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Abstract. We study entanglement properties of mixed density matrices obtained from combina-
torial Laplacians. This is done by introducing the notion of the density matrix of a graph. We
characterize the graphs with pure density matrices and show that the density matrix of a graph can
be always written as a uniform mixture of pure density matrices of graphs. We consider the von
Neumann entropy of these matrices and we characterize the graphs for which the minimum and
maximum values are attained. We then discuss the problem of separability by pointing out that
separability of density matrices of graphs does not always depend on the labelling of the vertices.
We consider graphs with a tensor product structure and simple cases for which combinatorial
properties are linked to the entanglement of the state. We calculate the concurrence of all graphs
on four vertices representing entangled states. It turns out that for these graphs the value of the
concurrence is exactly fractional.
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1. Introduction

Quantum information is a field which has been expanding rapidly due to the theoretical
successes in fast algorithms, super-dense quantum coding, quantum error correction,
teleportation and more. Most of these schemes run off entanglement in quantum states.
Although entanglement in pure state systems is relatively “well understood”, this is
much less so in the case of the so-called mixed quantum states, which are statistical
mixtures of pure quantum states. In this paper we aim to make some beginning steps
towards improving this situation by focusing our attention to a restricted class of mixed
states. The states we study here may be represented as graphs in a natural way. We
hope that in this manner we may be able to make powerful statements at least about
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the class of states represented by what we call density matrices of graphs. We find, for
example, that certain classes of graphs always represent entangled (separable) states.
We also find that a number of considered states have an exactly fractional value of their
concurrence — a measure of entanglement of formation in small quantum systems.
The representation of a limited class of states by graphs leaves hints in the expressions
we find for possibly natural ways to extend certain graph-theoretic concepts to more
general objects like signed graphs and weighted graphs.

The paper is divided into six sections. In Section 2, we introduce the notion of
the density matrix of a graph. Theorem 2.5 characterizes the graphs with pure density
matrices. Theorem 2.8 shows that the density matrix of a graph can be written as a
uniform mixture of pure density matrices of graphs. In Section 3, we consider the von
Neumann entropy of density matrices of graphs. Theorem 3.2 calculates the minimum
and maximum von Neumann entropy that the density matrix of a graph can have, and
determines the graphs for which these values are attained. Theorem 3.4 studies the von
Neumann entropy of the disjoint union of cycles. In Section 4, we discuss separabil-
ity. We label the n = pq vertices of a graph by an ordered pair of indices, where the
first index can take p different values and the second index can take ¢ different values.
Theorem 4.2 points out that separability of the density matrix of a graph is generally
dependent on the labelling of the vertices of the graph. This does not hold for complete
graphs, which represent separable states (Lemma 4.7), and star graphs, which represent
entangled states (Theorem 4.11). Theorem 4.8 shows that if a graph is a tensor product
then its density matrix is separable, and the converse of it is not necessarily true. After
having introduced the notion of the entangled edge, we prove that if all the entangled
edges of a graph on n = 2p vertices form a perfect matching, then the density matrix
of the graph is separable in C?> ® C? (Theorem 4.17). We observe that strongly-regular
graphs and transitive graphs can have entangled or separable density matrices (Corol-
lary 4.27). We calculate the concurrence of all graphs on four vertices representing
entangled states. It turns out that for these graphs the value of the concurrence is ex-
actly fractional. In Section 5, we describe the quantum operations that implement graph
transformations like adding or deleting a vertex or an edge. In Section 6, we state open
problems and conjectures. The paper is relatively self-contained. Our references on
graph theory and quantum mechanics are [2] and [8], respectively.

2. The Density Matrix of a Graph
2.1. Definition

A graph G = (V, E) is a pair defined in the following way: V (or V(G)) is a non-
empty and finite set whose elements are called vertices; E (or E(G)) is a non-empty set
of unordered pairs of vertices, which are called edges. A loop is an edge of the form
{vi, vi}, for some vertex v;. We assume that E(G) does not contain only loops. A graph
G is said to be on n vertices if |V(G)| = n. The adjacency matrix of a graph G on n
vertices is an n X n matrix, denoted by M(G), having rows and columns labeled by the
vertices of G, and the (i, j)-entry defined as follows:
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1, if {V,‘, Vj}EE(G);
O, if {V,‘, Vj} ¢E(G)

Two distinct vertices v; and v; are said to be adjacent if {v;,v;} € E(G). The degree
of a vertex v; € V(G), denoted by dg(v;), is the number of edges adjacent to v;. Two
adjacent vertices are also said to be neighbours. The degree-sum of G is defined and
denoted by dg = Y, dg(vi). Note that dg = 2|E(G)|. The degree matrix of G is an
n X n matrix, denoted by A(G), having the (i, j)-entry defined as follows:

dG(V,'), if i = j;
0, if i £ j.

The combinatorial laplacian matrix of a graph G (for short, laplacian) is the matrix

Notice that L(G) does not change if we add or delete loops from G. According to our
definition of the graph, L(G) # 0.

Example 2.1. Let I, and J,, be the n X n identity matrix and the n X n all-ones matrix,
respectively. The complete graph on n vertices, denoted by Kj,, is defined to be the
graph with adjacency matrix (J, —I,). Then

L(Ky) = (n— 1)1, — Jy+1, = nl, — J,.

In standard quantum mechanics (that is the Hilbert space formulation of quantum
mechanics), the state of a quantum mechanical system associated to the n-dimensional
Hilbert space H = C" is identified with an n X n positive semidefinite, trace-one, Her-
mitian matrix, called a density matrix. It is easy to observe that the laplacian of a
graph is symmetric and positive semidefinite. The laplacian of a graph G, scaled by the
degree-sum of G, has trace one and it is then a density matrix. This observation leads
to the following definition.

Definition 2.2. [The density matrix of a graph] The density matrix of a graph G is the
matrix

Example 2.3. The density matrix of K, (cf. Example 2.1) is

1

o) =D

(n, — Jy).
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2.2. Pure States and Mixed States

Let tr(A) be the trace of a matrix A. A density matrix p is said to be pure if tr(p?) = 1,
and mixed, otherwise. Theorem 2.5 gives a necessary and sufficient condition on a graph
G for 6(G) to be pure. We first provide some terminology and state an easy lemma. A
graph G is said to have k components, G1, Ga, ..., Gy, and in such a case we write G =
G1WGa - - - WGy, if there is an ordering of V (G), such that M(G) = @*_,M(G;). When
k=1, G is said to be connected. From now on, we denote by Aj(A), A2 (A),..., A (A)
the k different eigenvalues of a Hermitian matrix A in increasing order. The set of the
eigenvalues of A together with their multiplicities is called the spectrum of A.

Lemma 2.4. The density matrix of a graph G has a zero eigenvalue whose multiplicity
is equal to the number of components of G.

Proof. Given a graph G, it is a direct consequence of Definition 2.2 that

M(L(G)

M(o(G) = 5

It is well-known that L(G) has a zero eigenvalue whose multiplicity is equal to the
number of components of G [2]. |

Theorem 2.5. The density matrix of a graph G is pure if and only if G = K> or G =
KyWvi Wvo - - - Wy, for some vertices vy, va,. .., v;. (These vertices are with or without
loops.)

Proof. Let G be a graph on n vertices. Suppose that 6(G) is pure. By the definition
of the pure density matrix, the different eigenvalues of 6(G) are A (6(G)) = 0 and
A2 (0(G)) = 1. Moreover, A (6(G)) = 0 has multiplicity (n — 1). Then, by Lemma
2.4, the number of components of G is (n —1). Since |V(G)| = n, it follows that G =
KydviWvyW--- Wy, where l =n —2. [ |

The next definition is based on the theorem.

Definition 2.6. [Pure density matrix of a graph] Let G be a graph on n > 2 vertices.
The density matrix of graph G is said to be pure if G = Ko Wy Wy W--- W, _o, for
some vertices vi,Va,..., vy_2. (These vertices are with or without loops.)

Example 2.7. The density matrix

6(Ky) =

NI—= Nl—=
| I

NI—= =

is pure. In fact, A; (6(K2)) =0 and A, (6(K3)) = 1.

A graph H is said to be a factor of a graph G, if V(H) = V(G) and there exists a
graph H' such that V(H') =V (G) and M(G) = M(H) + M(H’).

Theorem 2.8. The density matrix of a graph is a uniform mixture of pure density ma-
trices.
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Proof. Let G be a graph on n vertices vi, v2,..., v,, having edges {v;;,v; }, {vi,
Vi boooos {Vips Vi }» Where 1 <y, ji,i2, j2,...,im, jm < n. Let H; j_ be the factor of
G such that

kJk
1, ifu=itand w= jror w=1i; and u = ji;
[M(Hij)l, = 2.1)

0, otherwise.

By Theorem 2.5, the density matrix ¢ (Hikjk) = % (A (Hikjk) —-M (Hik.ik)) is pure. Since

m m
A(G) = ZA (Hikjk) and M(G) = ZM (Hikjk) ’
k=1 k=1
we can write
1 1 &

G)=—(A(G)—M(G)) =— H; 22
0(G) = 5, (A(G) = M(G)) = Y 0 (). 22)
which is then a uniform mixture of pure density matrices. |

Example 2.9. Consider a graph G defined as follows: V(G) = {1,2,3} and E(G) =
{e={1,2}, f={2,3}}. Then

10 000
M(Hio)= (100, M(Hy)=[001],
000 010
and o
| 11 0
G(G):E(G(ngze)—f—G(HQ/gf)) = _4_11 % _%
o-1 1
7 1

3. von Neumann Entropy

The von Neumann entropy of an n x n density matrix p is

S(0)Z ~ Y (p) oz 1 p).

It is conventional to define Olog, 0 = 0. The von Neumann entropy is a quantitative
measure of mixedness of the density matrix p.

Remark 3.1. The g-entropy of an n x n density matrix p is (tr(p?))'/4. g-Entropies are a
family of measures of mixedness for density matrices. In general, in the limit g — oo, g-
entropies depend only on the largest eigenvalue of p, and we have lim,_..(tr(p?)) /7 =
An(p). This eigenvalue can be considered itself as a measure of mixedness [1]. If p is
the density matrix of a graph, a tight upper-bound on A,,(p) is known [11].
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3.1. Maximum and Minimum

Theorem 3.2. Let G be a graph on n vertices. Then
(1) maxS(5(G)) = logy (n— 1) = S (o(K,);
2) mGinS((S(G)) = 0 and this value is attained if 6(G) is pure.

Proof. (1) By Lemma 2.4, 6(G) has an eigenvalue zero with multiplicity at least one.
Since G is on n vertices, the support of 6(G) has dimension less than or equal to (n — 1).
Any n x n density matrix having dimension of support less than or equal to (n — 1), can
not have von Neumann entropy greater than log, (n — 1). The eigenvalues of 6(K},) are
A1 (0(Ky)) = 0, with multiplicity 1, and A, (6(K,)) = (n—ll), with multiplicity (n— 1).

Then
1

1
S(co(Kn)) = —), plog; —— =log (n—1).
(2) Since G is a graph on n vertices, the maximum multiplicity of the zero eigenvalue of
6(G) is (n— 1); the other eigenvalue of 6(G) is necessarily one. This is the case when

6(G) is pure. When 6(G) is pure, S (6(G)) = 0. |

3.2. Regular Graphs

Two graphs G and H are said to be L-cospectral if L(G) and L(H) have the same
spectrum; o-cospectral if 6(G) and o(H) have the same spectrum. Two graphs G
and H are said to be isomorphic, and in such a case we write G = H, if there is an
isomorphism between V (G) and V (H), that is there is a permutation matrix P, such that
PM(G)PT =M(H). If G = H then G and H are L-cospectral and o-cospectral, but the
converse is not necessarily true. Two graphs are L-cospectral and G-cospectral if and
only if they have the same degree sum. Now, a graph is said to be regular if each of
its vertices has the same degree. A d-regular graph is a regular graph whose degree of
the vertices is d. If G is a d-regular graph on n vertices, then A;(L(G)) = d — (M (G))

and A;(c6(G)) = W, because dg = dn. So, G and H are L-cospectral d-regular
graphs if and only if they are 6-cospectral. Now, let us consider a d-regular graph G.
Let us write 6; = A;(6(G)) and y; = A;(M(G)). Let m; be the multiplicity of the i-th
eigenvalue of M(G). This is also the multiplicity of the i-th eigenvalue of 6(G), given

that G is regular. The von Neumann entropy of G is then given by

k

S(6(G)) = —;mi (cilog, )

) &
logz(%i)zmi(d—m)

1 k
= —ﬂZm[ [(d — pi)log, (d — )] +
i=1 i=1

=

mi[(d — ) log, (d — )] + logy (d-n).

1
d-ni=
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3.3. Cycles

Let I" be a finite group. Let S C I" be a subset of I, such that: the set S does not
contain the identity element; an element s € S if and only if s~! € S. Let Preg(g) be the
(left) regular permutation representation of an element g € I'. The (left) Cayley graph
of T with respect to S, denoted by X (T, S), is defined to be the graph with adjacency
matrix M(X(I', S)) = YyesPreg(s). Notice that X (I, S) is connected if and only if S
generates I

Example 3.3. LetT = Z, be the group of the integers modulon andlet S={1,n—1} C
I''Let G=ZX(T, S). Then M(G) = preg(1) +preg(n—1). Since S generates I, the graph
G is connected. The n-cycle, denoted by C,, is a graph on n vertices vy, v,..., v, and
with n edges {vi, v2}, {va, va},..., {va—1, vn}, {va, vi}. Hence, G = C,.

Theorem 3.4. Let Gy = X (T, Sy) be a Cayley graph, where T = Z,, and Sy, = {k,n —
k} CT. Then

(1) maxg, S(6(Gi)) = S(c(Cp)), that is when ged(k, n) = 1;
(2) ming, S(c(Gy)) =S (cs (C;)).
Proof. (1) We begin by observing that, given Sy = {k,n —k}, with k =n/p, Gy =

C,wCp---wCp, where C), is repeated k times. This indicates that the eigenvalues of
M (Gy) are the eigenvalues of M (C,), each repeated k times:

A (0(Gy)) = 2210 (Cp) x,z(: ).

where 1 < j < p, and each A; (6(Gy)) has multiplicity k. Since, it is well-known that
Aj(M(Cp)) =2cos(2mj/p), where 1 < j < p, we have

_ 2—2cos(2mj/p) _ 2sin? (mj/p)

Aj(o(Cp)) 2 7

and

b (o(G) = 23 i/r),

n

-0 () o (2.

the von Neumann entropy of 6(Gy) is given by

By writing

L) . 2
S(o(Gr)) = kY, —Ap (j) =logoyn—1— -
J=1 J

A, ().
=1

P

Because we do not have any closed form of the series — ZA » (J), we use the following
j=1

approximation, which is very good for large p:

T

-Y 4, (j) ~ —%/sinleogz (sin®x)dx = p-C, (3.1
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where

Cc= <1 - 1°g226> ~0.2787.

p
Ifp=1,2,—Y A,(j)=0.S0,if p=1,2andniseven, S (6 (G,/)) =logn—1.
j=1
With the use of Equation (3.1), we obtain
S(o(Gy)) ~logyn—142C/k.

If I = n/q, then

S(6(Ge)) — S(6(G1)) ~ 2C (% - %) |

It follows that: S(c(Gy)) > S(o(Gy)) if I > k; S(6(Gy)) < S(o(Gy)) if I < k. When
k =1, then Gy = C,. Therefore, S(c(C,)) > S(c(Gy)), forall I > 1.
%

(2) By the reasoning above, it is sufficient to observe that S ((5 (G )) =log,n—1. 1

Example 3.5. In the table below, the values of the von Neumann entropy of the Cayley
graphs X (Z12, S), where |S| = 2 are given:

G 5(a(G))
X (Zyp, {1,11}) | 3.571
X (Z12,{2,10}) | 3.126
X (Z12,{3,9}) 3.084
X (Z12,{4,8}) 3.000
X (Z12,{6}) 2.585

4. Separability

Let S4 and Sp be two quantum mechanical systems, associated to the p-dimensional
and g-dimensional Hilbert spaces H; =2 (CZ and Hp = C%, respectively. The composite
system S4p, which consists of the subsystems S4 and Sp, is associated to the Hilbert
space C; ® C}, where “®” denotes tensor product. The density matrix pap of Sap is
said to be separable if

n . .
Pap = Z (DiPX) ® pS),
i=1
where @; >0, foreveryi=1,2,...,n,and Y7 0; =1; pX) and pg) are density matrices
acting on H; and Hp, respectively. A density matrix pap is said to be entangled if it
is not separable. In the Dirac notation, a unit vector in a Hilbert space #H = C" is
denoted by |y), where y is a label; given the vectors |@) , |W) € A, the linear functional
sending |y) to the inner product (@ | y) is denoted by (@|. We write |y) |@) for the tensor

product |y) ® |@). A vector of the form |y) | @) is called product state. For any unit
vector |W) € #H, the projector on |y) is the Hermitian matrix |y) (y| which we denote

by P[|w)].
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4.1. Tensor Product of Graphs

The tensor product of two graphs G and H (also known in literature as strong prod-
uct, cardinal product, etc.), denoted by G ® H, is the graph whose adjacency matrix
is M(GRH) =M(G) @ M(H) ([5]). Whenever we consider a graph G ® H, where
G is on p vertices and H is on g vertices, the separability of 6(G ® H) is described
with respect to the Hilbert space Hg ® Hyy, where Hg is the space spanned by the or-
thonormal basis {|u1), [u2),..., |up)} associated to V(G), and Hy is the space spanned
by the orthonormal basis {|w1), |w2), ..., |w,)} associated to V(H). The vertices of
G ® H are taken as uywi, uiwa, ..., UiWq, oW1, Uowa, ..., upyw,. We associate |uy) |wi)
to uiwi, |ur) [wa) to uywa,. .., lup|wy) to u,wy. In conjunction with this, whenever we
talk about separability of any graph G on n vertices, vy, va,..., v,, we consider it in
the space C” ® C9, where n = pq. The vectors |v1), [v2),..., [v,) are taken as follows:
Vi) = lur)|wi), [va) = |wr)|wa),..., [vg) = lur) |wg), [vgr1) = luz)|wi), [vgs2)
= |uz) [wa),..., |vag) = |u2) [wg) ..., [Vpg) = |up) |Wg). We make use of the notion
of partial transpose of a density matrix. Let us consider a pg X pq density matrix pap
acting on C{ @ C%. Let {|v1), [v2),..., [vp)} and {|w1), [w2),..., |wg)} be orthonor-
mal bases of C4 and C}, respectively. The partial transpose of pag with respect to
the system Sg is the pg X pg matrix, denoted by p1%, and with the (i, j;i’, j')-th en-
try defined as follows: [pl5] = (vil{(wjr|pag|vi)|wj), where 1 < i,i’ < p and

i,jii’,j’

1 < j, j' < q. Regarding separability of psp we have the following criterion [3,9]:

Criterion 4.1. [Peres-Horodecki Criterion (PH)] If p is a density matrix acting on C’®
C? or C*> ® C3, then p is separable if and only if pT5 is positive semidefinite.

Theorem 4.2. Let G and H be two graphs on n = p - g vertices. If 6(G) is entangled in
CP ®C? and G = H, then 6(H) is not necessarily entangled in CP ® C1.

Proof. Let G be a graph on the vertices 1, 2, 3 and 4, having edges {1, 2}, {2, 3} and
{3,4}. We associate to G the following orthonormal basis: {|1) = |1),|1)z,[2) =
12)4 115, 13) =11)412)5, [4) =12) 4 12) 5} In terms of this basis
1-1 0-1
(6(G))™ 1{-1 2 0 O
c == ,
61 0 0 2-1

-1 0-1 1

with spectrum {[1/2], [1/6], [(1 + \/f)/6} , {(1 - \/f)/6} } Since the last eigenvalue
is negative, by the PH criterion, 6(Ps) is entangled. Consider the graph H = G. The
edges of H are {1,4},{4,3} and {3,2}. We associate to H the above orthonormal
basis. Then we have
1 0 0-1
o=t 0 T o)
[e) = — =0 3
61 0-1 2-1

-1 0-1 2
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and so 6(H) is separable. |

Lemma 4.3. The density matrix of the tensor product of two graphs is separable.

Proof. Let G be a graph on n vertices, vi, v2,..., vy, and m edges, {vi,, vj, }, {vi,,
. . . . . . /

Vi byeoos {Vips Vjm }» Where 1 <1y, ji, i2, jo,..., im, jm < n. Let G’ be a graph on p ver-

. / / / / / /

tices, vi,v2,..., vp, and g edges, {vg,vj } {vi,, v, },..., {v5,, v}, where 1 <s1,1,

$2,12,..., 84,14 < p. By Theorem 2.8 (Equation (2.2)), we can write

g

m
Z (¢ (Hikjk) and () (Gl) = o (letl) )
k=1

Q| —
T

1

where H; j, and Ly, are defined according to Equation (2.1). So,

G(G@G/): [A(G@)G/)—M(G@G/”
GG’
1 nd

= dowr Hl; [A(Hij, ® L) — M (Hij, @ Loy, )] @1
1 oomd

- m—q/;U;G (Hikjk ®lez,)
U )

- m—.qkzl 121 3 (67 (Hig) ©6 (Lyy) +0 (Hyy,) 967 (Log)] . 42)

where
i o + def
ot (Hyj) < A(Hy,,) —o(Hyj,) and o (Lyy) E A(Lyy) =0 (L) -

Notice that 6" (Hikjk) and 6" (LS,,,) are density matrices. Let

U
S
~

o (@)Y LY o (Hy) amad ot (@)Y Ly ot (L)
k=1 9=
Then |
o(God) =5 [G(G) ®ct (G) +ot(G)®c (GH . 43)

Since each of 6 (G), 6" (G/) ,067(G)and o (G/) is a uniform mixture of density ma-
trices, then 6 (G ® G') is separable. |

We associate to the vertices, vy, va,.. ., vy, of a graph G an orthonormal basis {|v;),
[v2),..., [va)}. In terms of this basis, the uw-th elements of the matrices ¢ (H;,j, ) and
o' (H,j,) are given by (v, |6 (H;j, ) [vw) and (v, |6T (H;j,) [v), respectively. In this
basis

o (Hyi) =P J5 (vi) = [vi))| and o™ (Hyg) = P |35 (i) + i)



Laplacians as Quantum States 301

Lemma 4.4. For any n = p - q, the density matrix 6(K,,) is separable in CP @ C4.

Proof. Let vi,v,..., Vv, be the vertices of K, with n = p-¢g. Let us consider the
following two orthonormal bases {[u1), [u2),..., |up)} and {|w1), [w2),..., |wg)} of
CP and CY, respectively. For all i = 1, 2,..., n, we then write |v;) = |usy1) |wy ), where

i=sq+s5,0<s<p—1landl<s <gq. By making use of this basis, we can write

Ws;(> — 1) thlc>):| ’

where iy = sgg+ s, jxk =trg+1,,0 < s, ix < p—1, and 0 < 57, ¢, < g. By Equation

(2.2), m
%; [ (}usk+1> >—}utk+1> Wfi>)]

Since M(K,) = J, — I,, whenever there is a term like P [ (’I/lngr] ’w / > - ‘u,k+1>

W’/@>)] in the sum above, there is a term like P [ (‘u‘k+1> wyr > — ‘u,k+1> Sk>)]'
The uniform mixture of these two terms gives rise to the separable density matrix

o (Hij,) =P [% (fis1)

%P[|”+>|W7>] + l1;’[|Lf>|V1)Jr>], where |ut) = L(|u5k+1>i|utk+l>) and |wt) =
% (’Ws;(>:|: W,]/(>) This shows that 6 (K,) is separable. 1

Remark 4.5. Separability of 6 (K,) does not depend upon the labeling of V (K},). Given
a graph G, an isomorphism from V(G) to V(G) is called automorphism. Under com-
position of maps, the set of the automorphisms of G form a group, denoted by Auz(G),
and called automorphism group of G. Note that the separability properties of G are
invariant under Aut(G). Since 6(K,) is separable, and since the automorphism group
of K,, is the symmetric group S,, G = 6(K,,) is also separable.

Example 4.6. Consider the graph K. The vertices of K4 are denoted by 1,2, 3 and 4.
We associate to these vertices the orthonormal basis {|1) = |1)|1),[2) =[1)|2), |3) =
[2)]1), |4) = |2)]2)}. In terms of this basis, 6(K4) can be written as

T3 11 -1
-1 3 -1-1
oK)= 1 54
l—-1 -1-1 3
1 [.01 1,
= Lol L)« e[ Lan—pom)

|-y +P |12 55 (1) - 2|

{7 V2

+%{% {f(|11>—|22>)} % [ (|12>—|21>)]}

%\
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Each of the first four terms in the above expression is a projector on a product state,
while the last two terms give rise to the separable density matrix JP[|—)[+)] +

LP[1+)[-)], where [+) Lo ([]1)  [2)]). Thus 6(Ks) is separable in €2 & C2.
Lemma 4.7. The complete graph on n > 1 vertices is not a tensor product of graphs.

Proof. 1Tt is clear that, if n is prime, K, is not a tensor product of graphs. We then
assume that n is not a prime. Suppose that there exist graphs G and H, respectively on
p and s vertices, such that K,, = GQ H. Let |E(G)| = g and |[E(H)| = t. Then, by the
degree-sum formula, 2¢ < p(p—1) and 2t < s(s—1). So,

2q-2t<p(p—1)s(s—1)=ps(ps—p—s+1).

Now, observe that |V(G®H)| = ps and |[E(G® H)| = 2(gt). Therefore, G ® H = K
if and only if ps(ps— 1) = 2 - 2qt, which is true if and only if p = s = 1. This occurs
only whenn = 1. |

Theorem 4.8. Given a graph G ® H, the density matrix 6(G® H) is separable. How-
ever if a density matrix 6 (L) is separable it does not necessarily mean that L= G® H,
for some graphs G and H.

Proof. The theorem follows from Lemma 4.3 together with Lemma 4.4 and Lemma
4.7. |

Remark 4.9. Not always is 6 (G) ® 6 (G) the density matrix of a graph. However, we
observe the following. A weighted graph is a graph with each of its edges labeled by
a real number. Let W be a weighted graph defined as follows: V = {ij’: i, j' = 1,2};
the edges of W are

{112} {1, 21}, {12/, 22"}, {21/, 22"}, {11’, 22"}, {12, 21"},

with weights 1 3 5, 3, %> —7»and —%, respectively. We write W := W (1,2;1’,2'). Let
G be a graph on the vertices 1,2,...,n and the edges {i,, j, }, {i,, Jo b o3 {ins Jin s

where 1 < i, jr <n. Let H be a graph on the vertices 1’,2',..., p’ and the edges

{0348, 2}, {S;,t;},then
5(0)@0(G) =~ Y.

M-

L
9 lk7]k’s[7tl)'

mq k=1i=1
4.2. Stars
A star graph (for short, star) on n vertices vy, v2,..., v,, denoted by Kj ,,_1, is the
graph whose set of edges is {{v, vi}: i=2,3,..., n}. Quantum dynamics on stars has

been studied in the context of quantum chaos [6].

Definition 4.10. [Entangled edge] Let G be a graph on n = pq vertices, vi, v2,.

Vn. The k-th edge {vi,, vj } of G is identified with the pure density matrix P [ (|v,k>
)]s where 1) = g i) and [vi) = lng 1)), with ix = scq + 1 and
Je=59+1 0<s, s, <p—1and 1<t 1; <q. The vectors |u;)’s and |w;)’s form
orthonormal bases of CP and CY, respectively. The edge {v;,v;,} is said to be entan-
gled if si # s} and t;. #1;.
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Theorem 4.11. The density matrix 6(Ky ,—1) is entangled for n = pg > 4.
Proof. Consider the graph G = Ky ,_1 onn = p-g > 4 vertices, V1, V2,..., v,. Then

0(6) = 5 Yol - Y p |-

n—1/7= n—15=
We are going to examine separability of 6 (G) in (CZ ®C%, where (CZ and C} are associ-
ated to two quantum mechanical systems S4 and Sp, respectively. Let {|u1), |u2),...,
lup)} and {w1), [w2) ..., |wq) } be orthonormal bases of C} and C}, respectively. So,

()= )

6(G) = ﬁ};f% [(Jur) [wi) = |uges1) Wi )] s

where k = spq+1;, 0 <spy < p—1land 1 <f <gq. Thus

~ B 5 - )]

+zp{ (i) — |wl]+zzp{ () wr) — ,»>\w,,->)]}.

Jj=2i=2

Consider now the following two dimensional projectors: P = |u;) (uj|+ |uz) (u2| and
O = |wi) (wi| + [w2) (wz|. Then

P2 006 (Pe0)= 1

n—

P[|m>|W1>]+P[%<|m>— |uz>>|m>}
1
TP [moﬁuwo— |wz>>}

2 [ () o)~ ) )| .

In the basis {|u1) |[w1), [u1) [wa), |uz) [w1), |u2) |wa)}, we have

1 1 1
220
1 1 1
1 | -4 i-Lo
(PeQ)6(G) (PRI =—| | | | 44)
n—1]| _1_1 14
2 2 2
0 0 01

The eigenvalues of the above matrix are

Uzmn] (=] [ (i esre)

Asn>4, 2(1—/(n—1)248/(n—1)) < 0. Hence, by Criterion 4.1, the matrix
(PR Q)o(G) (P® Q) is entangled and then 6(G) is also entangled. (Note that this
matrix is not normalized.) |




304 S.L. Braunstein, S. Ghosh, and S. Severini

Example 4.12. Consider the graph G = ({1, 2, 3,4}, {{1, 2}, {1, 3}, {1,4},{2,3}}).
We test the separability of 6(G) in (Cf‘ ® (C%, with respect to the orthonormal basis
{11, [1)12),12)[1),[2)|2)}. In this basis,

31 -1 -1
=1 221 0
D=5 11 2 0
1 0 0 1

It can be easily verified that (6(G))"® = 6(G). As a consequence, all the eigenvalues
of (6(G))"® are nonnegative, as 6(G) is positive semidefinite. It follows from Criterion
4.1 that 6(G) is separable in C> ® C2. Consider now the star

K173 = ({172a374}7 {{132}7 {173}7 {174}})‘

Observe that K 3 is obtained from G with the removal of the edge {2, 3}. With respect
to the above mentioned basis, we have

3-1-1-1 3-1-10
(K1 5) 11-1 1 0 O ¢ (oK ))TB 11-1 1-10
c =— an c =—
P61 01 0 b 6|-1-1 10
-1 0 0 1 0 0 01
The eigenvalues of (G(K173))TB 6, 3, 12\/ 7+1 4 and i— —\/ . It follows from

the Criterion 4.1 that (K 3) is entangled in C*> ® C2.

Remark 4.13. A density matrix pag acting on C; @ C}, is said to be distillable if there
exist a positive integer k and two 2-dimensional projectors P; : ((CZ)@( —C?and P, :
((C%) “k _, 2 such that

((P1®P2)pAB P1®P2) %0

An entangled density matrix which is not distillable is called bound entangled. Theorem
4.11 actually shows that not only 6(K) ,—1) is entangled but also distillable in C? @ C4
where n = pg > 4.

Second proof of Theorem 4.11. Let G be a graph on n vertices and m edges. Suppose

that G has /; loops at the vertex v;. Then |[E(G)| =m+ Y, [; edges. We associate to G
the following density matrix

-1 -1
6.(G) Y <2m+21,»> (A(G) — M(G)) + <2m+ Zl,») A(G),  (45)
i=1

i=1

where Ao (G) = @liP[|Vi>]-
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The matrix 6,(G) generalizes the notion of density matrix of a graph by taking
into account loops. The star Kj 3 is called a claw. We denote by Kfr 13 a claw with /

loops at the vertex of degree 3. In order to prove the theorem, we first show that K 1+ 13

is entangled in (Cf‘ & (C%;. The vertices of K 3 are denoted by uiwy, uiwa, upwi, upwa,
where d(ujw1) = 3. Then we have

0. (i) = g { 5Pl ]+ | S o) b )|

Lp [% (Jur) — |u) |W1>)} +P [|u1> % (Iw1) — |W2>)] }

11\]TE ) - .
One can check that {Go (KH)] # 0. By Theorem 4.1, 6, (KLG) is entangled in
Ci®C3, for all I > 0. Let A be the matrix in Equation (4.4). Taking n—4 = [,

A= %Go (K;Lé) Then A is entangled in C; ® C4. This shows that 6(Kj ,—1)

is entangled in C; ® C}. |

Proposition 4.14. Separability of 6(K1 n—1), with n = pg > 4, does not depend on the
labeling of V(K1 n—1).

Proof. In K ,,_1, the vertex of degree (n— 1) is called root, the other vertices are called
leaves. We define two types of isomorphisms for stars: Leaf-shuffling. An isomorphism
vacting on V(Ki ,—1) is called a leaf-shuffling if 1(r) = r, where r is the root of K ,,—1;
Root-swapping. An isomorphism 1 acting on V(K ,—1) is called a root-swapping if
1(r) = v, where r is the root of K; ,— and v is a leaf. All graphs in the isomorphism class
of K1,,—1 can be obtained by combining leaf-shuffling and root-swapping. It is clear that
leaf-shuffling is an automorphism and hence it does not change the separability prop-
erty of 6(Kj,,—1). We now prove that this is the case also for root-swapping. We label
the vertices of a graph G = Ky ,_1 as uyjwi, uiwa, ..., UiWg, UoWi, UgWa, ..., UpgWq,...,
upwy. Let uywy be the root of G and let1: V(G) — V(H) be a root-swapping. Then, the
root of H is W(u1wy) = uw;, where (1, 1) # (i, j). Denote by P..; and Q;..; the per-
mutation matrices defined as follows: Py;|u1) = |u;) and Pyoi|luy) = |uyr), for i’ #1;
Q1. jlwi) =|wj) and Q1. j|lw;jr) = |w;jr), for j' # 1. Then we have (P; ® Q1) 6(G)
(P15i® Q1) = 6(H). Then 6(G) is entangled if and only if 6(H) is entangled. 1

Remark 4.15. For K; ,—1, with n = pg > 4, K, ,—1 & G® H, where |V(G)| = p and
\V(H)|=gq.

4.3. Perfect Matchings

A matching of a graph is a set of vertex-disjoint edges. A perfect matching of a
graph G is a matching spanning V (G).

Definition 4.16. [e-matching; pe-matching] An e-matching is a matching having all
edges entangled. Each vertex of an e-matching on n = pq vertices can be labeled by an
ordered pair (i, j), where | <i<pand 1< j<gq. Ape-matching of a graph G is an
e-matching spanning V(G).
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Theorem 4.17. Let G be a graph on n = 2p vertices. If all the entangled edges of G
belong to the same pe-matching then 6(G) is separable in C* ® CP.

Our proof of the theorem involves the use of the following concepts.

Definition 4.18. [Criss-cross] A criss-cross is a set {{(k, i), (I, j)}, {(k, j), (I,i)}} of

two edges belonging to an e-matching on n = pq vertices.

Definition 4.19. [Tally-mark] A set

{(kv il)a (lv iz)}, {(k7 iz), (lv i3)}7"'v {(k7 iSJrl)a (l, is+2)}v {(k7 iSJrZ)v (lv il)}

of s+ 2 edges, where k <1, s > 0and i1 <iy < --- <z, belonging to an e-matching
on n = pq vertices, is called a tally-mark. (Note that a criss-cross is a tally-mark with
two edges.)

Definition 4.20. [Canonical pe-matching] Let H be an e-matching on n = pq ver-
tices. Then H is said to be canonical if H = HlWH, W --- W Hy, where every graph
Hy, Hy,..., Hy is a tally-mark.

Lemma 4.21. From any pe-matching H on n = 2p vertices, labeled by (i, j), where
i=1,2and 1 < j<p, we can always obtain a canonical pe-matching by applying a
permutation to the second label of all the vertices of H.

Proof. Let H be a pe-matching as in the statement of the lemma. Any pe-matching can
be taken as a set of criss-crosses and e-matchings, the latter being of the forms:

e H such that E(Hl) = {{(L il)a (2, jl)}7 {(17 iZ), (27 jZ)},---7 {(17 ik)v (2, Jk)}}’
where {i1, i2,. .., ik} = {J1, J2,-- - Jk 15

e Hpsuchthat E(Hy) = {{(1,}), (2, 1)}, {(1,i5), (2,75}, {(1,7), (2, 7]} )
where {i},i5,..., i)} ={j%, j5.-.., jiyand {i1, ia,..., i} N {iY, i5,..., i1} = 0;

We describe an algorithm to obtain a tally-mark from any of the above e-matchings.
It is sufficient to describe the algorithm for H;. Without loss of generality we take
i1 <ip < -+ <ig. We permute the 21d 1abels of the edges of Hj, to form one or more
disjoint tally-marks. Consider the s-th step in the construction: if j; < iy, we have
completed a tally-mark; if j; > i, then we perform a permutation on the 2"¢ label of a
vertex (-, i) acting on indices i > is, which maps the edge {(1, is), (2, js)} to the edge
{(1, i), (2, is5+1)} (adding another downstroke to a tally-mark, yet incomplete). It is
easy to see that applying this rule successively to the labels {i1, iz, ..., it }, in ascending
order, produces a set of one or more disjoint tally-marks. |

Example 4.22. In Figure 1, a pe-matching (top graph) is transformed in a canonical pe-
matching by applying a permutation on the second labels of the vertices. We first apply
the permutation (23) (central graph). We then apply the permutation (35) (bottom

graph).
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11 12 13 14 15

1 22 23 24 25

11 12 13 14 15

21 22 23 24 25

11 12 13 14 15

21 22 23 24 25
Figure 1.

Lemma 4.23. Let H be a tally-mark on n = 2k + 2 vertices. Then 6(H) is separable in
C?eCHL

Proof. Let H be a tally-mark. Let us assume that H is not a criss-cross. In fact, if H is
a criss-cross then 6(H) is obviously separable in C? ® C?. Let

E(H) = {{(L i())v (27 il)}v {(17 il)v (27 iZ)}v ER) {(1a ik*l)v (27 ik)}? {(13 ik)v (2, lO)}}a

where ip < i1 < --- < ix. We associate the vector |/)]is) to the vertex (I, is) € V(H),
where/ =1,2and s =0, 1,2,..., k. Then

[ "P LD — oy i
o( )_mz |:ﬁ (| >|ls>—| >’l(s+1)mod(k+1)>)]'

s=0

Let us consider the permutation g on the (k+ 1) letters i, i1,. .., ix defined as follows:
g is = i(s41)mod(k+1)> Where 0 < s < k. The order of g is then (k+1). Let " = (g) =
Zi+1 and P (g) = I1. One can check that

H—lkI )P | —= (1) io) — [2)]i LIS 4.6
o(#1) = 7 L (h9T)P | = (o) = 2i)| (momt ). ao

where I, acts on the Hilbert space spanned by the vectors |1) and |2). We are now
looking for the density matrices acting on C*> ® C**!, which remain invariant under the
action of I'. Let

k {ZRism

1
=—) exp|——+||is), wherem=0,1,2,... k.
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Observe that the vectors |y,,)’s are pairwise orthonormal. Then IT'|y,,) = exp [ 32 ]

W), forl =0,1,2,...,kand m =0, 1,2,..., k. It follows that the |y,,)’s are eigen-
vectors of IT'. Let

k

k
W) =Y (0tu|1) +Bm[2)) W), where ) (|(xm|2_|_ |Bm|2) =1,

be a vector in C2 ® C¥+1. Then
(pon’) )] (Lom'=") = )|

where [ =0, 1,2,..., k, if and only if |¥) is one of the forms (04 |1) 4 B|2)) W), for
m=0,1,2,..., k. This shows that, for any density matrix p acting on C> @ C**!, the
following density matrix

k
Z 12®H (2®Hk+lfs)
s 0

is a mixture of all the projectors P [\/lz (O |1) 4+ Bm|2)) |\|!m>} ,wherem=0,1,2,..., k.

Hence p’ is separable. By Equation (4.6), 6(H) is also separable:

1 g { 1
H) = 7 X7 | 75 (10 —ex [ 3] 12) ] '
ST L7 |75 (0 - [=2112)
Given a graph G and a factor H of G, we denote by G\H the graph with adjacency
matrix M(G\H) < M(G) — m(H).

Proof of Theorem 4.17. Let G be as in the statement of the theorem. In addition, we
assume that |E(G)| = m. Let H be the pe-matching containing all the entangled edges
of G. Then 6(G) = £6(H) + “-L6(G\H). The density matrix 6(G\H) is separable
by assumption. Lemma 4.21 together with Lemma 4.23 shows that 6(H) is separable
in C? ® CP. This proves the theorem. |

Theorem 4.24. The pe-matching in Figure 2 is separable in C* ® C*.

Figure 2.
Proof. Let G be the pe-matching in the figure. Then 6(G) = Y%, P[|y; )], where
wi) = (DI £2)2)). [vy) = (D4 £12)[3)). lv3) = S5 (11)]2) £ [3)[4)),
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|\If4>=ﬁ(|1>|3>i\3>|1>),\ v5) =75 (12)[1)=£[3)[3)) and [yg) = 5 (12)4) £3)[2)).
ere (6(G))8 = (I3 ® P)o(G) (I3 ® PT), where

0100
1000
0001
0010

P:

Then (6(G))™ > 0. Since a density matrix having positive partial transpose is either
separable or bound entangled [4], this holds for 6(G). We are now going to show
that 6(G) is separable in C? ® C*. Let |x) be in the support of 6(G). Then |y) =
Y ailw;) = 5l (ai]1) +asl2) +aal3) + azl4)) + 512)(as|1) — a1]2) — aa|3) +
agl4)) — %|3>(a4|1) +as|2) +as|3) +az|4)). So, |x) is separable if and only if (a1, a3,
as, az) = Mas, —ay, —az, ag) = u(aa, ae, as, az), where A, u € C. Then

=Aas = a4, a3 = —\a| = uag, as = —Aay = pas, a, = hag =paz,  (4.7)

where A # 0. In fact, if A =0 and u # 0, then a; =0 for i = 1,2,..., 6, which is
impossible. On the other hand, if A = u = 0 then ay, az, a3z, as = 0. Then |x) =
%|2>(a5|1) +agl4)) — %|3)(a6|2) + as|3)), which is entangled as |as|* + |ag|* # 0.
Similarly, it can be shown that u # 0. Therefore, from Equation (4.7), A =1 and
u*> = A, and we can distinguish the following cases.

Casel. (A\=u=1)Wehaveas =a3 =ag = —aj andas =as =ay. So |x) = %(|1>+
12) = 13)(I1) = [2) +[3) — [4)).

Case 2. (A=1,u=—1) We have ap =as =ag =a; and a3 = as = —ay. So |y) =
FUN+12)+13)(|1) = 2) = 3) +14)).

Case 3. (7» == ezni/3,y = —0)2) We have a, = ay, a3 = as = —®ay, as = ag = 0*aj.
So[x) = % (1) +@*|2) + 0[3)) (|1) — ©[2) — 0[3) + |4)).

Case 4. (7» =0, u= (02) We have ay = —ay, a3 = —ay = —0ay, as = —as = 0°a;. SO
%) = % (1) +0°[2) —[3)) (I1) —]2) + 0[3) ~4)).

Case 5. (7» =, u= 03) We have ay = —a1, a3 = —as = —0%a1, as = —ag = ®aj. So
%) = % (1) +02) - 0?]3)) (1) — ?2) + &?|3) — |4)).

Case 6. (k: o, = —0)) We have ay = a1, a3 = as = —®%ay, as = ag = Wa;. So
%) = % (1) + 0]2) + 0%[3)) (1) — 0*[2) — @?[3) +[4)).

Thus we can observe that the range of the rank six density matrix 6(G) contains only
the following six separable states: |x) = %(H) +2) — |3>)%(|1> —2) +13) — |4)),
x2) = %(IlH|2>+\3>)l(|1>—l2>—|3>+l4>), x3) = (1) +0?[2) + @[3)) 5 (1) ~
©[2) — 0[3) +[4)), [x) = J5 (1) + 0*[2) — 0[3))3(|1) - 0[2) + ©[3) — |4)), |xs) =
ﬁ(|1>+wl2>—w2l3>)%(|1> @*[2) + @*[3) — [4)) and [x6) = Iz (/1) + 0[2) + ©?[3))
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2(|1) — @?|2) — @?(3) + |4)). These states are pairwise orthogonal. As 6(G) is propor-
tional to a six dimensional projector, we can write 6(G) = %21‘6:1 i) {xi|, and hence
6(G) is separable. |

Remark 4.25. The pe-matching G in Figure 3 is entangled in C*> ® C*. In fact, it can be
shown that (6(G))T8 £ 0.

Figure 3.

4.4. The Petersen Graph

Let v, k and i be fixed positive integers, with v > k > i. Let S be an n-elements
set. The Johnson graph J(v, k, i) is defined as follows: the vertices of J(v, k, i) are the
k-elements subsets of S; two vertices are adjacent if their intersection has size i. The
graph J(5,2,0) is called Petersen graph and it has a number of important properties.
For example, it is strongly-regular and transitive. A graph G that is not complete is said
to be strongly-regularif it is regular, every pair of adjacent vertices has the same number
of common neighbours, and every pair of nonadjacent vertices has the same number of
common neighbours. A graph G is said to be fransitive if Aut(G) acts transitively on
V(G). A permutation group I acts transitively on a set S if, for any s, t € S, there exists
g €T, such that g (s) = 1.

Theorem 4.26. Let G be a Petersen graph. Then 6(G) is either separable or entangled
in C>® C3, depending on the labelling of G.

Proof. Let G (left) and H (right) be the graphs in Figure 4:

8(23)

Figure 4.
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Both G and H are isomorphic to the Petersen graph. The density matrix 6(G) is sep-
arable, since every edge of G is separable. The density matrix of H is entangled in
C3 ® C3, since it can be shown that (¢(H))T? % 0. |

Corollary 4.27. The density matrices of strongly-regular graphs and transitive graphs
can be separable or entangled.

Proof. By Theorem 4.26, since the Petersen graph is strongly-regular and transitive. B

4.5. Concurrence

Let |W)ap € (C/% ® (C%;. The notion of concurrence was introduced by Wootters [12].
The concurrence of |y)4p is denoted and defined as follows:

Clw) = /2(1 =t (p3)),

where pa =trg(|W)as (W|). Let pag be a density matrix acting on C3 ® C%. The con-
currence of pap is denoted and defined as follows:

C(pag) = inf{zwic(\lfi)I PAB = Z(Di|\|fi)AB <\|1i|} ,

where 0 < ; < 1,Y,0; = 1. Let 6, = —i|1)(2]| +|2)(1|, where |1) and |2) are the
eigenvectors of the matrix
10
GZ = 0 _1 )

corresponding to the eigenvalues 1 and —1, respectively. Let M* be the conjugate
of a complex matrix M. An analytical formula for C(pag), is given by C(pag) =
max{0, A; —Ay —A3 — A4}, where A1, A2, A3 and A4 are the square roots of the eigenval-
ues of pappap arranged in decreasing order, and pap := (6y ® 6,)pjiz(0y ® G,). There
are 12 nonisomorphic graphs on 4 vertices. Seven of these graphs have entangled den-
sity matrices, independently of the labeling. In the table below, the graphs and the
respective concurrence are given. Note that in these cases the value of the concurrence
is exactly fractional.

Concurrence 1/3 1/3 1/5 1

Graph )\ A . .
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Concurrence | 1/4 1/2 1/3

Graph A /\ \/\

5. Graph Operations

A graph operation is a map that takes a graph to another one. In graph theory, the study
of graph operations consists of a vast literature [10]. The following are two examples
of graph operations.

Example 5.1. Deleting an edge {v;, v;} from a graph G means to transform G into the

graph G — {v;, v;} @ (V(G), E(G)\{vi, vj}). Adding an edge {v;,v;} to a graph G,

where {v;, v;} ¢ E(G), means to transform G into the graph G + {v;, v;} “f (V(G),

E(G)U{vi,vj}). Deleting a vertex v; from a graph G means to transform G into the
graph G —v; = (V(G)\{vi}, E(G)\E;), where E; is the set of all edges incident to v;.
Adding a vertex v; to a graph G means to transform G into the graph G+ v; 4+ T; «f
(V(G)U{vi}, E(G)UT;), where T; is an arbitrary set of edges incident to v;.

Let B(#H") be the space of all bounded linear operators on H". A linear map
A: B(H™) — B(H™) is said to be hermiticity preserving if for every Hermitian op-
erator O € B(H"), A(O) is an hermitian operator in B (™). A hermiticity preserv-
ing map A: B(H™) — B(H™) is said to be positive if for any positive operator O €
B(H"), A(O) is a positive operator in B (H™). A positive map A: B(H") — B(H™)
is said to be completely positive if for each positive integer k, (A®12): B(H" @ H*) —
B(H™ @ H*) is again a positive map. A completely positive map A: B(H") —
B(H™) is said to be trace preserving if tr(A(0)) = tr(0), for all O € B(H"). A
quantum operation is a trace preserving completely positive map (for short, TPCP).
In standard quantum mechanics, any physical transformation of a quantum mechanical
system is described by a quantum operation. We are going to use the following result:

Theorem 5.2. [Kraus Representation Theorem] Given a quantum operation A: ‘B (H™)
— B(H™), there exist n X m matrices A;, such that A(p) = ZiA,-pA:-r, where p is any
density matrix acting on H" and Zl-A;rA,' =I,. (The converse is also true.) The matrices
A;’s are called Kraus operators.

A projective measurement M = {P;: i=1,2,..., n}, on aquantum mechanical sys-
tem S whose state is p, consists of pairwise orthogonal projectors P;: Hs — Hs, such
that Y | P, = Ljim(s45)- The i-th outcome of the measurement occurs with probabil-
ity tr(P,p) and the post-measurement state of S is (P;pP;)/tr(P,p). Whenever the i-th
outcome of the measurement occurs, we say that P; clicks.
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5.1. Deleting and Adding an Edge

Here we describe how to delete or add an edge by means of TPCP. Let G be a graph
on n vertices, vi, va,..., s, and m edges, {vi;,v; },{vi,, Vi, },---, {Vin, Vj. }» Where
1 <i1, ji1,i2, j2,---, im, jm < n. Our purpose is to delete the edge {v;, v; }. Then we

have
1 & 1 &
o(6) = 3 Leottty) = 37| 75 ()= )|
and
1 m
G(G_{Vik’vjk}):m;(s( 1111 ZP[ ‘vll ‘vj1>):|'
12k

A measurement in the following basis, M = {% (|vie) £ |vj)) s vi): i # ik, ji and
i=1,2,. n} is performed on the system prepared in the state 6(G). The probability
thatP{ ‘vlk + ’vjk>)} clicks is

m—1

Tom (<Vik| + <ij|) c (G_ {Vikv ij}) (|Vik> + }ij>)

5 S.1
= a1 Z igip — lkjl + Sjkil - Sjkjl) :
#
The state after the measurement is P { ‘Vu> +1vi)) } Let U,} be an n x n unitary
matrix, suchthatU,j\lf(]vik>+‘v,~k = (’Vu —|vj)).forl=1,2,... k—1,k+

1,..., m. Now, with probability 1/ (m — 1) we apply U, on P [ ‘v,k

; >)],f0r

each/=1,2,...,k—1,k+1,...,m. Finally we obtain ¢ (G — {v,k, vj,}) with proba-
bility given by Equation (5.1). The probability that P [ (|v,k> ‘vjk>)} clicks is

1

2
2 2 (Bieis = iy = B +8ji) ™ 6.2)

(ngE

~

1

The state after the measurement is P [% (‘vi,> - ‘vj,>)] Let U,; be an n X n unitary
matrix, such that Ukjﬁ (|vik> - ‘v,-k>) =L (|v,>,> — |v,-,>) forl=1,2,....k—1,k+
1,..., m. With probability 1/(m— 1) we apply U, on P[— (|vlk> |ij>)]’ for each
I=1,2,....k—1,k+1,..., m. Finally, we obtain 6 (G — {v,k, vj, }) with probability
given by Equation (5.2). The probability that P[|v;)], where i # i, jyrandi=1,2,...,n
clicks is

Ly (85, — i)’ (5.3)
5 i) — Oij .
2m [~ ! !

and the state after the measurement is P[|v;)]. Let Uy be an n X n unitary matrix, such
that Uy|v;) = % (|vi) = |vi)), for i =1,2,...;k—1,k+1,...,m. With probability
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1/(m—1) we apply U on P[|v;)], foreach I =1,2,...,k—1,k+1,..., m. We obtain
o (G — {v,-k s Vi }) with probability given by Equation (5.3). This completes the process.
The set of Kraus operators that realize the TPCP for deleting the edge {vik, v jk} is then

1 1
{\/ﬁUkJ;P |:ﬁ (‘V,‘k>+‘vj'k>):| N l=172,...7k—17k+l,...,m}

U{\/%UHP {%(\vik>—\vjk>)] : 1_1,2,...,k—1,k+1,...,m}

1
—UyPllvp)]:i=1,2,...,m i F i, jis [ =1,2,..., k=1, k+1,....m,.
The set of Kraus operators that realize the TPCP for adding back the edge {v;,, vj,}
to G—{V,’k,\/jk}is
| 1 )
ﬁVklP ﬁ(‘vl‘k>+‘1}jk>) .12172,...71’”

U{ﬁ"kﬁ’ [% (}vik>—}vjk>)} = 172,...7m}

where V,j, V,; and Vj; are n x n unitary matrices defined as follows:

1
Vi (4 ) = s () =) for 1=1.2,cm

1
Vi, 7 (‘V:‘k> - ‘ij>) = (‘vil> - ‘ij>) , forl=1,2,...,m;

S-Sl oS-

V,-;|v,~>= (‘vil>—‘vj-l>), fori:1,27...,n;

i;!él'k,jk; 121,2,...7111.

5.2. Deleting and Adding a Vertex

Here we describe how to delete or add a vertex by means of TPCP. Let G be a
graph on n vertices, vi, v2,..., v, and m edges, {vil, Vi } , {viz, vjz} ey {vim, v.,-m},
where 1 < iy, j1, 12, j2,-- -, im, jm < n. Our purpose is to delete a vertex v;. We first
delete all the edges incident to v; (cf. Section 5.1). In this way, we obtain a new
graph, say H. We then perform the following projective measurement on 6(H):
M = {I, — P[|vi)], P[|vi)]}. Given that, possible loops in H do not appear on 6(H),
when M is performed on 6(H), I, — P[|vi) clicks with probability one. The state after
the measurement is 6(G — v;), which is the state of the desired graph. Let G be a graph
on n vertices, vi, va,..., vy, and m edges, {vi,, vj, }, {Vir, Vis }»-- s {Vins Vjn }» Where
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1 <1, ji, 02, j2y-+s Im, Jm < n. Our purpose is to obtain the graph G +v; = GW {x}.
Consider the following density matrix p = (3 Y1 2 P[|us)]) ® 6(G), where {|u1), [u2)}
forms an orthonormal basis of C2. We associate the vertex u; to the state |u;) for i =
1, 2. Consider the graph H = ({uy, uz}, {{u1, u1}, {ua, u2}}). It is easy to check (cf.
Equation 4.5) that 6o(H) = 3 ¥,_; » P[|u;)]. Also observe that p = 6(H ® G). Thus
H ® G is a graph on 2n vertices labeled by uvy, ujva, ..., uivy, uavi, ugva, ..., usvy
and with 2m edges

{Mlv,‘l, ulvjl.} geeey {ulvim, ulvjm}, {szil N uzvjl.},..., {uzv,‘m, uzvjm}.

So, H® G = Hi W Hy, where Hi = ({uvi,..., urvn}, {{urvi, wivj }, ..., {urvi,,
uvj, +}) and Hy = {{upvi,..., uov, }, {{uavi,, uavj, },..., {uavi,, wov;, }}}. We first
delete all the edges of H ® G which are incident to the vertex uav; € V(Hz). Now, we
perform the following projective measurement on 6(G ® H):

Al — {12,1— ipnuzﬂvo], Xn:PHMz)lvi)]}-

i=2

The probability that I, — Y7, P[|u2)|vi)] clicks is one and the state after the measure-
ment is 6(H| 4 uzvy ), where H; = G.

5.3. LOCC

A local operation and classical communication (for short, LOCC) is a TPCP A:
B(Hy @ Hp) — B(Ka ® Kp) defined in the following way. The TPCP A is an LOCC
if, for some n > 0, there exist sequences of Hilbert spaces (Hf){*] and (#5)7L] with
H =y, H) = Hp, 5—[”“ X 4 and 7—[”“ K B, such that A can be written in the

following form A(c) = ZKI’ 2K yAB oV )T, forall 6 € B(Hy © H). Let

i]yeeeying=1 "11,..., 12,, 150y )
I H — H and I} H) — H be identity operators. In A(o), Vi?f...,ih DIy Hy —
Ka® Kp is given by

0 o (80 o) (0 o) (w1 -
(Bewp) (Vi)

The sequences (V.2 "1« gk — afet1\" ang (W2t gk a1\ e
q Au-1 7l Iy Wy, e H X

k=1

families of operators. For each sequence of indices (iz,...,i;) and fork=0,1,...,n—
Kon+1 Dk+1,...,01 Dk+1,.0p  7k+1. . . . .
1, Zi2k+1:1 Vst Vari =1I,""; for each sequence of indices (ix—1,...,i1)
i oNT iy
o Kopio le ..... iy Dk,..,iy gk
and fork=0,1,.. ):le+2 1 {Warss Wyis =1

Thermodynamic Principle. One can not obtain an entangled state from a separable state
by using LOCC.

A consequence of this principle is that, given two (possibly isomorphic) graphs G
and H on n = pq vertices, we can always obtain 6(H) from 6(G) by using LOCC only,
if 6(G) is separable or entangled and 6(H) is separable, in C” @ C1.
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Example 5.3. Let G = 2K, and let {11,22}, {12,21} € E(G). Then

o(6) = 37| J5(1DI1) - (212 + 37 | S5 02~ 1210

V2 V2
This density matrix is separable. Can we delete an edge of G by LOCC? The an-
swer is no. If we can delete {12, 21} (or, equivalently, {11, 22}) by LOCC, we obtain

o(G-{12,21}) =P [%[mu) - [|2>|2>}, which is entangled. This fact violates the
thermodynamic principle.

Example 5.4. Let G = K4 — e, for some edge e. Let f be the edge of G incident with
the vertices of degree 3. Then 6(G — f) is separable independent of the labeling. From
G we can always obtain G — f by LOCC.

Example 5.5. Lemma 4.4 together with Theorem 4.11 and the thermodynamic princi-
ple, shows that we can not obtain Kj ,—1 from K,, by LOCC.

6. Open Problems

Problem 6.1. The separability of K ,—1 and K,, do not depend on their labeling. Are
these the only classes of graphs for which this happens? In general, give separability
criteria for density matrices of graphs.

Problem 6.2. Let 6(G) be entangled in C? ® CY. In general, whether a graph operation
on G can be implemented by an LOCC depends on G and on its labeling. The following
are natural questions:

(1) What are the most general conditions on G and on its labeling such that a graph H
can be obtained from G by LOCCs?

(2) Does there exist a graph operation implemented by an LOCC independent of the
labeling?

(3) Given a graph G, with specific properties, determine the set of all graphs which are
obtainable from G by means of LOCCs.

Problem 6.3. Studying the realization of TPCP in relation to the tensor product of
graphs.

Problem 6.4. We have calculated the concurrence of density matrices of graphs entan-
gled in C? ® C2. It turns out that for some graphs G the concurrence is equal to ﬁ For
some other graphs the concurrence is ﬁ + €. Are these observations related to some

property of the graphs?

Conjecture 6.5. Let G be a graph (|V| = pq). If G has only one entangled edge then
6(G) is entangled; if all the entangled edges of G are incident to the same vertex then
6(G) is entangled.

Let pap be a density matrix acting on C}, @ C%, where pg = n. Let Sp = {{pi, [¥:):
i=1,2,....N}: pap = LIy pilwi)as(wil, where |yi)ap € Cf ® Cj,0 < p; <1
and ):fvzl pi = 1}. The entanglement of formation of pap is denoted and defined by
EF(pAB) = inf{l’ia\‘l’i>i i=1,2,...,N}€Sp vazl p,‘S(trx(|\|I,‘>AB<\|I,‘|)), where X = A or X = B.
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Conjecture 6.6. Let G be a graph (|V| = pq) with m edges. If 6(G) is entangled in
Ch ®C} then Ep(o(G)) ~ Ly | Er(o(k)), where o(k) is the pure density matrix

associated to the k-th edge of G.

Conjecture 6.7. Let G be the set of all connected graphs on n vertices. Let G € GS
(V] = pq). Then maxgc EF(6(G)) = Er(6(K1,n-1))-
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