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insert at the end of Preface:

As this book is going into its 3rd printing, we would like to thank our
students and readers for their support and feedback. In particular, we
wish to express our gratitude to Taonnis Emmanouil of the University of
Athens and to Brett T. Reynolds and Chris N. Reynolds of the University
of Wales in Swansea for their extensive and meticulous lists of remarks
and valuable suggestions, which helped us to improve the current version
of Basic Stochastic Processes.

We would greatly appreciate further feedback from our readers, who are in-
vited to visit the Web Page http://www-users.york.ac.uk/"tz506/bsp
for more information and to check the latest corrections in the book.

Zdzistaw Brzezniak and Tomasz Zastawniak
Kingston upon Hull, June 2000

Replace the text of Exercise 1.6 by:

Show that if ¢ has discrete distribution with values zq,x2,... , then F¢

is constant on each interval (s,¢] not containing any of the x;’s and has
jumps of size P{¢ = z;} at each ;.

Replace Solution 1.6 by:
If s < t are real numbers such that x; ¢ (s,t] for any 4, then

Fe(t) — Fe(s) = P{ <t} — P{{ < s} = P{{ € (s,1]} =0,

i.e. Fe(s) = Fe(t). Because F is non-decreasing, this means that F¢ is
constant on (s,t]. To show that F¢ has a jump of size P{{ = z;} at each
x;, we compute

lim Fe(t) — lim Fe(s) = lim P{& <t} — lim P{¢<s
[t e(t) Jim e(s) i {£<t} Jim {€ < s}

:P{ffmz}—P{€<.’L‘l}=P{£:$1}
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Jz E(€)dP should be [,{dP
n=1—|2z —1] should be n(x)=1- |2z —1|
B = should be A=Q

the sentence

Indeed, if A is such a set, then A = {n € 24 — 1} € o(A).

should be replaced by

Indeed, if A is such a set, then A = {n € B}, where B = {2z : = €
ANJ0,3]} is a Borel set, so A € a(n).

F(y) should be F:R—R

F(y) should be F:R—R

ﬂ P{r >2Kn} should be P (ﬂ {r > 2Kn}>
n=1 n=1

replace 2) by 1)

replace the last 10 lines on page 72 by:
for any @ < b. Since the set of all pairs of rational numbers a < b is
countable, the event

A= m { lim U,la,b] < oo} (4.3)

n—oo
a<b rational

has probability 1. (The intersection of countably many events has proba-
bility 1 if each of these events has probability 1.)

We claim that the sequence &, converges a.s. to a limit £. Consider the
set
B = {liminf ¢, <limsup&,} C Q
n n

on which the sequence &, fails to converge. Then for any w € B there are
rational numbers a, b such that

liminf &, (w) < a < b < limsup§, (w),

implying that lim,, ., Uy[a, b](w) = co. This means that B and the event
A in (4.3) are disjoint, so P(B) = 0, since P(A) = 1, which proves the
claim.

the sentence

Because this o-field is generated by the family of sets F; UFoU - - - it follows
that £ =14 a.s.

should be replaced by

The family G consisting of all sets B € F such that [, {dP = [, 14dP is
a o-field containing F; U FoU--- . As a result, G contains the o-field F
generated by the family 73 U FoU--- . By Lemma 2.1 it follows that
f = 1A a.s.
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Solution 4.5 should be replaced by:
In Example 3.4 it was verified that &, = E({|F,) is a martingale. Let
€ > 0. By Lemma 4.2 there is a § > 0 such that

P(A)<6:>/ €] dP < .
A

By Jensen’s inequality |&,| < E(|¢] |Fn) a.s., so

E()) > E(&a]) > /

[Enl AP > MP{|§n| > M7}
{Ign|=M}
If we take M > E(|¢])/6, then
P{|&,| > M} <6.

Since {|¢,] > M} € F,, it follows that

/ 6] dP < / E(€||F.) dP = / €]dP <,
{lén|>M} {l€n|>M} {l&n|>M}

proving that &, = E(¢|F,) is a uniformly integrable sequence.

P@m4=m&:ﬂ)ngwﬂ=0£n=n

P(fn = 1)
should be P(§ 1, = O)
Plgnt = 1160 = 0) = =55

P(n=0)=q=1—p should be Pipp=-1)=q=1-p
o =0 should be & =0

7o =4 should be &y =1

pn = P(§, =0) should be pg(n)= P& =0)

j>1>0 should be j7,¢:>0

replace Propostion 5.6 by:
The probability of survival in Exercise 5.12, part 2) equals 0 if A < 1, and
1 — 7% if X\ > 1, where k is the initial Vugiel population and # € (0,1) is a
solution to

r=elrHA, (5.28)

probability of extinction is certain
should be
probability of extinction is 1

A>0 should be A>1
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(n+1)th should be (n+ 1)st

+1 should be -1

Fyj(w) — >, fu(ili) =1

should be

Fij(x) = >, fa(jli) =lasz /1

(5.73) should be (5.43)

e :=p(jli)p(ilj) should be & := py(jli)pn(ils)
Zrysespm(i|s)pk(s|r)pn(r|i) should be ZT’SGSpn(i|s)pk(s|r)pm(r|i)

These lines should be replaced by the following:
To prove 5) it is enough to show that d(i) < d(j). Using the first inequality
derived above, we have

Protktm (i) > epr(4]7)

for all £ € N. From this inequality we can draw two conclusions:

(a) d(#)|n + m, since by taking k = 0 we get py1m (i]i) > 0;

(b) if pk(]|]) > 07 then pn+k+m(i|i) > 0.

From (a) and (b) we can see that d(z)|k provided that py(j|j) > 0. This
proves what is required.

p(jli) > 0 for all 4,5 € C
should be
for all 4,5 € C there exists an n € N such that p,(j|i) > 0

R=S\C should be R=S\T
If 1 < j, the both should be Ifi « j, then both
the line

where Fj;(z) is defined in (5.39);

should be replaced by

where F};(1) is the probability that the chain will ever visit state j if it
starts at ¢, see (5.39), and where m; is the mean recurrence time of state j,
see (5.44);

if each i € S is ergodic.

should be

if each 7 € S is ergodic, i.e. each state i € S is positive, recurrent and
aperiodic.

ergodic Markov chain
should be
ergodic irreducible Markov chain
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replace the hint by:
Use Theorem 5.5. You may assume as a known fact that if j is recurrent
and i < j, then Fj;(1) = 1.

>.>,; should be ),

replace Exercise 5.36 by:

Prove that if there exists an invariant measure for the Markov chain in
Exercise 5.14, then X := Z;io jq; < 1. Assuming that the converse is
also true, conclude that the chain is ergodic if and only if X < 1. Show
that if such an invariant measure exists, then it is unique.

replace the hint by:

Suppose that 7 = Z;io m;0; is an invariant measure. Write down an
infinite system of linear equations for 7;. If you don’t know how to follow,
look at the solution.

Pkno (j1i) = an(jli) should be  prn,(jli) = qx(jlt)
maxy pn(jlk) should be ming p,(j|k)

min; p,(j]¢) should be min; py41(4li)

ming p,(jlk) should be maxy p,(jlk)

max; p,(j]7) should be max; p,y1(J|i)

mj(n) should be my,(j)

€ ESGS Pn (j|$)€pn(8|j) should be ¢ ZsES Pn (]'S)pn (SU)

Chapman-Kolmogorov equations
should be
by the Chapman-Kolmogorov equations

pr(sli) > € should be p(s]i) > ¢

Mp(j) D seg(l —€) should be (1 —e)my(y)
Mp41  should be my41())

m, should be m,(j)

equals 1 or 0 should be equals —1 or 0
j>4>1 should be t2>1,7>¢—1

the sentences

On the other hand, P(§,41 = j|&, = 0) = 3re™ if j > i = 0. Finally, if
j=i—1,i>1, then P({, 4 =i — 1]&, = 1) = pe ™.

should be replaced by

On the other hand, if j > 0, then P(&,41 = j|€, = 0) = 3re ™



1245 formula (5.71) should be replaced by

4 ifi=0,j€N,
p(ili) = djoiyr, i1, 5>i-1, (5.71)
0, otherwise,

1243 formula (5.72) should be replaced by

/ Pak, lfk:(),
= : 72
B { (1 —p)gr—1 + pqr, ifk>1. (5.72)

127 Poo(z) = D07 fn(0]0)z™  should be Poo(z) = > oo pn(0]0)z"

1306 > iesPn(li)pui < pi should be  py(jli)us < p

132% Tl(z) = 3272 mjz*  should be TI(z) = 77, m;az)
1323 Q(z) = Z?io ¢;x" should be Q(x)= Z;‘io q;@7
132% G(z) = Y72, ¢ja" should be G(z) =372 ¢z’

13213_7 these lines should be replaced by:
1) if X' # 1, then II(z) — mo 252
2) if X =1, then II(z) — occ.
In case 1) 1“1‘i;,)‘l > 1, since mg < 1. It follows that ﬁ > 0, and so
N < 1. Moreover, in this case

1-X

=TTV N

The above argument shows that if there exists an invariant measure, then
it is unique. Now suppose that an invariant measure exists (and then it is
unique).

1372 (%) iz should be (%)i x
137% 2 = ¢(i) — ¢(0) should be == ¢(1)— ¢(0)
2yi 1

137, insert = Dbefore (g)aj
p
154° {(z,y) : x —y € A} should be {(z,y):y—z€ A}

1545 {y:x —y € A} should be {y:y—z¢€ A}

1547 p(t — s,z,m —u) should be p(t—s,z,2+u)

16515 P{m < s} should be P{n < s1}

173° t— V() =W(t+T) should be tw— V(t)=W(t+T)—W(T)
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2t in the denominator should be 2t2

t in the denominator should be ¢2
p(t—s,W(t),y) should be p(t—s,W(s),y)
p(t —s,W(t),y) should be p(t—s,W(s),y)

the approximations should consist only of random variables adapted to
should be

the approximations of the integrand should consist only of processes adapted
to

depend only by what has happened up to time ¢, not on any future events.
should be

depend only on what has happened up to time ¢, but not on any future
events.

form should be from
Exercise 7.4 should be Exercise 7.6

insert the following sentence at the end of the hint:
You may also need the following identity:

(@>=1*) = (a—b)" +4(a—b)*b+4(a—1b)>v>.

|fn(t) — f(t)|> <2C? should be |f,(t) — f(t)* <4C?
2TC? should be 4TC?

SL(APW)? =t should be NP (AMW)E T
Sty AP W)? — ¢ should be Yok (APW)? — T
x€[-n—1,n+1] should be x¢[-n—1,n+1]
will replaced should be will be replaced

where a belongs to M? and b to £}
should be
where a belongs to £} and b to M}

form should be from

To obtain a solution
should be replaced by
Once we have shown that such a £ € M2 exists, to obtain a solution

are strict contractions.

should be replaced by

are strict contractions with contracting constants a7 and s such that
a; +as < 1.



206 S-||¢ —¢|[x should be S-||€ (|3
206* A\ > C? should be A > (C?/e

206* ®, is a strict contraction.
should be replaced by
®, is a strict contraction with contracting constant < e.

210° E(n;¢;A3) should be E(n;¢|A;W %)
210° E(A%) should be E(|A;W[?)

214, the line
in L? as n — oo, since by the Cauchy-Schwartz inequality
should be replaced by

2
in L? as n — oo. Indeed, by the classical inequality ’Z;:Ol a;| <

nZ?;Ol \ai|2 and by the Cauchy-Schwartz inequality
215, 4 (E(W, — W,)?W2) should be 4E (W, — W,)?W?2)
21913 F(t,W(t)) =nW(t)"~! should be F./(t,W(t))=nW(t)"!
2199 F(t,W(t)) =nW(t)""! should be F.(t,W(t))=nW ()" !
220! 0e®'F/(t,z) should be oe* F.(t,x)
x(

220% 0e®'F/(t,z) should be oe* F.(t,x)



