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Abstract

Dynamic programming algorithms are developed for computing the ask
and bid prices of American contingent claims in a binary tree setting in the
presence of small proportional transaction costs, extending the recursive
construction of the Snell envelope. Associated with the pricing algorithms
are iterative procedures for computing optimal hedging strategies for the
writer as well as for the buyer of an American option. The bid and ask
prices of an American option are represented in terms of the expectation
of the option payoff evaluated at an optimal stopping time with respect
to an optimal martingale probability measure. As a by-product a simi-
lar dynamic programming algorithm is obtained for pricing and hedging
European contingent claims in the same setting.

Key words: American options, bid-ask spread, transaction costs, dynamic
programming, Snell envelope.

1 Introduction

The pricing and hedging of European options and conditions for the lack of arbi-
trage under proportional transactions costs have received considerable attention
in recent years. In a discrete time setting questions of this kind were stud-
ied, for example, by Merton [Mer90], Dermody and Rockafellar [DRII], Boyle
and Vorst [BV92], Bensaid, Lesne, Pages and Scheinkman [BLPS92], Edirs-
inghe, Naik and Uppal [ENU93], Jouini and Kallal [JK95], Kusuoka [Kus95],
Naik [Nai95], Shirakawa and Konno [SK95|, Koehl, Pham and Touzi [KPT96],
[KPT99], |[KPTO01], Stettner [Ste97], [Ste00], Perrakis and Lefoll [PL97],
Rutkowski [Rut98], Touzi [Tou99], Jouini [Jou00], Ortu [Ort01], Palmer [Pal01al,
[Pal01b], Kocinski [Koc04], and others.



As compared to European options, rather less is known about the pricing and
hedging of American type derivative securities under proportional transaction
costs. In discrete time Mercurio and Vorst [MV97] used a local risk minimisation
criterion to obtain option price bounds. Kociriski [Koc99] proved the existence
of a strictly replicating strategy for the seller of an American contingent claim
in the binary tree model and gave sufficient conditions for the existence of an
optimal replicating strategy. In [Koc0l] he obtained a lower bound for the
seller’s price in a general discrete time model, and expressed the seller’s price of
an attainable American option as the cost of a replicating strategy under small
transaction costs. Perrakis and Lefoll [PL00], [PL04] presented a procedure
for computing the ask and bid prices and optimal super-hedging strategies for
American calls on stocks paying known dividends and for American puts in
the binary tree model, subject to certain restrictions on the model parameters.
Chalasani and Jha [CJ01] obtained general representations involving so-called
randomised stopping times for the ask and bid prices of American contingent
claims.

The study of pricing and hedging of contingent claims in discrete time mod-
els with transaction costs appears particularly significant because of a number
of results according to which the optimal super-hedge in continuous time is the
trivial buy-to-hold strategy, which is hardly acceptable in practice; see Soner,
Shreve and Cvitani¢ [SSC95|, Cvitani¢, Pham and Touzi [CPT99], and Levental
and Skorohod [LS97] for European options, and Levental and Skorohod [LS97]
and Jakubenas, Levental and Ryznar [JLRO3|] for American options. Other
ways around this difficulty, not pursued here, include the expected utility max-
imisation approach as, for example, in Hodges and Neuberger [HN89], Davis,
Panas, Zariphopoulou [DPZ93|, Davis, Zariphopoulou [DZ95], Constantinides
and Zariphopoulou [CZ01], and Constantinides and Perrakis [CP02], [CP04],
or imperfect hedging with rebalancing the portfolio at discrete times only, as
in Leyland [Lel85], Hoggard, Whalley and Wilmott [HWW094], Kabanov and
Safarian [KS97], and others.

In the present paper dynamic programming algorithms are developed for the
pricing and hedging of American contingent claims in a binary tree setting in the
presence of small proportional costs on transactions in the underlying security
(or, equivalently, small bid-ask spreads). The pricing algorithms, which turn
out somewhat different for the ask and bid option prices, can be viewed as
extensions of the recursive construction of the Snell envelope in the friction free
case. Moreover, representations of the ask price (seller’s price, also known as the
upper hedging price) and the bid price (buyer’s price, or lower hedging price)
of an American contingent claim Y as, respectively,

74(Y) = max mpz}xE(YT), 7°(y) = max n%n E(Y;) (1.1)
T T
over stopping times 7 and (suitably defined as in Jouini and Kallal [JK95]) mar-
tingale probabilities P, with [E being the expectation under P, are established.
As a by-product we also construct a dynamic programming type algorithm
for pricing and hedging European options in the same setting, and reprove, by



a new method based on the algorithm, the known representations

(V) = max E(X), 7t (y) = min E(X)
for the ask and bid prices of a European contingent claim X in our setting.

The representations of the ask and bid prices, while resembling those
in Chalasani and Jha [CJ01], differ significantly in that standard stopping times
rather than randomised ones are used. This is contrary to a suggestion in [CJ01]
that randomised stopping times are required to represent American option prices
under proportional transaction costs.

Representations are also very similar to those for the ask and bid
American option prices in incomplete models (with no transactions costs or any
other kind of friction) to be found in Harrison and Kreps [HK79] in continuous
time and in Féllmer and Schied [FS02] in discrete time. However, in contrast
to a friction free but possibly incomplete market, where

maxmin E(Y,) = min maxE(Y;) (1.2)

T P P T

(see Theorem 6.41 in [FS02]), if transaction costs are present, then the minimax
property may be violated. The bid price of an American option is then
given by the left-hand side of , but not necessarily by the right-hand side.

If there are no transaction costs, then our algorithms for computing the
ask and bid prices of an American option with payoff process Y reduce to the
standard construction of the Snell envelope Z of Y by backward recursion. In
the presence of transaction costs Algorithm for the ask price still resembles
the Snell envelope construction, but an interesting novel feature appears: In
the presence of transaction costs it becomes necessary to keep track of two
quantities Z¢ and Z} at each node of the tree at any time t prior to option
expiry, instead of the single quantity Z; = max{Y}, E;(Z;4+1)} defining the Snell
envelope. Algorithm for the bid price is slightly more complicated and the
analogy with the Snell envelope a little harder to see. Once again, there are
two quantities U2 and U} to keep track of, which can be seen as analogues of
the value of continuation E;(Z;41) in the standard Snell envelope construction.
(Here E; denotes the conditional risk neutral expectation at time ¢.)

The paper is organised as follows: In Section [2] we specify the model with
proportional transaction costs, discuss the no-arbitrage conditions, recall some
basic definitions, notation, and facts, and state the small transaction costs as-
sumption. Algorithm for European options is considered in Section [3| not
just as a simple special case, but also because the results are needed later in
Lemma Section [4] contains the main results of the paper, namely Algo-
rithms and for computing the ask and bid prices of an American contin-
gent claim, along with Theorems and which establish the correctness of
the algorithms and provide various representations for the ask and bid prices.
Finally, following some concluding remarks in Section [5}, we provide a couple of
auxiliary technical propositions in the Appendix.



2 Small Proportional Transaction Costs

2.1 Model Specifications

We adopt the binary tree model with trading times ¢ =0, ..., T for some fixed
positive integer T'. The corresponding probability space {2 consists of sequences
wlw? - wT with w!,...,w? € {u,d}, where u and d stand for up and
down. We take F to be the o-field consisting of all subsets of 2, and Q to be a
probability measure on F such that Q {w} > 0 for each w € Q.

A node wy = w'w?---w' of the tree at time t = 0,...,T, with w',...,w! €
{u,d}, will be identified with the event {n € Q|n* = w!,...,n = w'}. In
particular, wy will be identified with 2. The family of all nodes w; at time ¢
will be denoted by Q;. We take a filtration {},Q} =FyCc FL C--- C Fr=F,
where F; is the o-field generated by the family €, for each t = 0,...,7. We
shall often identify F;-measurable random variables on Q) with random variables
on .

The market model will consist of a risky and a risk-free security, a stock and
a bond. Trading in stock is subject to proportional transaction costs. A share
can be bought for the ask price S¢ or sold for the bid price S? at any time
t =0,...,T, both price processes S* and S® being adapted to the filtration.
For any t = 0,...,7 — 1 and any node w; € §; the corresponding single-step
subtree of stock prices can be depicted as

1 (wia)
Sf+1 (wiu)
Si(we)
SP(we) \
Sitpq(wed)
Sf+1 (wid)

Throughout this paper we shall work under the following assumption of small
transaction costs, which simply means that the bid-ask spread intervals at each
node do not overlap in any single-step tree fragment as above.

Assumption (small transaction costs) For each t =0,...,7 — 1 and each
wy € Qt

SPy1(wid) < 87y (wid) < SP(we) < Sf(wi) < Spyq(wen) < Spyy(wew). (2.3)

Without loss of generality we shall assume the bond to be a risk-free security
with zero interest rate, the bond price being 1 for all t = 0,...,T. Equivalently,
all prices can be regarded as discounted prices.

Jouini and Kallal [JK95] have studied general conditions for the lack of
arbitrage in a model with proportional transaction costs. It follows directly from
their result, Theorem [2.1] below, that the small transaction costs assumption
admits no arbitrage opportunities in the market model.



2.2 Self-Financing Strategies, Arbitrage Opportunities,
Martingale Measures

By a self-financing strategy we shall understand a pair («,3) of predictable

processes a, O for t =0, ..., T describing the positions in cask and stock such
that By = 0 and
a1 — ap < — (Begr — Be) TSP+ (Besr — Br)” SP (2.4)

for each t = 0,...,T — 1. The set of all self-financing strategies will be denoted
by ®(52, S°).
The time ¢t = 0, ..., T liquidation value of a strategy (,3) € ®(5%, S?) will
be defined as
Fi(a, B) = oy + BF L — B S8,

We can also refer to ¥r(a, 3) as the terminal value of the strategy.

By an arbitrage opportunity we understand a strategy (a,3) € ®(5%,S?)
with ag < 0 and terminal value 97 («, 3) > 0 such that Q {dr(«, 3) > 0} > 0.

Following Jouini and Kallal [JK95], we say that a probability measure P
equivalent to Q is a martingale measure if there is a martingale S under P such
that Sf <85y < S5¢ foreacht =0,...,T. The set of such martingale measures P
will be denoted by P.

The following result, obtained by Jouini and Kallal [JK95], who used a
slightly different notion of arbitrage, referred to as ‘free lunch’ in their work, is
also valid under the above definition of an arbitrage opportunity in the present
setting, see Tokarz [Tok04].

Theorem 2.1 (Jouini and Kallal [JK95]) There is no arbitrage opportunity
if and only if P is non-empty.

In particular, it follows immediately that the small transaction costs assump-
tion (2.3) admits no arbitrage opportunity.

We conclude this section with a simple property of self-financing strategies,
which will prove useful later on. By 7 we denote the set of all stopping times 7
such that 0 <7 < T.

Lemma 2.2 If (o, 8) € ®(5%,S%), P € P, S is a martingale under P such that
St < S < 8% and E denotes the expectation under P, then

(a) a+ 8S is a supermartingale under P;
(b) E(¥- (e, B)) < ag for each stopping time T € T.

Proof (a) The self-financing condition (2.4)) together with S? < S, < S¢ give

appr — ar < — (Berr — Be) T S8+ (Bryr — Br)” 8P < — (Br1 — Br) Si.



As a result, for each t =0,...,7 — 1
E(ois1 + Big1Si41|F1) = g1 + Beq1Se < o + B Sy
(b) Since S? < S, < 59,
Or (0, B) = ar + 57 S, = B7 8¢ < ar + 65,
Because o + 35 is a supermartingale under P and §y = 0 it follows that
E(d- (e, ) < E(ar + .5, < ao,

as required. m

3 European Options

We begin with the special case of European contingent claims, for which repre-
sentations of the ask and bid prices in terms of optimal super- and sub-hedging
strategies as well as in terms of expectations of the payoff under optimal mar-
tingale probability measures (but not in terms of a dynamic programming algo-
rithm) have already been studied by Jouini and Kallal [JK95]. The constructions
and results will then be extended to obtain new representations and algorithms
for American option ask and bid prices in the presence of small proportional
transaction costs. The results of the present section will also be needed later in
the proof of Lemma [£.7]

A European contingent claim can be characterised by a random variable X,
the payoff at expiry time T. The time 0 ask and bid prices of such an option
can be defined, respectively, as

’/Ta(X) = min{ao | (avﬂ) € @(Sa’ Sb)a ﬁT(avﬂ) > X}7 (35)
7°(X) = max{—ag | (a, B) € ®(5¢, 5%), —Ir(a,B) < X}. (3.6)
The minimum and maximum are attained because the corresponding sets are
closed and, respectively, bounded below and above in the discrete setting. Thus,
the ask price 7%(X) is the lowest price that the option writer should demand to
be able to hedge the position without any risk of loss. The bid price 7°(X) is

the highest amount that a buyer can raise to pay for the option such that his
or her position can be hedged without running any risk of loss. Clearly,

™(X) = —7%(—X). (3.7)

Jouini and Kallal [JK95] obtained the following representation for the bid-
ask spread of European option prices:

[r"(X), 7 (X)) = {E(X) [P € P},



where E is the expectation under P and where A denotes the closure of a set
A C R. In particular, it follows that

(X)) = %lea%{E(X)’ (3.8)
(X)) = géi%IE(X). (3.9)

Here the maximum and minimum are attained because P is a compact set in
the discrete setting under the small transaction costs assumption (2.3]), and
P — E(X) is a continuous function.

3.1 Algorithm
Neither the representations (3.5)), (3.6]) nor (3.8]), (3.9) are particularly effective

for computing the ask or bid prices of a European option. They involve the solu-
tion of complex multidimensional optimisation problems. (Note that ,
are not even linear optimisation problems because P is not convex, in general.)
Here we put forward a dynamic programming type recursive algorithm to com-
pute these prices quickly and efficiently. This will then be extended to the case
of American options.

The following assertion, which will be used in the proof of the correctness of
the algorithm, follows directly from the results in Jouini and Kallal [JK95]. We
state and prove it here nevertheless so as to keep this paper self-contained.

Lemma 3.1 For any Furopean option X

b : a
(X)) <minE(X) <maxE(X) < 7X).
( )_]P’EI’P ( )_]P’E’P ( >_ ( )

Proof The middle inequality is obvious.
Take a strategy (o, 3) € ®(5¢, S®) such that 7%(X) = ap and X < I7(a, ().
By Lemma [2.2] for each P € P

E(X) <E(Wr(a,8)) < ag = (X)),
which proves the last inequality.
Now take (o, 3) € (5%, S%) such that 7°(X) = —ag and —d7(a, 3) < X.
Thus, again by Lemma for each P € P
E(X) > —E(Jr(a, §)) > —ag = n*(X).
This proves the first inequality. =

Next, let us introduce some notation, which will also be used in subsequent
sections on American options. For any u,v,w € {a,b}, any t =0,...,7 —1 and
wy € Q4, and any F;, -measurable R2-valued random variables G = (G¢, Gb)
and H = (H%, H") we put

By (Gs Hlwy) = pi"" (w) G (wen) + (1 — pp™ (we) ) H (wed),
puvw(wt) _ Stu(wt) _ Sﬁi—l(wtd)
t St @n) — Sty ()




We shall write Ef*"(G; H) to denote the F;-measurable random variable w; —
EX(G; Hlwy).

This notation is slightly more complicated than necessary in the case of
European options, for which we shall always take G = H. However it will
become necessary to allow G # H when discussing the bid price of an American
option later on.

Algorithm 3.1 (ask price of European option) Given a European option
with payoff X and expiry time 7', an R2-valued process Z = (2%, Z%) is con-

structed by backward induction as follows:

1. Put
Z4 =74 = X;

2. For each t =1,...,T and each u € {a, b} take

Zy = max EY(Z;Zy). (3.10)
v,we{a,b}

Claim 3.1 The ask price of the European option is given by
7Y X) = max{Zg, Z3}.
The claim will be verified in what follows, see Theorem

Remark 3.1 (bid price of European option) Due to (3.7) Algorithm
can also be used to compute the bid price 7°(X) of a European option.

The proof of correctness of Algorithm will involve a number objects that
need to be constructed. We begin by constructing processes .S, Z such that:

1. For some u € {a,b}

So =S¥,
Zy = 2§,
and
Z¢ = max{Z§, Z5}. (3.11)
2. For each t = 0,...,7 — 1 and each w; € §; there are v,w € {a,b} such
that R R
Str1(win) = Sy (wen),  Sipa(wed) = 54 (wed),
Zyi(win) = Zi (we),  Zipa(wid) = 235 (wed),
and

Z{(wi) = BY"(Zyyr; Lygr|wr) (3.12)
for each u € {a,b}. Such v, w exist by Proposition



Remark 3.2 The processes S , Z may not be unique. The lack of uniqueness
may arise whenever there is more than one pair v,w € {a,b} satisfying ,
or there is more then one u € {a,b} such that holds. In such cases one
can choose any S, Z satisfying the conditions above.

Let P be the probability measure turning S into a martingale. It is well
defined and equivalent to Q because, by the small transaction costs assump-
tion , Sip1(wi) > Sy(wy) > Syy1(wid) for each t = 0,...,T — 1 and each
wy € ;. We denote by [ the expectation under P.

Lemma 3.2 (a) Z is a martingale under P;
(b) E(X) = Zo.

Proof (a) Take any t=0,...,7 —1 and any w; € (. By the construction of
S, Z there are u,v,w € {a,b} such that

Si(ws) = Sp(we),  Sppa(wim) = Sy (wen),  Sppa(wed) = Sty (wed),
Zy(wi) = Zi'(wr),  Zipa(wn) = Z (wen),  Zipa(wid) = 235 (wed),

and (3.12) holds. Thus
Zy(we) = Z{M(we) = B (Zogr; Zest|wr) = B(Zyga|we).

(b) Since Z% = Zb = X, it follows that Z7 = X. Because Z is a martingale
under P we obtain E(X) =E(Zy) =Z;. =

Next, let &, B be predictable processes such that BO = 0 and for each t =
0,...,T o R
Gy + BeSy = Zy. (3.13)

Since S and Z are martingales under ]f”, it follows that for each ¢t =0,..., 7 —1

Gep1 + Bra1St = Gy + Bt+1]1:3(gt+1|7t)
= B(Gr1 + Bes1Ser1|Fe) = B(Zeya|Fe) = Zs. (3.14)

Observe that (é&, 3) is the self-financing strategy hedging the European op-
tion X in the standard (friction free) model with stock price process S. Namely
dt + Btgt = éét+1 + Bt+1‘§t for all ¢t = 0, NP ,T — 1, and dT + ﬁTSYT = X. Nev-
ertheless, it does not immediately follow that (&, /3’) is also a hedging strategy
for X in the model with transaction costs. This will be proved in Lemma [3.3

Lemma 3.3 (a) (d&,[) € ®(5%,S?).

(b) vr(a,B) = X.



Proof (a) By (3.13)) and (3.14) the self-financing condition (2.4]) can be written

as
(Biar — B)T(SE = 8p) + (Ber — Br) " (Se — S7) <0
or, equivalently, as
(Berr = Br)(S] = 8¢) <0 Vr € {a, b} (3.15)

We shall prove that (&, B) satisfies li foreacht=0,...,7 — 1.
First we shall verify (3.15)) for ¢ = 0. Consider the tree fragment

wolu
wo <
de
For brevity, we shall omit wg in the expressions below. By the construction of
S, Z there are u,v,w € {a,b} such that at the respective nodes
$1(u) = 57 (w)
Z1(u) = Z7(u)

So=5y
Zo=2¢ \

and
Zy =Ky (Zy;Zy).

Observe that ) )
3 _ 2w = Zi(d) _ 27 () - Zi°(d)

YT S =S SY(w) - Sp(d)

By the construction of Zy we know that Zy = Z% > Zj for each r € {a,b}, and
by the construction of Z{ in Algorithm 3.1} Z§ > E{**(Z1;Z1). This gives

E5"(Z1521) 2 Eo"(Z1;Z1),

which can be transformed into
Ai(S5 —S5) <0

for each r € {a,b}. Because Bo = 0 this implies 1} for t = 0, as required.
Next, we need to demonstrate that (&, 3) satisfies (3.15) for each t = 1,. ..,
T — 1. Let us take any node w;_1 € ;1 and consider the tree fragment

wWi—1uu
/

Wi—11u
N

wi_qud

wt_ld

10



We shall verify (3.15) at node w;_ju. For brevity, w;—1 will be omitted in the
expressions below. By the construction of S, Z there are u,v,w,g,h € {a,b}
such that at the respective nodes

Spe1(uu) = 57, (uu)
Ziga(uu) = Z7, 4 (uu)

N
=
!
’E“C
=
VN

é’t_l =S, /! $t+1(Ud) = Sth+1(Ud)
Zy 1 =7, N\ Zyy1(ud) = ZP' 1 (ud)

and
Zt =B (L Zy),  Z7(w) = B (Zyyr; Zega |u).

Observe that

5= ZW = Zid) _ Zi(w) - Z(d)
Si(u) = Sy(d)  SP(w) = Sp(d)’
Byar (u) = Zipa () = Zya (ud) 274 (wa) = 28 (ud)
i St+1(1111) - S’t+1(Ud) St+1(uu) - Sth+1(Ud)

By the construction of Z;* ; in Algorithm for any r € {a, b}
B (Ze; Ze) > BTV (Zg; Zy),

which can be transformed into

Be (St () = 5¢(w)) = Z{ (v) — Z{ (u).
Furthermore, for any r € {a,b}
Zy () > ]E:gh(ztﬂ; Zi1)u)
by the construction of Z] (u) in Algorithm As a result,
Zi(w) = Z7 () = B (Zes1; Zoraw) — B (Zos1; Zega [0)
= Bir1 () (57 (w) = S} (w)).

It follows that . R
(Be+1(w) — Be) (5S¢ (n) — S¢(w)) <0
for any r € {a, b}, that is, (3.15]) holds at node w;_ju, as required. The argument
to verify (3.15)) at node w;_1d is similar.
The above proves (3.15) and therefore (2.4) at all nodes for all times ¢ =
0,...,7—1.

11



(b) Since ar + BrSt = Zr = X, the condition Ir(d, B) = X can be written as
B3 (St — 8) + B (S — 51) =0,

or, equivalently, as

Br (S5 —87) >0 Vre {a,b}. (3.16)
Take any wp_1 € Q7_1 and consider the tree fragment
wr—1u
/!
wp_
T—1 \
wT_ld

We shall verify (3.16)) at node wy_ju. For brevity, wr_; will be omitted in the
expressions below. By the construction of S, Z there are u,v,w € {a,b} such
that at the respective nodes

STA =5%_, /!
Zr_1 =214 \

and
Zy_y =By (Zr; Zr).
Observe that . .
4 = Zr) = Zr(@) _ Zpw) = Z¢()
Sr(u) — Sp(d)  Sp(w) — SE(d)
By the construction of Z%_, in Algorithm for any r € {a,b}

(2 Zr) > BY (Zrs; Zy),

which can be transformed into
Br (S5(u) — Sp(u)) >0

using the fact that Z5(u) = Z¥%(u) = X(u). This implies (3.16) and therefore
dr(4, ) = X at node wr_ju, as required. The argument to verify dr(&, 5) = X
at node wp_1d is similar. This, then, covers every node at time 7. m

Theorem 3.4 In a model with proportional transaction costs subject to the
small transaction costs assumption (2.3) the ask price n%(X) of a European
option X can be represented as

7(X) = do = Zo = max{Z¢, 28} = K(X) = max B(X).

In particular, this implies the correctness of Algorithm for computing 7*(X)
asserted in Claim [31)

12



Proof Observe that 7*(X) < &g by the definition of 7*(X) and by
Furthermore, g = Zo by the construction of &g, Zo = IE(X) by
Lemma [3.2, E(X) < maxpep E(X) because P € P, and maxpep E(X) < 7%(X)
by Lemma Finally, Zo = max{Zg, Zt} by the construction of Z, completing
the proof. m

Lemma

4 American Options

An American contingent claim can be characterised by an adapted process Y,
where Y; is the payoff at time t =0,...,T.

The time 0 ask and bid prices of an American option with payoff process Y
are defined as

7Y) = min{ag | (o, 3) € ®(S%,8°), V1T €T : 9, (, B) > Y, }, (4.17)
(V) = max{—ag | (a, 8) € ®(5%,5%), I7€T: —0.(o, ) <Y;}, (4.18)

where 7 is the set of all stopping times 7 such that 0 < 7 < T. The minimum
and maximum are attained because the corresponding sets are closed and, re-
spectively, bounded below and above in the discrete setting. Similarly as for
European options, the ask price 7%(Y) is the lowest price the writer of the op-
tion should demand, and the bid price 7°(Y") is the highest amount an option
buyer could raise to pay for the option so as to be able to hedge their respective
positions without any risk of loss.

We shall obtain dynamic programming type algorithms for computing the
American option ask and bid prices 7¢(Y) and 7°(Y) in a market with small
transaction costs, that is, subject to assumption . The algorithms can be
viewed as extensions of the Snell envelope construction from the case without
friction. We shall also construct hedging strategies for both the writer and
the buyer of an American option under small transaction costs. Moreover,
representations for the American option ask and bid prices in terms of optimal
martingale measures and stopping times will be established.

We begin with the following assertion, extending Lemma to American
options.

Lemma 4.1 For any American option Y

7(Y) < maxmin E(Y;) < maxmaxE(Y;) < 7%(Y).
T€T PeP TeT PeP

Proof The middle inequality is obvious.
Take a strategy (o, 3) € ®(5%, S®) such that 7%(Y) = ap and Y, < 9, (a, 3)
for all 7 € 7. By Lemma [2.2] for each 7 € 7 and each P € P

E(Y;) < E(W-(a, 8)) < ag = 7°(Y),

which proves the last inequality.

13



Now let us take a strategy (o, 3) € ®(S?,S%) such that 7°(Y) = —ap and
—-(a, B) < Y; for some stopping time 7 € 7 . Then, again by Lemma [2.2]

E(Y;) > ~E(9,(a, B)) > —a = 7(Y)

for each P € P. This proves the first inequality. m

4.1 Ask Price Algorithm

We propose the following algorithm for computing the ask price 7*(Y") of an
American option Y under the small transaction costs assumption (2.3)).

Algorithm 4.1 (ask price of American option) Given an American option
with payoff process Y and expiry time T, construct an R2-valued process Z =
(22, Z") by backward induction as follows:

1. Put
Z4 = Zh = Yr;

2. For each t =1,...,T and each u € {a,b} take

Zy = max{Y;_1, max EY(ZZ:)}.
v,we{a,b}

Claim 4.1 The ask price of the American option is given by
7Y = max{Z, Z0}.
The claim will be verified in Theorem [£.41

For each u € {a,b} and t =0,...,T we put

vwe{ab} (4.19)

v max E’ng(zt+1; Zt+1) ift < T,
o Yr ift =T,

so that Z}* = max{Y;, V}*}, and we construct processes S,V Z such that:

1. For some u € {a, b}

So = S,
Vo =V,
Zy = 7Y,
and
V= max{Vg, V21 (4.20)
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2. For each t = 0,...,T — 1 and each w; € ; there are v,w € {a,b} such

that . N
Si1(win) = Sy (wen),  Sepa(wed) = 5% (wed),
Veri(wen) = Vi (i), Vigr(wed) = Vi (wed),
Zi(win) = Zi (wen),  Zipa(wed) = 23 (wed),
and

Vit(we) = Ef*(Zieg1; Lyt |wr) (4.21)
for each u € {a,b}. Such v,w exist by Proposition

Remark 4.1 The processes S, V, Z may not be unique. The lack of uniqueness
may arise whenever there is more than one pair v,w € {a,b} satisfying ,
or there is more then one u € {a,b} such that holds. In such cases one
can choose any S.V.Z satisfying the conditions above.

Let P be the probability measure turning S into a martingale. It is well
defined and equivalent to Q because, by the small transaction costs assump-
tion , Sep1(wiu) > Sy(wy) > Syy1(wed) for each t = 0,...,T — 1 and each
wy € ;. We denote by [ the expectation under P. We also define a stopping
time 7 € 7 by

7 =min{t| Z, = V;}.

Lemma 4.2 (a) V; = E(Z41|F) for eacht =0,...,T —1;
(b) Z is the Snell envelope of Y under P;
(c) E(Yz) = Z.

Proof (a) By the construction of S V.,Z, forany t = 0,...,7 — 1 and any
wt € Oy there are u,v,w € {a,b} such that

Sp(we) = S (wr),  Sepa(wen) = Sfy (W), Sppa(wid) = Sy (wid),
Vilwe) = Vi (we), Viga(wew) = Vi (wim), Viga(wid) = Vi (wed),
Zi(wi) = Zi(we),  Zipa(wn) = Ziy (W), Zig(wid) = Zi (wed),

and holds. Thus
Vi(we) = V(@) = By (Zioga; Zegr i) = B(Zpga |wr)-
(b) Because Z4 = Zb = Yr, we have
Zr = Yr.

Since Z}* = max{Y;,V;*} for each wu, it follows from (a) that for each ¢ =
0,...., T —1 ) ) o
Zt = maX{Y;s,V;s} = ma’X{KvE(Zt-i-lwrt)}'

(c) Because Z is the Snell envelope of Y, we know that the stopped process Zint
is a martingale under P. Since Z; = Y3, it follows that E(Yz) = E(Z;) = Zp. =
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We define &, B to be predictable processes such that Bg = 0 and for each
t=0,...,T o R
& + BiSe = Zy. (4.22)

By Lemma and since S is a martingale under P, it follows that for each
t=0,...,7—-1

Opq1 + Bt-s-lSt = Q441 + Bt+1E(St+1|Ft)
= E(dt-i-l + Bt+1§t+1|ft) = IAE(ZAtJr1|~7:t) = Vt (4.23)

Clearly, (&, () is a hedging strategy for the American option Y in the

standard (friction free) model with stock price process S. That is to say,
Gy + ﬁtS't > Guy1 + Bt+1ét for each t = 0,...,7 — 1, and &; + Btgt > Y;
for each t = 0,...,T. Nevertheless, it does not immediately follow that (a&, B)
is also a hedging strategy for Y in the model with transaction costs. This will
be shown in Lemma

Lemma 4.3 (a) (d&,[) € ®(5, ).
(b) ﬂt(d,ﬁ) >Y,; foreacht=0,...,T.
Proof (a) By and the self-financing condition can be written
N (Bevr — B T(SE = 80) + (Begr — B)~(Se = S < Z - Vi,
or, equivalently, as
(Beg1r — B)(ST = 8)) < Z, -V, Vr e {a,b}. (4.24)

Thus, we need to demonstrate that (é&, B) satisfies G) foreacht =0,...,T—1.
First we shall verify (4.24) for ¢ = 0. Consider the tree fragment:

wolu
wo <
de

For brevity, we shall omit wg in the expressions below. By the construction of
S,V,Z there are u,v,w € {a,b} such that at the respective nodes

$1(w) = ¢ (w)
V() = V()
A Z1(0) = Z{(u)
8 = i
h=v
Zo = 7%
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and
Ve = B8 (20 ).

Observe that . )
5 _ 2w —2i(d) _ Zi() - Zi°(d)

Si(u) — Si(d)  SY(w) —Sp(d)”

By the construction of Vy and by l) we know that Vp = Vot > Vg >
E{Y"(Z1;Z,) for each r € {a,b}. This gives

Eo*“(Z1;Zy) > By (Z1; Zy),

which can be transformed into

A1(Se = S5) <0

for each r € {a,b}. Because Bo = 0 and Zy > Vp, this implies |D for t =0,
as required.

Next we shall verify forany t = 1,...,7 — 1. Let us take any node
wi—1 € ;_1 and consider the tree fragment

wi_juu

7\

wir—1u

wi_1ud

Wi—1 <
wtfld
We are going to verify (4.24) at node w;_ju. For brevity, we shall omit w;_; in

the expressions to follow. By the construction of 5‘, V, Z there are u,v,w, g, h €
{a, b} such that at the respective nodes

St+1(uu) = StgH(uu)
Vrga () = V7, (uu)
) Zyy1(uu) = Z7, | (un)
Siw = Spw
T =vew
A Zu(w) = Zp(w) A
Si-1 =5 . Si+1(ud) = Sty (ud)
Yt—l =V N Yt+1(Ud) = V;E}-Li-l(Ud)
Zi-1= 2y ) Zypy1(ud) = Zp,, (ud)
L?t(d) = 5{(d)
Ti(d) = V,*(d)
2:(d) = Z(d)
and

Vit = B2 Ze), VP (0) = B (Zegr; Zesa ).
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Observe that

5= ZW = Zid) _ Zi(w) - Z(d)
Sy(u) — Sy(d)  SP(w) = Sp(d)’
B (u) = Zt+1(uu) - Zt+1(Ud) _ Ztgﬂ(uu) - ZthH(Ud)
s St-&-l(““) — At+1(Ud) Sf+1(uu) - Sth+1(11d)

By ([4.19), for any 7 € {a, b}
By (Ze; Ze) > By Y (Ze; Zy),

which after a few transformations can be written as

Be (S¢ (n) = 57 (w)) = Z{ () — Z;'(u).
Next, again by (4.19), for any r € {a, b}
Vi (u) > E:gh(ZHl; Ziii|u).
It follows that
Vi (u) = V(1) > B (Zgr; Zoga|n) — By (Zieg1; Zoga n)
= Brr1(w) (57 (w) = 57 ().
As a result, since Z7 (u) > V" (u),

(Br1(w) = ) (57 (w) = 57 () < (Vi (w) = V" () = (27 (w) = Z{ (w))
< Z;(0) =V (u)

for any r € {a,b}, which implies (4.24)) at node w;_ju. The argument to ver-

ify (4.24) at node w;_1d is similar.
This, therefore, proves (4.24]), and consequently (2.4), at all nodes for all
times ¢t =0,...,7 — 1.

(b) Using , we can write the inequality J;(&, ﬁ) >Y; as
B (Se =S+ By (8P = 8) < 2 -V,
or, equivalently, as
Bi(ST —8)>Y,—Z, Vre{a,b}. (4.25)

We shall verify (4.25) for each t =0,...,T.
For t = 0 this is trivially satisfied because fy = 0 and Zo > Yy. For any

t=1,...,T and any wy_1 € Q;_1 consider the tree fragment
wir—1u
Wt—1 <
wt_ld
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We shall verify (4.25) at node w;_ju. For brevity, w;—1 will be omitted in the
expressions below. By the construction of S, V', Z there are u,v,w € {a, b} such
that at the respective nodes

Sthl =5
ia=vty <
Zi1=2Zi"

and
Vity = BV (Zy; Zy).

Observe that

2l = 2(Q) _ 20w - ZP(@)
Si(u) = Si(d)  Sf(w) —Sp(d)
By (4.19), for any r € {a, b}

By (Ze; Zy) > By Y (Ze; Zy),

which can be transformed into
Be (ST () = S () > Z{ () — 2} (u) > Yi(u) — Z{(u) > 0.

This implies (4.25) at node w;—ju. The argument at node w;_1d is similar.
We have therefore verified (4.25), and consequently the hedging condition
9¢(&, B) > Yy at each node for every t =0,...,7. ®

We are now in a position to summarise our results obtained so far in the
following theorem, providing various representations of the ask price 7%(Y") of
an American option Y.

Theorem 4.4 In a model with proportional transaction costs subject to the
small transaction costs assumption (2.3)) the ask price 7®(Y) of an American
option Y can be represented as

YY) =Gdg = Zo = 78 70 = R’(Y:) = E(Y,).
m(Y) = do = Zo = max{Zg, Zg} = E(Y?) = maxmaxE(Yr)

In particular, this implies the correctness of Algorithmfor computing 7 (Y)
asserted in Claim |4.1].

Proof By the definition (4.17) of 7*(Y") and Lemma[4.3| we know that 7%(Y) <
Go. Next, &g = Zy by the construction of &g, Zy = E(Y:) according to
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Lemma , and ]E(Yf) < max,c7 maxpep E(Y;) since 7 € T and PeP. More-
over, max,e7 maxpep E(Y7) < 7(Y) by Lemma Finally, Zy = max{Z¢, Z{}
by the construction of Z. This completes the proof. m

Algorithm for the ask price of an American option is similar to the
standard iterative construction of the Snell envelope. However, in this form
it does not readily extend to the bid price case. We shall now present an
alternative and somewhat more complicated version of the algorithm, which
will be extended to the bid price case in the next section.

Algorithm 4.1a (ask price of American option, reformulated) Denote
by Y = (Y%, Y?) the R%-valued process with Y = Y* = Y, where Y is the
payoff process of an American option with expiry time 7', and construct an
R2-valued process V = (V¢ V?) by backward induction as follows:

1. Put
VE=VE=Yrp;
2. For each t =1,...,T and each u € {a,b} take

u —
Vili =

max max EY(M;N).
M,Ne{Y,,V:}v,we{a,b}

Claim 4.1a The ask price of the American option is given by
7(Y) = max{Yp, max{Vy, Vob}}.

Proof Observe that V;* is equal to that given by and that Z} =
max {Y;, V;*} for each ¢ = 0,...,T and each u € {a,b}. As a result, this
version of the algorithm can also be used to compute the ask price as 7*(Y') =
max{Z¢, Zt} = max{Yy, max{Vg, V} }}. =

4.2 Bid Price Algorithm

Algorithm can be modified to apply to the bid price case as follows.
Algorithm 4.2 (bid price of American option) Denote by Y = (Y, Y?)
the R2-valued process with Y* = Y = Y, where Y is the payoff process of

an American option with expiry time 7', and construct an R2-valued process
U = (U%,U") by backward induction:

1. We put
Ut =Ub = Yp;

2. For each t =1,...,T and each u € {a, b} we take
Ut = max min  E¥Y(M;N). (4.26)

M,Ne{Y,,U,} v,we{a,b}
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Claim 4.2 The bid price of the American option is given by
7(Y) = max{ Yy, min{U¢, U¢}}.
The claim will be proved in Theorem

Let us construct R-valued processes S,U and an R?-valued process U such
that:

1. For some M € {Y,Up} and u € {a,b}

So = S¥,
IJO = Mu’
UO = Ma
and
M* = min{M*, M*} = max{Yy, min{Ug, U¢}}. (4.27)

2. Foreacht=0,...,7 —1 and each w; € Q; there are K,L € {Y¢11, U1}
and v, w € {a,b} such that

Sepr(win) = SPy (@), Sepr(wed) = S (wed),
Upy1(wn) = K (wen),  Uppr(wd) = L (wed),
Uit (wiu) = K(weu), Uiy (wpn) = L(wgu),

and
U (wy) = dmgnb} Ede(K;L|wt) = E"(K; L|wy) (4.28)
c,deqa,
for each u € {a,b}. The existence of such K,L and v, w follows, respec-
tively, from Propositions [6.2] and [6.1}

Remark 4.2 The processes S, U, U may not be unique. The lack of uniqueness
may arise whenever there is more than one pair K, L € {Y41, Uyy1} or more
than one pair v, w € {a,b} such that holds for each u € {a,b}, or there
is more then one M € {Y(, Up} or more than one u € {a,b} such that
holds. In such cases we can choose any S, U, U satisfying the conditions above.

Let P be the probability measure turning S into a martingale. It is well
defined and equivalent to Q because, by the small transaction costs assump-
tion , Siy1(wi) > Sy(wi) > Syy1(wed) for each t = 0,...,7 — 1 and each
w; € 4. Since Sf <S5 < Sf for each t = 0,...,T, we have P € P.

We also define a stopping time 7 € 7 by

T = mln{t | Ut = Yt}

Observe that the definition of 7 involves the R?-valued processes U and Y. This
is in contrast to the stopping time 7, which was introduced in Section [4.1| in
connection with the ask price of an American option and defined in terms of
R-valued processes, namely Z and Y.
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Lemma 4.5 (a) The stopped process Uz is a martingale under P;
(b) E(Y;) = Up.

Proof (a) By the construction of S,U, U, for any t = 0,...,7 — 1 and any
wi € Qy there are u,v,w € {a,b}, K,L € {Y;y1, U1} and M € {Y,, U;} such
that

Si(we) = Sp(wi),  Sera(wn) = S (W), S (wid) = S (wid),
Up(wy) = M*(wy), Uppr(wm) = K*(w),  Uppa(wrd) = LY (wd),
Ut(wt) = M(wt), Ut_,_l(wtu) = K(wtu), Ut+1(wtd) = L(wtd),

and (4.28) holds. If t < 7 on wy, then M(w;) = Ug(wy), so that M¥(wy) =
U (wt), and we obtain

Up(we) = Ut (we) = By (K; Llwy) = E(Up1|wr).
This means that on {t < 7}
Urne = E(Usps) | F2)-

On the other hand, on {t > 7} we have Us,; = U%/\(Hl), and since Uz is
Fi-measurable, 5 o o
Uspt = E(U%/\tu:t) = E(U%/\(Hl)‘}—t)a

completing the proof that Us,, is a martingale under P.

(b) By the definition of 7 we have U: = Y, which implies Uspr = Uz = Y3,
so that E(Y;) = E(Usar) = Uy by (2). m

Next, we define predictable processes ¢, 3 such that 3y = 0 and for each
t=20,,...,T o 5
dt + 6tSt = _Ui—/\t. (429)

Since S and the stopped process Usp; are martingales under P, it follows that
foreacht=0,..., 7T —1

Grp1 + Bry1Se = gy + B E(Spa | )
= B + By Sir11F) = —E(Urnqsy | Fr) = —Usne. (4.30)

Also observe that 3, = 0 and &; = —U; on {7 < t}.

Lemma 4.6 (a) (&,() € (5%, S?),

(b) 9:(&, f) = —Ys.

Proof (a) By and the self-financing condition can be written

as
(Bes1 — Be)T(Sf = Se) + (Bea1 — B)~(Se — SP) < 0.
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This, in turn, is equivalent to
(Besr = Be)(Sf = S¢) <0 Vr € {a,b}. (4.31)

We shall demonstrate that (@, 3) satisfies foreacht=0,..., 7 — 1.
First, suppose that ¢t = 0. If ¥ = 0, then ﬁo =3 =0 and - att =0
follows trivially.
If t =0 and 7 > 0, then we consider the tree fragment

wou
/
wo
N\
w()d
In the expressions below wg will be omitted for brevity. By the construction

of S,U,U there are K,L € {Y1,U;}, M € {Y,,Ug} and u,v,w € {a,b} such
that at the respective nodes

Sl () = S7(uw)
71 (u) = K*(u)
Ui (u) = K(u)

hoie

Uy=M N
S1(d) = S{”(d)
Ui(d) = L*(d)
Ul(d) =1L(d)

and
Uy = C’dlg{igb} Eud(K; L) = Ey*(K; L). (4.32)

Observe that _ _
ji= D=0 K Lr)
S1(u) — S1(d) S57(u) = 57(d)
Since 7 > 0, we know that M = UO, so U} = M* < M

r € {a,b}. By (4.32)) and Propositlon

Uy = Ef*(K; L) < Eg"(K; L
0=, oin Eg"(K;L) < Eg™(K; L).

M" = Uy for each

As a result, for each r € {a, b}
B (K; L) < Eg"(K; L),
which can be transformed into
$1(S; — Sg) < 0.

Since By = 0, this gives (4.31)) for t = 0 and 7 > 0.
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Next suppose that t = 1,...,7 —1 and ¥ < ¢. Then 3, = Bt+1 = 0 and
(4.31)) is self evident.

Ift=1,...,7 —1 and 7 > t, then consider the tree fragment

wi—1uu
/
wr—11a
N\

wi_qud

wt_ld

We shall verify at wy_ju. For brevity w;_; will be omitted in the ex-
pressions below. By the construction of S, U, U there are I,J € {Yii1, Ui}y
K,L €{Y: U}, M € {Y;_1,U;_1} and u,v,w,g,h € {a,b} such that at the
respective nodes

Seva(un) = 87, ()
Upy1(uu) = I9(uu)
U;pq(uu) = I(uu)

Siw) = S0
qt (u) = K" (u) \
§ U;(u) = K(u )
=St Sus1(ud) = St (ud)
[{t—l = Mu \ l[t“(ud) = Jh(lld)
Ut—l = M 5 Ut+1(ud) = J(ud)
St(d) = 5¢(d)
Uy(d) = L*(d)
U (d) =L(d)
and
Uty = min B} (K; L) = E{*}'(K; L), (4.33)
U (w) = min EV(T; Iu) = B9 (L; I |u). (4.34)

)

Observe that B B
Ug(u) —Uy(d)  K"(u) — L"(d)

g = Q-G Ko - Lo(d)
LSS S - SP)
From (|4.33)) we deduce that for each r € {a, b}

E{*Y(K; L) < EfY(K; L),
which can be transformed into

= B¢ (87 (w) = 87 (w) < K" (u) = K" (u). (4.35)
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Now if 7 = t at w;_ju, then ;41 (u) = 0 and K(u) = Y;(u), that is, K" (u) =

K?(u) = Y;(u), so that (4.35) implies (4.31) at node w;_ju. If, on the other
hand, 7 >t at wy;_ju, then

Bt 1(n) = — []:t+1(uu) - [:]t+1(Ud) _ I9(uu) — Jh(ud) .
' St1(u) = Spy1(ud) S71(uu) — Sp, 4 (ud)

From ({4.34)), by Proposition we know that for each r € {a, b}

U7 (u) = min E{ (I Tju) < E;*" (T; J]u).

As a result, by
Uf (w) = U (w) < Ef" (T I|u) — B} (I; T |u),
which can be transformed into
U7 (w) = Uy () < =B (u) (57 (w) — SF (w)). (4.36)

But 7 > t at w;—ju also means that K(u) = U,(u), that is, K"(u) = U/ (u) and
K?(u) = U} (u), so (4.35)) and imply at node w;_qu. In a similar
manner, one can verify (4.31)) at each node wy_1d for ¢ = 1,...,T — 1 in the
case when 7 > t, completing the proof of (a).

(b) We want to show that iz +ﬂV;LS$ —B;S? = —Y:. Because &z +3:5: = —Us
and U; = Y; this equality can be written as

O (8: = S2) + 57 (9% - 55) =0,
which is equivalent to
B:(SE—8:) >0 Vre{a,b}. (4.37)

We shall show that (¢, 3) satisfies .
If 7 = 0, then (4.37) follows immediately since Bo = 0.
Suppose that ¥ > 0. If ¥ = t at a node w;_qu, then we shall consider the
tree fragment
wir—1u
W—1 <
wtfld

and we shall verify (4.37) at w¢_ju. For brevity, w;—1 will be omitted in the
expressions below. By the construction of S,U, U there are K,L € {Y;, U;},
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M e {Y;_1,U;_1} and u,v,w € {a,b} such that at the respective nodes

Si(u) = 57 (u)
Us(u) = K*(u)
5 o U;(u) = K(u)
Ui_1 =M /
U,_1=M N
$i(d) = S (d)
Ue(d) = L*(d)
ﬂt(d) =L(d)

and
Uiy = min B L) = B (K L),

Observe that _ _
5o U0 =) K0 = L ()
St(u) — Se(d) 5P (u) — 5i(d)

It follows that for all r € {a,b}

(K L) < BV (K; L),
which can be transformed into
— B¢ (S7(n) = 5¢(w) < K"(u) — K*(u). (4.38)

Because 7 = t at w;_1u, we know that K(u) = Y(u), so that K" (u) = K"(u) =

Yi(u), and (4.38) implies (4.37) at w;_qu, as required. The argument to verify
(4.37)) if 7 =t at a node wy_1d is similar, completing the proof. m

Lemma 4.7
inE(Y;) < Up.
vey iR E0e) = o
Proof We take any 7 € 7, consider a European option with payoff X = —Y,
expiring at time T, and construct processes Z%, Z? as in Algorithm Observe
that for each u € {a,b}
—Zr=Y,.

We claim that for each u € {a,b} and for each t =0,...,T
—Z{ < U

on {7 > t}. This claim can be proved by backward induction on ¢. Since
{r > T} is empty, the claim is trivially satisfied for ¢ = T. Now suppose that
the claim is valid for some ¢t = 1,...,T. At each node w;_1 € Q;_1 such that
T >t—1at w1 (that is, w;—1 C {7 >t —1}) there are up to four possibilities:
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1. If 7 >t at wy—ju and at wy_1d, then —Z) < U} at w,—ju and —Z;* < U
at wy_1d for each v, w, so by (3.10) and (4.26) for each u
—Zyy < min BV (UG Uy) < Uy

v,we{a,b}

2. If =t at wp—qu and 7 > t at wy_1d, then -2} = Y; at w,—1u and

—ZP < U at wy—1d for each v, w, so by (3.10)) and (4.26) for each u

—Zi 1 < min Eﬂ?(YﬁUt) < Uty

v,we{a,b}

3. If 7 >t at wg_qu and 7 =t at wy_1d, then —Z} < U} at w;—ju and
—7Z =Y; at wy_1d for each v, w, so by (3.10]) and (4.26]) for each u

ZE, < min EEY(USY) <UL
v,we{a,b}

4. Finally, if 7 = t at wy_1u and at w;_1d, then —Z7 = Y; at w;—ju and

—Z =Y, at wy_1d for each v, w, so by (3.10)) and (4.26]) for each u

ZE, < min EBPV(YRY) <UL
v,w€{a,b}

This verifies the claim. It follows that —Z§ < U} on {7 > 0} for each w.
Moreover, —Z4 = Yy on {7 = 0} for each u. As a result,

—max{Z¢, Z{} = min{—Z¢, - 2%} < max{Yy, min{U¢, U}} = Up.
By Theorem [3.4] we therefore obtain

inE(Y,)=— E(-Y;) = — Z8, 78 < Uy,
min E(Y;) = —maxE(-Y;) = —max{Zg, Z;} < Uo

completing the proof because of the arbitrariness of 7. m

Theorem 4.8 In a model with proportional transaction costs subject to the
small transaction costs assumption (2.3) the bid price ©°(Y) of an American
option Y can be represented as
(V) = —dg = Uy = max{Yy, min{U¢, US}} = E(V;) = maxmin E(Y;).
TeT PeP

In particular, this implies the correctness of Algorithm for computing 7 (Y)
asserted in Claim [{.9

Proof By the definition of 7(Y') and Lemmawe know that 7°(Y) >
—dy. Moreover, —cdy = Uy by the construction of ¢, Uy > max,c7 minpep E(Y;)
by Lemma and max,c7 minpep E(Y;) > 7°(Y) by Lemma Finally,
Up = E(Y;) by Lemma and Uy = max{Yp, min{Ug, U%}} by the construc-
tion of Uy, completing the proof. m

27



5 Concluding Remarks

We have extended the construction of the Snell envelope to compute the bid and
ask prices of American contingent claims under small proportional transaction
costs. In addition, we have provided iterative constructions of optimal hedging
strategies for the seller as well as for the buyer of an American option. As
a special case, we have also considered European options in the same setting.
The pricing algorithms are based on backward induction, involving the solution
of an optimisation problem at each tree node, and can be viewed as dynamic
programming procedures. An interesting new feature of these algorithms is that
it is necessary to keep track of two quantities at each node, rather than a single
one as in the well known case with no friction. Otherwise, the algorithms have
many features in common with the recursive construction of the Snell envelope,
to which they in fact reduce in the absence of transaction costs.

We have only considered contingent claims with cash delivery and assumed
implicitly that the option buyer or seller have no position in the underlying asset
initially. This would, of course, be no consequence in a friction free market.
However, in the presence of transaction costs the algorithms would need to be
adapted for an option buyer or seller with a long or short initial position in the
underlying or to allow for options with physical delivery or, generally, mixed
delivery with the payoff being a portfolio of cash and underlying stock.

A natural next step is to try to construct similar algorithms under relaxed
assumptions of small proportional transaction costs. In the case of European
options this is addressed in Tokarz [Tok04] for arbitrary proportional transaction
costs, as long as the model remains free of arbitrage. The procedure is similar
to the algorithms in the present paper, except that one has to keep track of
more than two quantities at any node for which the underlying bid-ask spread
overlaps with that at an adjacent node.

Other directions in which the algorithms could be extended in future work
involve more general models, including incomplete ones, and other kinds of
friction, such as, for example, different lending and borrowing rates, differently
priced short and long positions, short selling restrictions, or fixed transaction
costs.

6 Appendix

Here we shall state and outline the proofs of two technical propositions concern-
ing a single-step tree

St (u)
St (w)
S¢S
Se N
S(d)
Sp(d)
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with small proportional transaction costs, i.e. subject to assumption (2.3)). The
results also apply to any single-step fragment of a larger binary tree model,
which is how they are used in the preceding sections. The full details of the
proofs, which are elementary but somewhat tedious, can be found in [Tok04].

Consider any two R2-valued random variables A = (A% A%) and B =
(B, B®) in the single-step model. Then the following propositions hold.

Proposition 6.1 For any c,d € {a,b} the following conditions are equivalent:

(a) min E§U(A;B) = E§*(A;B);

v,we{a,b}

(b) min E"(AB)=Ef*(AB).

The conditions remain equivalent if the minima are replaced by mazima.

Proof Outline The main steps of the proof are:

1. For any c,d,e, f,u € {a,b} such that ¢ # e and d # f show that the
inequalities

E§“(A; B) < E§*'(A; B), (6.39)
Ey*'(A;B) < E¢*/(A;B) (6.40)

imply
Eyd(A; B) < Ev/ (A;B),

and deduce that (6.39)), (6.40) are equivalent to

min  Ej"(A;B) = Eng(A; B).
v,we{a,b}

2. Verify that for any c¢,d,e, f € {a,b} the inequalities (6.39)), (6.40) with
u = a are equivalent to (6.39)), (6.40) with u = b.

The equivalence of (a) and (b) follows directly from steps 1 and 2 above. m

Proposition 6.2 For any C,D € {A,B} the following conditions are equiva-
lent:

a in E§"(V;W)= min E§"(C;D);
(@) | max ., Jin Eg™(V;W) = min  Eg™(C;D)

b in EXY(V; W) = in EY*(C;D).
(®) | max gy, 00, B (ViW) = min B¢ (GiD)

Proof Outline The main steps of the proof are:
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1. For any C,D,E,F € {A B} such that E # C and F # D and for any
u € {a,b} show that the inequalities

in EY(C;D)> min EY(E;D), 6.41
v,wnel?;,b} 0 ( ) - v,wnel}{g,b} 0 ( ) ( )
in Ey"(C;D)> min Ey*(C;F 6.42
v,wn;?;,b} 0 ( ) - v,wnel?;,b} 0 ( ) ( )

imply
in E{"(C;D) > min E§"(E;F),
p i EgT(CiD) 2 min g™ (E;F)

and deduce that (6.41]), (6.42) are equivalent to

max min  E§"(V; W)= min E{**(C;D).
V,We{A B} v,we{a,b} v,we{a,b}

2. Verify that for any C,D,E, F € {A, B} the inequalities (6.41]), (6.42) with
u = a are equivalent to (6.41)), (6.42) with v = b.

The equivalence of (a) and (b) follows directly from steps 1 and 2 above. m
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