. !

So far. there have been no experiments which ex OIf ndamental resource in quantum information and communi-
the c?et:c,tioneoi mf)lre? th:ﬁ OX?";e hgtoi s(nofingu(éfe ation theory. Howevemaximal polarizationentanglement
) . v yp has never been produced in the laboratory. We have shown
ing the actual detection of the maximally entangled gtate

This, and the estimation of the above efficiency appears there that this type of entanglement proves to be highly elu-

. S . S WQive.
place strong practical limitations on the creation of maximal
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the possibility of creating maximal entanglement with quan-Grant No. GR/L91344.
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