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Abstract

The celebrated construction by Munn of a fundamental inverse semigroup Tg
from a semilattice E provides an important tool in the study of inverse semi-
groups. We present here a semigroup Cg that plays the Tg role for Ehresmann
semigroups. Inverse semigroups are Ehresmann, as are those that are adequate,
weakly ample or weakly hedged. We describe explicitly the semigroups Cg for
some specific semilattices E and extract information relating to the correspond-
ing classes of Ehresmann semigroups.

1. Introduction

To what extent is the structure of a semigroup S determined by a subset E
of its set of idempotents? Of all the many possible approaches to this question
we take the path first laid out by Munn. Munn considered fundamental inverse
semigroups, that is, inverse semigroups having no non-trivial idempotent sepa-
rating congruences. Munn [13] showed how an important fundamental inverse
semigroup Tg could be constructed from any semilattice F, via partial isomor-
phisms of E. The Munn semigroup Tgr of E has semilattice of idempotents
isomorphic to £ and is ‘maximal’ in the sense that an inverse semigroup S with
semilattice of idempotents E is fundamental if and only if it is isomorphic to a
full subsemigroup of Tg. Further, if S is an inverse semigroup with semilattice
of idempotents F, then there exists a homomorphism ¢ : S — T whose kernel
is p, the maximum idempotent separating congruence on S [13].

In this paper we develop Munn’s approach for a class of semigroups named
FEhresmann by Lawson [12]. These semigroups arose from his study of the
connection between semigroups and the classes of ordered small categories in-
troduced by Ehresmann [3]. Specifically, Theorem 4.24 of [12] states that the
category of Ehresmann semigroups and admissible homomorphisms (that is,
homomorphisms preserving a given unary operation,) is isomorphic to the cate-
gory of Ehresmann categories and strongly ordered functors. This is analogous
to the relation between inverse semigroups and inductive groupoids. From our
standpoint, Ehresmann semigroups are arrived at via equivalence relations L g
and R g, defined on a semigroup S containing a semilattice £ as a subsemi-
group. These relations contain Green’s relations £ and R and share some
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of their properties. Following the terminology of Lawson, we say that the pair
(S, E) is an Ehresmann semigroup if every L g-class and every R g-class con-
tains an idempotent and if, in addition, L g is a right congruence and R E
is a left congruence. We remark that if S is inverse then Lpg) = £ and

R Bs) = R, and clearly, (S, E(S)) is Ehresmann. Similarly, any adequate
semigroup is Ehresmann. Further examples abound; we give details of these as
we proceed.

For an Ehresmann semigroup (S, E) we denote by ugr be the largest
congruence contained in 7—~(E = ZE N ﬁE We say that (S, E) is fundamental
if pg is trivial. The aim of this paper is to construct from a given semilattice
E a semigroup Cg containing a semilattice of idempotents E isomorphic to
E such that (Cp, E) is fundamental Ehresmann. Further, for any Ehresmann
semigroup (.5, F), there is a homomorphism 65 : S — Cg such that 6 restricts
to an isomorphism from E to E, and such that the kernel of f5 is the relation
pur on S. It follows that an Ehresmann semigroup (S5, E) is fundamental if and
only if O is injective.

The structure of the paper is as follows.

In Section 2 we give details of the relations L E and R g and col-
lect together some preliminary results from [7]. We show that there is a ho-
momorphism 0 with kernel pg from an Ehresmann semigroup (S, FE) to
O1(EY) x O3 (E'), where O1(E") consists of all order preserving functions from
E' to E and here, as elsewhere, a * denotes the dual of a semigroup. Since
pp is contained in H g, it follows that @g is one-one on E. We write E
for FOg.

Section 3 contains the main results of the paper, namely the construction
of a fundamental Ehresmann semigroup (Cg, E) from a given semilattice E.
The semigroup Cg is a subsemigroup of O;(E') x Of(E*); as remarked above,
the semilattice E is isomorphic to E. We show that the image of @ for any
Ehresmann semigroup (5, F) is contained in Cg and consequently, (S, E) is
fundamental if and only if fg is an embedding.

Section 4 concentrates on the special case of weakly FE-hedged semi-
groups, which formed the topic of [7]. Weakly F-hedged semigroups are Ehres-
mann semigroups having the property that the image of 0 consists of pairs
of endomorphisms of E. A fundamental weakly E-hedged semigroup Fg was
contructed in [7]. We show that Fp is a subsemigroup of Cr and make some
comparisons between Fg and Cg.

A discussion of the path that led us from inverse semigroups, through
type A or ample semigroups [5] and the weakly E-hedged and weakly E-ample
semigroups of [7], to Ehresmann semigroups, is delayed until Section 5. By this
point sufficient details are in place for a deliberation of the obstacles to progress
to be meaningful.

In the final section we take some small semilattices £ and describe
explicitly the semigroups Fg and Cpg. This enables us to find small examples
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of Ehresmann semigroups that do not fall into any of the classes of semigroups
previously considered.

2. FE-semiadequate semigroups and the maps «,, 0,

Throughout this paper E denotes a semilattice, and E' denotes E with identity
adjoined if necessary. If E is a commutative subsemigroup of idempotents of
a semigroup S, we say simply ‘FE is a subsemilattice of S’. Note that we do
not insist that E consist of all idempotents of S. However, in the case that
E = E(S) we may omit mention of E from our definitions and statements.

Ehresmann semigroups form a subclass of the class of E-semiadequate
semigroups. The latter are approached via the relations £r and R g, which
we now define.

Let E be a subsemilattice of a semigroup S. For any a € S we put
ag={e€FE:ae=a}and ga={e€ F:ea=a}.

Notice that if ga is not empty, it is a subsemilattice and filter in E’; dually for
ag. The relations Lg and R are defined by

aEEb<=> ag = bg andaﬁEb@) Ea=pgb

for any a,b € S. Clearly, L EJ% g and hence their intersection H E are
equivalences.

Recall from [7] that S is E-semiadequate if every L p-class and every
R g-class contains an idempotent of S. The following result is straightforward
but useful enough to be highlighted as a lemma.

Lemma 2.1.  Let E be a subsemilattice of S. For any a € S and e € E,
a Lge if and only if e is the minimum element of ag. Consequently, a is
L i -related to at most one idempotent of E.

Together with its dual the lemma gives us

Corollary 2.2. Let E be a subsemilattice of S. Then S is E -semiadequate
if and only if for each a € S, the sets ag and ga contain a minimum element.

For an F-semiadequate semigroup S we denote by a* (a™) the unique
idempotent in the £ p-class (R g-class) of a. Thus a* (a*) is the minimum
element of ag (ga, respectively). Notice that for any e € E, e* = e so that
for any a € S, (a*)* = a* and for any b,c € S,

b Lpcif and only if b* = ¢*.

The dual remarks hold for R .
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If S is an F-semiadequate semigroup then for any a € S there are
functions
ag:E'— E, 3, E' - E

given by
ra, = (za)*, 26, = (ax)™.

As commented in the introduction, if S is inverse, then L=Lad R="R.
In this case, for any = € E!,

rag = (za)* = (za) " (za) = a ' za,

so that, except for the domain, our function ¢, is the same as that introduced by
Munn [13] in his representation of inverse semigroups. Moreover, with domains
restricted to Eaa~! and Ea~'a respectively, the maps a, and 3, are mutually
inverse isomorphisms.

Although much is lost in moving away from the inverse case, a, and 3,
retain enough useful properties.

Lemma 2.3 [7].  Let S be an E-semiadequate semigroup. Then
(1) for all a,b € S, (ab)* <b* and (ab)* < at;
(2) for all a € S the mappings o, B : E* — E are order preserving.

The condition that a semigroup be E-semiadequate can be very weak. To
make progress we require that the semigroup satisfies the congruence condition
[12], which says that Lpg is a right congruence and R g is a left congruence.
An FE-semiadequate semigroup S satisfying the congruence condition is an
Ehresmann semigroup. For convenience and with considerable abuse of notation
we follow the lead of [12] and refer to ‘the Ehresmann semigroup (5, E)’ and
say ‘(S, E) is Ehresmann’.

Lemma 2.4 [7].  Let (S,E) be an Ehresmann semigroup.
(1) Forall a,be S, (ab)* = (a*b)* and (ab)t = (ab™)T.
(2) Foralla€ S and e € E, (ae)* =a*e and (ea)™ =ea™.
(3) Forall a,b€ S, ag = agap and Bap = Bpfa -

For any semilattice E we denote by O;(E?!) the semigroup of order pre-
serving functions from E' to E and by End;E' the subsemigroup of endomor-
phisms of E' with image contained in E. The dual semigroups are denoted by
O3 (E') and EndjE'. For any e € E the endomorphism in End; E! induced
by multiplication with e is written p.. Notice that

E={e=(pe,pe) : e € B}
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is a semilattice contained in End; E*x End{E' and e — € is an isomorphism
from E to E.

Recall that pp is the largest congruence contained in ’}-£E = EE N ﬁE
The congruence pg may be described in an analogous manner to that given for
adequate semigroups in [5]; the proof is essentially the same as that in [5].

Lemma 2.5.  Let (S, E) be an Ehresmann semigroup. Then
9E : S — Ol(El) X OT(El)

given by
afp = (aaaﬂa)

is a homomorphism with kernel pg. Thus
pr = {(a,b) € SxS:a, =ap and B, = G}

Further, for any e € E, el =€ so that Op|p : E — E is an isomorphism.

Proof. In view of Lemmas 2.3 and 2.4, g exists as given and is a homomor-
phism. With the exception of the last statement, the remainder of the lemma
is taken from Lemma 2.5 [7]. For any = € E' and e € F we have

xa, = (ze)* = xe = xp,
and dually, 8. = zp., so that

e = (aevﬁe) = (Pe,ﬂe) =e

as required. ]

3. Fundamental Ehresmann Semigroups

In this section we construct from a semilattice £ a fundamental Ehresmann
semigroup (Cg, E) which is ‘maximal’ in the sense that any Ehresmann semi-
group (S, E) is fundamental if and only if the homomorphism 0z given in the
previous section embeds S in Cg.

We remark that the semigroup O;(E?') x Of(E') is not E-semiadequate
unless E is a lattice, so the obvious choice for C'g fails miserably.

The semigroups O(E') and O (E!) are partially ordered by < where

a < A3 if and only if za < 28 for all z € E'.
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It is easy to see that < is compatible with multiplication. The subset Cg of
O1(E") x O3 (E') is then defined by

Cg = {(a,p) € O1(E") x O} (E") : Yz € E',
Pra < 5%04 and Pz3 < oszﬁ}.
Before we show that Cg is the semigroup we seek, we make some minor

remarks. First, C'g is symmetric in the sense that a pair (a, ) is in Cg if and
only if the pair (3,a) is in Cg. Second, for any e € E and z,y € E*,

YPePxPe = YPxe = YPzxp,

so that € = (pe, pe) € Cp and E C Cg.
Lemma 3.1.  The set Cg is a subsemigroup of O1(E') x O (E').
Proof. = We have seen that Cg # 0. Let (a, 8),(v,6) € Cg. Then

(a, B)(7,6) = (ay, 6).

We have
Pra < Bpzaand pyy < bpyy

for all z,y € E', so that with y = za
Prary < 6[)930/7 < 55Pm0¢’7

Together with the dual argument this gives that (av,68) € Ckg. =

Proposition 3.1. The ordered pair (Cg,E) is a fundamental Ehresmann
semigroup. Further, for any (o, ) € Cg,

(aaﬁ)* = (ploupla) and (aaﬁ)-i_ = (plﬂaplﬁ)

Proof. Let (a,03) € Cg. As « is order preserving, clearly api, = a. We
show that p1,08 = 3 so that

(a, B)(p1ras P1a) = (o, B).
Let z € E'. Then

2B = 1pyp < lap,f = (lax)B = zp1af < 26

so that p1,0 = [ as required.
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Suppose now that («, 5)(pe, pe) = (a, B) for some e € E. Then ap. = «
so that lae = la and la < e. As e +— € is an isomorphism, 1a < €, that is,
(P1as P1a) < (pes pe). From Lemma 2.1, (o, B8)* exists and (o, 8)* = (p1a) P1a) -

The dual argument gives that (a, 8)" exists and is (p1, p1). It is then
a routine matter to check that the congruence condition holds, so that (Cg, E)
is an Ehresmann semigroup.

It remains to show that (Cg, E) is fundamental. Suppose that (a,3) is
pg-related to (v,6). As g C 7—75 C EE we have that (o, 8)* = (v,6)*; by
the above, 1la = 17.

Let e € E. As uz is a congruence,

(pe; pe) (@, B) pigs (pe, pe) (7, 6)
so that (pec, Bpe)™ = (pey, 6pe)* and so
ea = 1p.a = 1pe.y = ey.

Thus o = v. Dually, 8 = 6 so that (a,3) = (v,6) and pg is trivial as re-
quired. [

The following lemma is taken from Lemma 6.1 of [7]; note that in that
paper the term ‘Ehresmann semigroup’ is not used.

Lemma 3.2. Let S be an E-semiadequate semigroup and let T be a sub-
semigroup of S containing E. Then

(1) T is E-semiadequate;
(2) if (S,E) is Ehresmann, then so is (T,E);
(3) if (S,E) is Ehresmann and fundamental, then so is (T, E).

Let (S, E) be an Ehresmann semigroup. Since by definition the congru-
ence pg is contained in H £, we have that pug is idempotent separating, so
that the set of idempotents Eug = {eup : e € E} is a subsemilattice of S/ug
isomorphic to F.

A homomorphism (isomorphism) v from an E-semiadequate semigroup
S to Cg is an E-homomorphism ( E-isomorphism) if ev =€ for each e € E.

We are now in a position to state our main result.

Theorem 3.2.  Let E be a semilattice. Then (Cg,E) is a fundamental
Ehresmann semigroup.
For any Ehresmann semigroup (S,E), there is an E-homomorphism
Or : S — Cg given by
aflp = (aa, Ba)
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with kernel pg. Consequently,
(1) (S/pg,Eug) is a fundamental Ehresmann semigroup;

(2) (S, E) is fundamental if and only if it is E-isomorphic to a subsemigroup
Of CE .

Proof.  The first statement is Proposition 3.2. Concerning the second state-
ment, in view of Lemma 2.5 it remains only to show that S0p C Cg. Let
a € S. Then afg = (g, B,) and for any z,y € E*

YPza, = Y(za)” = ((za)*y)* = (zay)”

by Lemma 2.4. Again using Lemma 2.4,

Ypra, = (z(ay)Tay)” = ((z(ay)"a)"y)" = (z(ay)Ta)"y

so that
YPza, < (z(ay)ta)" = ((ay)Tza)" = yfapeaa

and pra, < Bapzq. Dually, pyg, < agpsfq so that (aq,3,) € Cg and
0g:S— Cg.

By the fundamental theorem of homomorphisms for semigroups, there is
a one-one homomorphism 6z : S/up — Cpg such that (eup)fp = efp = €.
By Lemma 3.3, ((S/ug)0g,E) is fundamental Ehresmann, hence so is the
semigroup (Spg, Fug).

To prove (2), notice first that if (S, F) is fundamental then the E-
homomorphism 6p is one-one. Conversely, if v : § — Cpg is a one-one E-
homomorphism, then as by Lemma 3.3, the semigroup (Sv, E) is fundamental
Ehresmann, so also then is (5, E). =

4. The hedged case

An Ehresmann semigroup (S, E') which satisfies the ‘hedged’ conditions
(HR) for all z,y € E and for all a € S,

(rya)” = (za)"(ya)"

and its dual (HL) is called weakly E-hedged. Fundamental weakly E-hedged
semigroups were the topic of [7]. We remark that for any order preserving
function o : B! — E, « is an endomorphism if and only if (zy)a = xaya for
all z,y e E.
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Lemma 4.1.  Let (S,E) be an Ehresmann semigroup. Then S is weakly
E -hedged if and only if o, and B, are endomorphisms for all a € S.

In [7] we showed how to construct a weakly E-hedged semigroup Fg
from any given semilattice E'. For convenience we recall here that
Frp ={(a,B) € End; E' x End;E" : p15 < a3, p1a < Ba}.
Lemma 4.2. Let a € End E' and 3 € O1(EY). Then
pra < Ba

if and only if
Pea < Bpzo for all x € B

Proof.  One direction is clear, since p; is the identity mapping in E!.
Suppose now that p1, < Ba and take z,y € E'. We have

YBpa = (yBx)a = (yba)(za)
as « is a homomorphism. By assumption,
yBpza = (ypia)(za) = y(lo)(za) = y(za) = Ypaa
as « is order preserving. Thus Sp,a > p.. as required. ]
Corollary 4.3. The semigroup Fg is a subsemigroup of Cg. Further,
Fgp =CgnN(End; E' x End; EY).

Corollary 4.4. If Fg = Cg then every Ehresmann semigroup (S,E) is
weakly E -hedged.

If E is a chain, it is easy to see that End; E* = O (E!) and consequently,
Fg = Cg. Curiously, we can have Fg = Cp without Endy E* = O1(E!). If E
is the three element semilattice with Hasse diagram

G f
N /

Vs
0

then a: E'! — E given by
la=ea= fa=¢, 0a=0

is order preserving but not an endomorphism. However, we show in Section 6
that, nevertheless, Fir = Cg for this semilattice.
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Corollary 4.5. If |E| < 3, then Fr = Cg and every Ehresmann semigroup
(S, E) is weakly E -hedged.

Finally in this section we consider the internal structure of Cg with
regard to the conditions (HR) and (HL).

Proposition 4.6.  For any (o, 8) € Cz we have
(@f(a.8)" = (e(a, 8))" (f(e, B))"

for all &, € E if and only if o is a homomorphism. Dually,
(. B)ef)* = ((a, BYe) " ((a, B) )T

for all &, f € E if and only if B is a homomorphism.

Proof. Forany 7€ E,
@(, 8))" = (P2, p2)(, 8))" = (pav, Bpz)”
so that from Proposition 3.2,
(@(, )" = (p1p,as P1p.a) = (Pras Paa)-

Bearing in mind the remark preceding Lemma 4.1, the result follows easily. =

Corollary 4.7.  For any semilattice E, Fg = Cg if and only if C'g is weakly
FE -hedged.

Corollary 4.8.  For any semilattice E, Fr = Cg if and only if every Ehres-
mann semigroup (S, E) is weakly E -hedged.

Corollary 4.9.  If every Ehresmann semigroup (S, E) satisfies one of (HR)
or (HL), then every Ehresmann semigroup (S, E) is weakly E -hedged.

Proof.  Suppose that Cg satisfies (HR). By Proposition 4.6, for any («, 3) €
Cp we have that a is an endomorphism. Now if (a, ) € Cg, then, by an
earlier remark, (8,a) € Cg so that § is also an endomorphism. Consequently,
Cgr = Fr and the result follows from Corollary 4.4. [
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5. The route from Tg to Cg

As remarked in the introduction, the pair (S, F(S)) is an Ehresmann semigroup
for any inverse semigroup S. Munn’s celebrated result [13] builds a fundamental
inverse semigroup Tg from partial isomorphisms of E; if S is inverse then S/u
is isomorphic to a subsemigroup of Tg(s). The founding work of Munn has
been generalised in several directions. One way is to drop the condition that
the idempotents commute but retain regularity of S. This route has been
successfully trodden by Hall and Nambooripad [10, 11, 14].

Another direction, and the one we follow, is to retain commutativity of
the idempotents, but loosen the regularity condition. This was first achieved
by Fountain in [5], where he considers adequate semigroups; more particularly,
a special class of adequate semigroups called in [5] type A (latterly, ample).
Adequate semigroups may be arrived at via the relations £* and R™, where
elements a,b of a semigroup S are L*-related (R*-related) in S if they are
L -related ( R -related) in an oversemigroup of S. For any semigroup S we have

LCL*CLgand RCR*CRp

for any subsemilattice E of S. If S is regular, then £ = L* = £ and
R = R* = R, but in general these relations are distinct. The easiest way
to see this is to consider a unipotent monoid S, that is, a monoid whose
only idempotent is the identity. Clearly, £ is universal, but unless S is left
cancellative, £* is not universal, and unless S is a group, £ is not universal.

Let E be a semilattice. A semigroup S is E-adequate if E is a subsemi-
lattice of S and every L*-class and every R*-class of S contains a (unique)
idempotent of E. It is easy to see that the relations £* and R* are right and
left congruences respectively. Further, if S is E-adequate then £* = L and
R* = Rg. Thus if S is E-adequate it is E-semiadequate, indeed (5, F) is
Ehresmann. The ample condition is essentially a weak commutativity condition
on idempotents. An E-adequate semigroup S is called ample (formerly, type
A), if the ample condition

(AR) foralle€ E,a € S, ea = a(ea)*

and its dual (AL) hold. We remark that if S is ample for a set of idempotents
E, then E = E(S), so that no ambiguity arises from the terminology. An
Ehresmann semigroup (5, F) satisfying the ample condition is called weakly
E-ample; in this case E need not be equal to E(S). Any inverse semigroup
is ample, as is any cancellative monoid, indeed any semilattice of cancellative
monoids [5]. Semilattices of unipotent monoids need not be ample but are
weakly ample [8].

Adequate semigroups are a natural generalisation of inverse semigroups
and an extensive theory has been built up around them. However, the obvious
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question ‘is there a Ty theorem for adequate semigroups?’ runs into problems
before it is even asked. The difficulty is, that S can be adequate without
S/p being adequate or even E(S)up-adequate [5, Example 2.4]; naturally, in
a representation theorem one wants S and the image of S to have the same
defining properties. The insight of Fountain in [5] was in spotting that if S
is adequate and satisfies the ample conditions, then S/u is adequate, satisfies
the ample conditions and moreover is isomorphic to a subsemigroup of Tg.
Thus the ample condition negotiates two problems. First, it ensures that S/u
is adequate, and second, S/u is represented by partial isomorphisms of F.

An FE-adequate semigroup satisfying the hedged conditions (see Sec-
tion 4) is said to be E-hedged. From Proposition 3.5 of [7], the Schiitzenberger
product of two cancellative monoids is hedged. We remark also that the free
left ample monoid [6, 9] on a set with at least two generators is not ample but is
hedged. In this terminology and with trivial adjustments, part (3) of Lemma 2.1
of [5] says that an ample semigroup is hedged. The hedged condition ensures
that o, and (8, are endomorphisms, but attempts to move away from represen-
tations of ample semigroups by partial isomorphisms of E to representations of
E-hedged semigroups by (partial) endomorphisms of E! proved fruitless. This
was because, as pointed out above, S/u need not be E(S)u-adequate if S is
not ample. In fact Example 2.4 of [5] is a hedged semigroup S such that S/u
is not E(S)u-adequate.

Switching perspective, it is certainly true that for any F-hedged semi-
group S, the quotient S/ug is weakly Fup-hedged; indeed if S is weakly
E-hedged then S/ug is weakly Eupg-hedged. This gave rise to our study in [7]
of fundamental weakly E-hedged semigroups and the discovery of Fz. The loss
in exchanging £* and R* for £ and R is counterbalanced by the gain in that
the congruence and hedged conditions are preserved by quotienting with 1.

As in the adequate case, it is easy to see that a weakly F-ample semigroup
is weakly E-hedged. Fountain and El-Qallali [4] have shown that if S is weakly
E-ample then S/ug is isomorphic to a full subsemigroup of Tr. In [7] we
showed that there is an embedding from Tr to Fg which respects the natural
image of E and the representation theorems mentioned above.

The aim of this paper is to push Munn’s representation theory as far
as it will go in this direction. Given that weakly FE-hedged semigroups are
manageable in this regard, the next natural step is to look at E-semiadequate
semigroups. These must, however, be Ehresmann for the theory to work (with-
out resorting to extra quotienting procedures) since if the congruence condition
does not hold, the map 6 will not be a homomorphism.

6. The semigroups Fr and Cg

In this final section we describe explicitly the semigroups Fr and Cg for some
small semilattices . Our calculations will show that if E has less than four
elements, then Fg = Cg but, in general, Fr and Cg are distinct. Curiously,
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one can find a four element semilattice E such that O;(E!') and Fg are both
be regular but Cg is not. We use these results to extract some information
concerning Ehresmann semigroups (S, E).

It is worth recalling that a pair of functions («, 8) is in Fg (respectively
Cg) if and only if (3,a) is in Fg (respectively Cg). Attention needs to be
paid to whether E has an identity or not: if E has a 1 then E = E' so that,
for example, the identity function in E lies in End; E'. If E does not have an
identity so that E # E', then the latter statement is not true.

Forany e € E, p. : E' — E denotes multiplication by e and ¢, : E' — FE
is the constant map on e. Notice that p. and c. are endomorphisms. The first
lemma of this section is straightforward.

Lemma 6.1. Foranye,f€F,
pe < ¢y if and only if e < f.

In view of Corollary 4.3, as p. and ¢, are endomorphisms, the pair («, 3)
isin Fg if and only if it is in Cg, for any «, 8 € {pe,ce : € € E}.

Lemma 6.2. Foranye, feF,
(1) (perps) € Fi if and only if e = f
(2) (pe,cf) € Fg if and only if e < f;
(3) (ce,cf) € Fg forany e, f € E.

Proof. (1) If e= f then (pc,ps) =€ € Fg by Corollary 4.3.
Conversely, if (pe,ps) € Fg then

Prp. < Pfpe and p1p; < pepy

giving that
pe < pre and py < peg.

As e+ p, is an embedding of E into End;E", it follows that e = fe =ef = f.
(2) By Lemma 6.1,

Ple; = Pf < Cf = PeCy
for any e, f € E. Thus (pe,cs) € Fg if and only if

Pe = P1p, < CfPe = Cfe-

Again by Lemma 6.1, this is equivalent to e < fe and hence to e < f.
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(3) Notice simply that
Ple, = Pe < Ce = CfCe

by Lemma 6.1. ]

In our investigation of Fp and Cg for specific semilattices E, we remark
first that if £ = {e} is trivial, then O1(E"') = End;E" is also trivial, hence so
is FE = CE .

Corollary 6.3.  If E is non-trivial then Fr and Cg are neither weakly E-
ample nor E -adequate.

Proof.  Given that E is non-trivial, there exist e, f € E with f < e. By
Lemma 4.2, (¢f,c.) € Fg and f = (ps,ps) € E C Fg. Now

flepice) = (propr)(cs.ce) = (cpcx)

and so by Proposition 3.2,

(Cf7 C€)<?(Cf> Ce))* = (cf7 CE)(pICf ) plcf) = (Cf7 Ce)(ﬂf, pf) = (Cf7 Ce)

so that _ _
(cpce)(flepsce))™ # fley,ce)

and (AR) does not hold. Thus Fg is not weakly E-ample. According to
Lemma 6.1 of [7], neither then is Cg.
Still with f < e, we have

(Cea Cf)a (C€7C€)7€ = (p€7pe) S FE
and
(Cevcf)(pmpe) = (Ce, cf) = (cevcf)(cevce)~
From Proposition 3.2, (c.,cf)* = (pe, pe) but
(Pe’Pe)(Pe,Pe) = (Pe’ﬂe) 7’é (Ce,Ce) = (peape)(ceyce)-

Thus (ce,cy) is not L -related to (ce,cy)* so that Fp is not E-adequate. By
the definition of L£*, it follows that Cg is not E-adequate. ]

Our next lemma is again concerned with constant maps.

Lemma 6.4. Let E be finite with least element 0. Then
(1) (e, ) € Cg if and only if « is constant;
(2) if E=E', then (c1,a) € Cg for all a € O1(EY).
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Proof. (1) Using Lemma 4.2, we have (¢, @) € Cg if and only if
P1eo < acy and pro < copr

for all x € E*. Now p1e, = po = co = acp always. Thus (cp,a) € Cg if and
only if ppa < copze = cgn for all x € E'. Using Lemma 6.1, this is equivalent
to xa = 0« for all x € E', that is, a is constant.

(2) If E = E', then certainly

Pie, = p1 < €1 = acy
for any a € O1(E'). Further, for any = € E,
C1PaQ = CpQ = Cza 2 Pra

by Lemma 6.1. Thus (¢1,a) € Cg. [

An order preserving function « : E — FE is order increasing if © < z«
for all z € E. Clearly « is order increasing if and only if I < «, where I is the
identity map on E.

Lemma 6.5.  Let E be finite and let o, 3 € O1(E'). Then
(1)

poa < Bpocas;
(2) if E=E"' and la =1 then

Pla < Ba if and only if Ba is order increasing;

(3) if E=E"', (a,3) € Cg and xa =1 if and only if x =1, then 13 = 1s0
that a8 and Ba are both order increasing;

(4) if E=FE' and o € End; E', then (a,I) € Fg if and only if « is order
mncreasing.

Proof. (1) We have

Bpoa = Bepa = coa > Poa

by Lemma 6.1.
(2) Remark that if 1o =1, then p1, =p1 = 1.
(3) Given that (a, ) € Cr we have by (2) that I < Sa. Thus

1=1=(18)a<1

so that 1 = (18)a and then 15 =1.
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(4) If (a,I) € Fg, then by (3) « is order increasing. Conversely, if « is
order increasing, then la =1 so that

Pla <Taand pir < al

so that (a,I) € Fg as required. m

We now consider the semigroups Fg where F is a chain with 2 or 3
elements. As E is a finite chain, £ = E! and O;(E') = End; E!, so that from
Corollary 4.3, Fgp = Cg in these cases.

Example 6.6. Let E be the chain

ey

Clearly End; E' = {I,c1,c0} and E = {(I,I),(co,c0)}. The pairs
(I,e1),(e1,1),(c1,¢1), (c1,00) and (cg,c1) are in Fg by Lemma 6.4. The re-
maining two pairs (I,¢q) and (cg,I) are not in Fg, by the same lemma. Thus

Fg = {(I,I), (1,61)7 (6171)7 (01,01), (01,00)7 (60701)7 (00,00)}

and so Fg is a 7 element band. It is not a semilattice as (cp,co) and (c1,¢1)
do not commute.

Example 6.7. Let E be the chain

We first list all endomorphisms of E. It is easy to see that they are

Ia €0, C1,Ca; Pa

1 a0 1 a0 1 a0 1 a0 1 a0
11 a/)’\'110/)’\'1aa)’\'10O0)"\aO0O0)/"

and
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We use the technical results developed above to find which pairs («, 3)
where o = 3 or a precedes ( in the list above are in Fg.
By (4) of Lemma 6.5, we have that

anaa (1110 (n(150))
((15%))
are in F.

Considering ¢g, by (1) of Lemma 6.4,

and

(co, o), (co,c1) and (co, cq)
are in Fg. By (2) of that lemma
(c1,c¢1) and (e, @)
are in Fp for the seven functions a succeeding c; .
Considering now ¢, (¢q,a) € Fg if and only if pi., < ac, and p1o <
cqr. Thus (¢,,a) € Fg is equivalent to

Pa < cq and pra < Coa

and hence by Lemma 6.1, to 1l = aac. Thus

1 a0 1 a0
(Caaca)v(cll’pa)’(ca’(l 1 a>>a(ca7(1 1 0))
are in Fg.

The pairs (pq, @) require slightly more thought. If (p,,«) € Fg then
from the defining condition of Fr one deduces that ¢ < aa = la and so the

possibilities for a are
1 a0 1 a0
P11 a)'\110)

We know that @ = (pg, pa) € Fr. A hands on check gives that

()18 e
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The remaining cases are speedily dealt with by direct calculation. We

(Geo) oo (Ge) (i
(Gie)ies))
(i) Gon)) (G (e

are in Fg;

1 a0 1 a0 d 1 a0 1
110)'\t10))" 110)\1
are in Fg; finally,
1 a0 1 a0
1 aa/)’\'1la a

Counting the above elements (and remembering to count twice a pair
(o, B) where a # ), we have shown that Fg has 54 elements. From [1] we
know that End; E' = O;(E!) is regular and hence so is End; E* x End} E*.
The condition that a pair (a, () be in Fg is that in some sense o and 3 be
weak inverses of each other. However some peculiar behaviour arises at this
point.

find

o O©
~~
N~

SIS o Q
o O o O
N~ "
N~ N~

isin Fg.

The semigroup Fg is not reqular.
We know that (I, ( 1 i 0 )) isin Fg. If Fg were regular, there would

a

be a pair (/,«) in Fg with

1 a0 1a0O0O) (1a90
11a)"\11a)"\114a)
This would necessitate aa = 0 so that also 0a = 0. But no such pair (I, )
lies in Fg.
1 a O

Notice also that ( 11 4 ) is not an inverse of I. On the other hand, if

a= ( 1 8 % ) , then « is idempotent, so that « is an inverse of . Neverthe-
less, (a,a) ¢ Fg.

The semilattices in our final two examples are not chains. In enumerating
the possible order preserving maps o : E' — E it is useful to remember that if
FE is finite with least element 0, la is the greatest and O« the least element of
the image of «.
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Lemma 6.8. Let E be the four element semilattice
N
<
N ‘/0
If a € O1(EY), then « is an endomorphism if and only if (ef)a = eafa.
Example 6.9. Let E be the semilattice
\e f
e
As remarked before Lemma 6.8, if o € O1(E"), then the image of o must have
a greatest and a least element. As the image of « is contained in F, « is

constant or the image of « is {e,0} or {f,0}. It follows that the elements of
O1(E") are

cOvc€7Cf7peapfvc(e)vcgvavﬂary and ¢

where
CSZ(lef()),cg:(lefO)
e 000 f 000
_ 1l e fO _ 1 e fO
a_(eeeO)’ ﬁ_<60€0>
[0 fo

_(16 )(5_<16 )
T=N\rroo0) ST\ o)

According to Lemma 6.8, the only elements of O;(E?!) that are not endomor-
phisms are a and §. We show that (a,¢€) ¢ Cg for any € € O1(E!).

Suppose that (o, €) € C for some € € O1(E!). By the defining condition
for CE,

Pe = Pfa < €pa and pe = pea < €pea.

Thus
e=epe < (ee fa

so that ee = f, and
e=-¢ep. < (ece)a

so that ee = e, a contradiction.
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Similarly, there is no pair (6,¢) in Cg.

Corollary 6.10. For the semilattice
e\/ f
0

Cg = Fg and so by Corollary 4.4, every Ehresmann semigroup (S, E) is weakly
FE -hedged.
Returning now to Example 6.9, calculations of a now familiar nature give
that
(CO; CO)y (067 Ce)a (cfa Cf)? (Pea Pe)a (Pf7 Pf)

are all elements of Cg = Fg as are

(COa Ce)a (007Cf)7 (Cea Cf)v (ce>l)e)a (6677)a (cf’ pf)7 (cfvﬁ)v (ﬁa'}/)

and all the pairs (e,n) where (n,€) is in the previous list. Thus Cg = Fg has
21 elements.

Concerning regularity, a curious fact emerges. The semigroup O (E?) is
not regular, since, for example, the element cf is not regular. Nevertheless, Cg
is regular, as we now show. On the other hand in our next example, O;(E?!) is
regular but Cg is not.

The non-idempotent elements of Fg are

(6657)7 (’Yace% (Cfaﬁ)v (6a Cf)(ﬁa'y) and (776)'

It is easy to check that 8 and + are mutually inverse so that (3,+) and (v, ),
(ce,v) and (cf,B), and (7v,c.) and (B,cy) are mutually inverse pairs. Thus
Cg = Fg is regular.

Example 6.11.  Let E be the semilattice

< f
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In this case, Cg # Fg and Cg is not regular. The elements of C'r may
be determined as in previous examples. The procedure is now more lengthy,
since it emerges that C'r has 183 elements, of which 108 lie in Fg .

To see that Cg is not regular, check first that the pair (a, 8) € Cg where

(1l e fO (1 e f O
a‘(11eo>andﬂ_<111f>'

Suppose that (v,6) € Cg and

(@, B)(7,6)(a, B) = (@, B).

Then
aya =« and G605 = (.

These give
0 = 0a = 0aya = Oya

so that 0y = 0. Similarly, ey = f. Now
l=1a=1loya =1ya

so that 1y =1 or e. But f = ey < 1v so that 17 = 1. From (60 = (8 we
obtain fé = 0. By assumption, (v, 6) € Cg so that pi, < vy and

f=fpiy < foy=0y=0,

a contradiction. Thus Cg is not regular.

Notice that the pair («,3) above does not lie in Fg. In fact, Fg is
regular.

To show that there are semilattices E' with Fr not regular, we look to the
work of Adams and M. Gould for examples of semilattices with identity having
non-regular endomorphism monoids. In [1] they show that for any finite chain
E, End; E' is regular. In Lemma 1 of [1] they characterise those infinite chains
having non-regular endomorpism monoid. Their technique can be adapted to
find a chain with identity having a non-regular endomorphism monoid.

Another paper of Adams and M. Gould [2] describes those finite semilat-
tices having non-regular endomorphism monoids. The free semilattice monoid
on three generators is one such.

For any semilattice monoid E such that End; E' is not regular, choose a
non-regular map « € End; E'. By Lemma 6.4, (a,¢;) € Fg and («a,c¢;) cannot
be regular. Thus Fg is not regular.

According to Corollary 4.5, if we wish to find an Ehresmann semigroup
that is not weakly FE-hedged, the semilattice £ must contain at least four
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elements. Considering Example 6.11, the pair (o, «) where

(1 e f O
a‘(11 10)

is in Cg so that by Lemma 3.3, the subsemigroup

S={(a,0)} UE)

of Cg is Ehresmann. However, as « is not an endomorphism, Proposition 4.6
gives that S is not weakly FE-hedged. It is easy to calculate that S has 11
elements.

Similarly, to find small non-regular fundamental Ehresmann semigroups

or weakly E-hedged semigroups, it is enough to consider the subsemigroup of
Cg or Fg generated by FE U {(«, 3)} for any non-regular pair («, 3), and call
on Lemma 6.1 of [7].

1]
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