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1. INTRODUCTION

One of the most important early approaches to the structure theory of
inverse semigroups was via fundamental inverse semigroups, that is, in-
verse semigroups having no nontrivial idempotent separating congruences.
Munn [M] showed how an important fundamental inverse semigroup T
could be constructed from any semilattice E, the elements of T, being the
partial isomorphisms of E. The Munn semigroup T, of E has semilattice
of idempotents isomorphic to E and is “maximal” in the sense that an
inverse semigroup S with semilattice of idempotents E is fundamental if
and only if it is isomorphic to a full subsemigroup of 7. Further, if S is an
inverse semigroup with semilattice of idempotents E, then there exists a
homomorphism ¢: S — T, whose kernel is u, the maximum idempotent
separating congruence on S [M].

The original work of Munn has been generalized in several directions.
Dropping the condition of commutativity of idempotents leads to the study
of orthodox semigroups, that is, regular semigroups whose idempotents
form a subsemigroup. Semigroups of idempotents are called bands. The
Hall semigroup Wy of a band B is an orthodox semigroup with a band of
idempotents isomorphic to B and properties analogous to those described
above for T, [Hal]. Hall and Hambooripad took this still further to the
case of regular semigroups in [Ha2], and [N], respectively.

Another direction has been taken by Fountain in [F1], where he consid-
ers adequate semigroups. The move from inverse to adequate semigroups
is obtained by retaining the commutativity of the idempotents but weaken-
ing the condition of regularity. This is accomplished by considering Green’s
x-relations #* and #*, where elements a, b of a semigroup of S are
Z*-related if and only if they are #related in an oversemigroup of S; the
relation #* is defined dually. In fact, #* and #* are equivalence
relations [F1]. A semigroup S is abundant if each #*-class and each
F*-class of S contains an idempotent and is adequate if, in addition, the
idempotents of § form a commutative subsemigroup. In this case the
Z*-class (%#*-class) of a € § contains a unique idempotent, denoted by a*
(a™, sometimes a'). If S is a regular semigroup, then #* =< and
A* =%, clearly then, a regular semigroup is abundant and an inverse
semigroup is adequate with a* =a 'a and a*=aa . In an adequate
semigroup there need not be a greatest idempotent separating congruence.
However, on an inverse semigroup, w is also the largest congruence
contained in /Z. Defining #* to be ¥* N.%* we may, without ambiguity,
denote by u the largest congruence contained in .#*. In [F1] Fountain
shows that if S is an adequate semigroup with semilattice of idempotents
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E, which in addition satisfies
(A) ea = a(ea)* and ae = (ae) a

for all a € S and for all idempotents e € E, then there is a homomor-
phism ¢: S — T, with kernel w. Such a semigroup is called type A in [F1]
and more recently ample [G].

The work in this paper continues the approach of [F1]. First, we drop the
assumption that the semigroup under consideration satisfies the “ample”
condition (A), imposing a strictly weaker condition introduced in [F2]. In a
second direction we weaken the adequacy condition and consider E-semi-
adequate semigroups, first defined by Lawson in [L]. A semigroup S is
E-semiadequate, where E is a semilattice of idempotents and a subsemi-
group of §, if everyz -class and every ,%’E -class of S contains a (neces-
sarily unigue) idempotent of E. Herey andc%7 are generalizations of the
relations #* and %*, and are defined in Section 2. If § is E-semiade-
guate, then by a natural extension of our previogg notation, we denote by
a* (a™) the idempotent of E in the #-class (%,-class) of a € S. If E
consistiof all idempotents of S and S is adequate, then ¥* = . and
R* = &, so that no ambiguity arises.

Our interest in this class of semigroups arose from considering the
Schutzenberger product MON of monoids M and N. The monoid MON
is not adequate unless M and N are both cancellative. However, MON is
E-semiadequate for a certain subset E of idempotents. If M is left
cancellative and N is right cancellative, then E is the set of all idempo-
tents of MON and MON has a number of other properties; it is an
example of a weakly hedged monoid.

Lawson [L] establishes a strong connection between a class of E-semiad-
equate semigroups and small ordered categories. In Theorem 4.24 of [L]
he shows that a certain category of E-semiadequate semigroups and
admissible homomorphisms is isomorphic to the category of Ehresmann
categories and strongly ordered functors. The semigroups considered are
called Ehresmann semigroups in [L]; in our terminology they are E-semi-
adequate semigroups satisfying conditions (CR) and (CL), defined in
Section 2. This paper concentrates on E-fundamental E-semiadequate
semigroups. We describe an analogue of the Munn semigroup 7, of a
semilattice E. This semigroup, which we denote by F, plays the role for a
class of E-semiadequate semigroups that 7, plays for inverse semigroups
having semilattice of idempotents E.

In Section 2 we define the class of semigroups under consideration,
weakly E-hedged semigroups. They are E-semiadequate semigroups satisfy-
ing two conditions weaker than (A). Trivially, every monoid is weakly
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{1}-hedged and it is not difficult to show that every inverse monoid is
weakly E-hedged where E is the semilattice of all its idempotents. As
mentioned above, more interesting examples of weakly E-hedged semi-
groups are obtained from the Schuitzenberger product of a left cancellative
monoid with a right cancellative monoid, discussed at length in Section 3.
Further examples of semigroups satisfying the corresponding one-sided
conditions are provided by graph expansions of monoid presentations of
unipotent monoids. In Section 4, given a semilattice E, we construct an
E-semiadequate semigroup, Fy;, containing a semilattice of idempotents E
isomorphic to E. The semigroup F is built using pairs of homomorphisms
from E* to E. The need to consider pairs of homomorphisms arises from
the fact that, unlike the case for inverse semigroups, the endomorphisms
of E! obtained in a natural way from the elements of a weakly E-hedged
semigroup S do not come equipped with inverses on certain domains. That
is, not unless S satisfies condition (A4). The Munn semigroup Ty is
embedded in Fp via an |njectlon . Defining up to be the largest
congruence contained m?/ 52” N %’E, we show that g is trivial on F;

accordingly, we say that F, is E-fundamental. If S is a weakly E-hedged
semigroup, then there is a homomorphism 6: S — F with ker 6 = ug.

In line with the new terminology of [G], we call a weakly E-edged
semigroup satisfying condition (A) weakly E-ample. The imposition of (A4)
is enough for us to be able to dispense with F; in this case and show that
there is a homomorphism ¢: S — T, with ker ¢ = ug. This result also
occurs in work of El-Qallali and Fountain [EF], where they consider
U-semiabundant semigroups for a class of idempotents U (not necessarily a
semilattice) satisfying (CR), (CL), and the analogue of the “ample” condi-
tion (A). In fact, we also have ¢ = 6, where 7: T, — F, and 6: S — F;
are the homomorphisms mentioned above.

After considering weakly E-ample semigroups in Section 5, Section 6 is
devoted to using the theory we have built to deduce some facts concerning
weakly E-hedged and weakly E-ample semigroups. In particular, a weakly
E-hedged (weakly E-ample) semigroup is E-fundamental if and only if it is
E-isomorphic to a subsemigroup of Fy (7).

2. E-SEMIADEQUATE AND WEAKLY
E-HEDGED SEMIGROUPS

In this section we define the above classes of semigroups and state a
number of their elementary properties. Proofs are omitted where they are
virtually identical to those in [F1]. In Section 3 we show how these ideas
arise naturally from Schiitzenberger products of monoids satisfying cancel-
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lation properties. We use the terminology and notation of [Hol]; in
particular, the set of idempotents of a semigroup S is denoted by E(S).

We begin with the following alternative description of #*, which may
be found in [F1].

LEMMA 2.1.  Elements a, b of a semigroup S are &*-related if and only if,
forallx,y € S*,

ax = ay ifandonlyif bx = by.

It follows from Lemma 2.1 that #* is an equivalence relation. It is then
easy to see that #* is a right congruence and dually, %#* is a left
congruence.

Let E be a semilattice and a subsemigroup of S. We say that S is right
(left) E-adequate if every Z*-class (%*-class) of S contains an idempotent
of E. If S is right (left) E-adequate, the idempotent of E in the #*-class
(#*-class) of a € S is unique and is denoted a* (a ™). If S is right and left
E-adequate, then S is E-adequate. If E = E(S), then here, as elsewhere, we
may omit mention of E in these definitions.

Suppose now that S is right E-adequate and a € S. By Lemma 2.1,
aa* = g and if e € E is such that ae = a, then a*e = a*, so that a* < e in
the semilattice E. Thus

ap = {e € E: ae = a}
has minimum member a* and dually

E‘={e € E: ea =a}
has minimum member a*. These facts, together with a number of exam-
ples (see Section 3), lead us to consider E-semiadequate semigroups,
defined by Lawson in [L].

Let S be a semigroup such that E(S) contains a semilattice E. We say
that S is right E-semiadequate if for each a € S the set a, contains a
minimum member, which we denote by a*. Note that ¢ = e¢* for e € E.
The relation & is defined on § by the rule that for a,b € S,

aZeb if and only if a* = b*.

For any a € S we have (a*)* = a* so that aE?Ea*; clearly a* is the unique
idempotent of E that is E”E—related to a. If S is right E-adequate, then
z* =:<?E so that the notation a* is unambiguous. A left E-semiadequate
semigroup is defined dually; for an element a of such a semigroup S, the
minimum member of .a is denoted by a*. The relation %’E is defined on §
by the rule that for a, b € S,

a%eb ifandonly if a*=b*.



698 FOUNTAIN, GOMES, AND GOULD

If S is right and left E—semiadequa:cg, thenﬂé‘ is said to be E-semiadequate.
This terminology and the relations 4, and %, were introduced in [L], with
a slightly different approach. As commented in [L], these ideas are inher-
ent in an earlier paper of Batbedat and Fountain [BF].

If S is a right E-semiadequate semigroup, then for any a € S there is a
mapping «,: E' - E given by xa, = (xa)*.

LEMMA 2.2. Let S be a right E-semiadequate semigroup. Then

(1) foralla,be<S, (ab)* < b*;
(2) forall a € S the mapping o, E* — E is order preserving.

Proof. (1) For a,b € S we have (ab)b* = ab so that (ab)* < b* by
definition of (ab)* as the minimum element in (ab),.

(2) Letae€Sandx,ye E! with x <y. Then using (1),
xa, = (xa)* = (ya)* < (ya)* = ya,.

By itself, the condition that a semigroup be right E-semiadequate is very
weak. To make progress we require at least that the semigroup satisfies
conditiog (CR). We say that a right E-semiadequate semigroup satisfies
(CR) if %, is a right congruence. In view of earlier remarks this is always
true for a right E-adequate semigroup. A semigroup which satisfies
condition (CR) and its left—right dual (CL) is said to satisfy the congruence
condition [L].

LEMMA 2.3. Let S be a right E-semiadequate semigroup satisfying (CR).

(1) Foralla,b €S, (ab)* = (a*b)*.
(2) Foralla € S and e € E, (ae)* = a*e.
(3) Forallb,beS, a,,=qa,a,.

Proof. (1) and (2) follow from Proposition 3.7 of [L].
Using (CR) we have that for any a,b € S and x € E*,

xa,a, = (xa)*a, = ((xa)*b)*:?E(xa)*b,%xah%(xab)* =xa,,

so that (3) holds.

If § is a left E-semiadequate semigroup, then for any a € S the
mapping B,: E* — E is defined by xB, = (ax)™. The dual of Lemma 2.2
gives that for each a € S, B, is order preserving and if condition (CL)
holds, the dual of Lemma 2.3 gives that B8,, = B, 8, for all a,b € S. We
denote by #,(E") the semigroup of order preserving maps a: E' — E.
Combining the above results we may define a homomorphism 6 from an
E-semiadequate semigroup S satisfying the congruence condition to
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@(EY) X @F(E") by putting a6 = (a,, B,) for all a € S. Here, @} (E?) is
the dual semigroup of @,(EY).

For an element e of a semilattice E, the homomorphism from E* to E
induced by multiplication by e is denoted by p,. If «, B are endomor-
phisms of E! such that xa < x8 for all x € E*, then we write o < 8.

LEMMA 2.4. Let S be an E-semiadequate semigroup satisfying the congru-
ence condition. Then for all a € S,

1) ata,=a*and a*B, = a™;
2 p,<a,B,and p. < B,a,.

Proof. (1) is immediate from the definitions of «, and g8,. To prove (2),
suppose that x € E. Then

xa*(a(xa)*) Zexa*a(xa)* = xa(xa)* = xaRexa*

so that (xp,+Xxa, B,) = xp,+ and p,-< a, B,. Dually, p,. <

Let S be an E-semiadequate semigroup satisfying the congruence
condition. We recall from the Introductlon that wu; denotes the largest
congruence contained in % :Z m%’E The congruence u; may be
described in an analogous manner to that given for adequate semigroups
in [F1]; the proof is essentially the same as that in [F1]. Lemma 2.5 and
Proposition 2.6 were also noted in [E].

LEMMA 2.5. Let S be an E-semiadequate semigroup satisfying the congru-
ence condition. Then pg = Ker 0, where

0:S - @,(E") X @f(E")
is the homomorphism given by a6 = («,, B,). Thus
={(a,b) eSXS:a,=a, and B, =B}

= {(a,b) eSXxXSs§ a%b, aa|a+E = ab|a+E and ,Ba|u*E = Bb'a*E}'

Let £ be a semilattice and a subsemigroup of 7. We say that the
semigroup 7 is an E-semilattice of monoids if T is a semilattice E of
monoids 7,, e € E, such that e is the identity of 7, for all e € E. A
standard argument gives that if 7 is an E-semilattice of monoids, then
T is a strong semilattice of monoids determined by homomorphisms
¢, ;2 T, = Ty(e = f) where a¢, = af for a € T,. It is an easy exercise to
show that such a semigroup T is E-semiadequate and satisfies the congru-
ence condition. Further, E is central in 7. The following shows that the
converse is also true.
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PROPOSITION 2.6. Let S be an E-semiadequate semigroup satisfying the
congruence condition. Then the following conditions are equivalent:

1 S/ug=E,
) forallaesS, a*=a";

~

Q) & =%, = Ry,

(4) each %-class contains a (unique) idempotent of E;
(5) Eiscentralin S;

(6) S is an E-semilattice of monoids.

Proof. Similar to that of Proposition 2.9 of [F1].

The main results of this paper are contained in Section 4, where we give
a “Munn type” representation for a class of E-semiadequate semigroups,
namely the class of weakly E-hedged semigroups. A right E-semiadequate
semigroup is right weakly E-hedged if it satisfies conditions (CR) and (HR).

(HR) Forall x,y € E* and for all a € S, (xya)* = (xa)*(ya)*.
In view of Lemma 2.2, condition (HR) can be replaced by

(HRY forall x,y € E and for all a € S, (xpa)* = (xa)*(ya)*.
Condition (HR) and its dual (HL) were introduced for right (left) adequate
semigroups in [F2] where a right adequate semigroup satisfying (HR) is
said to be right h-adequate; in this paper, such a semigroup is called right
hedged.

The next lemma follows immediately from the definitions.

LEMMA 2.7. Let S be a right E-semiadequate semigroup. Then S satisfies
(HR) if and only if a,: E* - E is a homomorphism for each a € .

Left weakly E-hedged semigroups are defined dually and a semigroup S is
weakly E-hedged if it is both left and right weakly E-hedged. Denoting by
End, E* the semigroup of endomorphisms of E* with image contained in
E, we may now restate Lemma 2.5 for weakly E-hedged semigroups as
follows.

LEMMA 2.8. Let S be a weakly E-hedged semigroup. Then u, = ker 6,
where 0: S — End,E' X End{E' is the homomorphism given by a =
(a B,

We conclude this section by considering the “ample” or “type A”
condition for E-semiadequate semigroups. Following the new terminology

of [G] we say that a right E-semiadequate semigroup S is weakly right
E-ample if S satisfies conditions (CR) and (AR).

(AR) Forall a € SandeekE, ea =alea)*.

Weakly left E-ample and weakly E-ample semigroups are defined using the
now standard convention. If S is an inverse semigroup with semilattice of
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idempotents E, then as mentioned in the irEroduction, L= and
R =F*, from this section we also have ¥* = ¥and #* = Z. It is then
easy to see that S is ample, hence certainly weakly ample.

Weakly right E-ample semigroups are weakly right E-hedged, as we now
show.

LEMMA 2.9. Let S be a weakly right E-ample semigroup. Then S satisfies
(HR) so that S is weakly right E-hedged.

Proof. Let x,y € E and a € S. Then

xya = xa(ya)* = a(xa)*(ya)*
so that (xya)* = a*(xa)*(ya)* = (xa)*(ya)*, using Lemma 2.2.

In Section 3 we show that a weakly right E-hedged semigroup need not
be weakly right E-ample. We also observe that an FE-semilattice of
monoids is weakly E-ample so that by Proposition 2.6, if S is an E-semiad-
equate semigroup satisfying the congruence condition and if E is central
in S, then S is weakly E-ample.

3. SCHUTZENBERGER PRODUCTS

Recall that the Schiitzenberger product MCN of semigroups M and N
is the semigroup with underlying set

{(’6’ fl)):meM,neN,PngN}

and multiplication given by

m P\(m' P\ _ (mm' mP UPn
0 nJ\O0O n 0 nn' '

Here mP = {m(x,y): (x,y) € P} and Pn = {(x,y)n: (x,y) € P}. The

action of m € M on the left of M X N is given by m(x, y) = (mx, y); the

action of n € N on the right of M X N is dual (see [MP]). Throughout this

section, M and N will denote monoids so that MON is a monoid with

identity (37). We put

E={(é f):PngN}.

It is easy to see that E is a submonoid of MON and is a semilattice
isomorphic to the semilattice of subsets of M X N under union. We will
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impose various cancellation conditions on M and N and show how this
gives examples of the various kinds of (left, right) E-semiadequate semi-
groups introduced in the previous section.

Before stating our first result we list a number of facts concerning the
actions of M and N on M X N. With the exceptions of (6) and (7) they are
immediate; (6) and (7) are easily verifiable. For m e M and Pc M X N
we denote the set {(x, y): m(x, y) € P} by m~'P.

Forall mae M,P,QcMXNandneN

1) m(Pn) = (mP)n,

2 m(PuU Q) =mP U mQ,

B mY PUQ)=mtPumlQ,

4) (ma)P = m(aP),

B) mYa'P) = (am)~ P,

6) m(Pnt)=mP)n 1,

(7) if M is left cancellative, then m~'(mP) = P.

From (5) and (7) we have that if M is left cancellative, then
(am) " (aP) = m~Y(a"*(aP)) = m~'P

forall a,m € M and P c M X N.

LEMMA 3.1.  The monoid MN is E-semiadequate and satisfies conditions
(HR) and (HL). The operations * and * are given by

a P)*= 1 a P (a P\"_(1 Pp?
0 b 0 1) 0 b 0 1)
Proof. Given A = (¢’) e M X N and F = (}2) € E, we have

AF=(a aQUP) 4
0 b

if and only if O ca'P. It follows that A* exists and A* = (1 « 'P);
dually, A" exists and A"=(} 7). An easy argument involving facts
(2) and (3) and their duals gives that (HR) and (HL) hold.

The next lemma enables us to distinguish the monoids M for which
MON is weakly right E-hedged.

LEMMA 3.2. The monoid MON satisfies (CR), that is, :ch is a right
congruence, if and only if M is left cancellative.
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Proof. Suppose that M is left cancellative and let A4 = (g 1),
B = (¢ F), and C = (1 9) be elements of MON with A%, B. By Lemma
3.1, a 'P = (a’)"'P’. We wish to show that AC¥, BC, which is equivalent

to

(am) ™ *(aQ U Pn) = (a'm) " *(a'Q U P'n).

Now using fact (3),

(am) *(aQ U Pn) = (am) ™ '(aQ) U (am) *(Pn).

By the comment following fact (7), (am) *(aQ) = m~1Q and by (5) and
the dual of (6), (am) " *(Pn) = m Y a"*(Pn)) = m*((a"*P)n). But a P
= (a’)"'P’ so that

(am) *(aQ U Pn) = m~'Q U m‘l(((a’)flP’)n)

= (a'm) " (a'Q U P'n).

Thus (CR) holds.

Conversely, suppose that M is not left cancellative. Choose a, x,y € M
with ax =ay but x #y. Put 4 = (¢ 9), I = (} 9), and C = (} {(xV}),

As a ' = 17 we have AZ, 1. But (y,1) € a~ Y(ax, D} \ 1~ H(x, 1)}
so that AC = (¢ {(«D}) is not Z;-related to IC = C. Thus (CR) fails.

COROLLARY 3.3. The monoid MON is weakly right E-hedged if and only
if M is left cancellative.

Recall that a semigroup S is unipotent if it contains exactly one
idempotent.

LEMMA 3.4.  The idempotents of MON form a semilattice if and only if M
and N are unipotent. Moreover, in this case, ECMON) = E.

Proof. 1If M and N are unipotent, then E(MCON) is the semilattice E.
For the converse, suppose that e is a nonidentity idempotent in N. Then it
is easy to check that (} {*V.(Lo}) and (¢ {(.9}) are noncommuting
idempotents. A similar argument works for M.

Lemma 3.4 shows that (2) implies (1) in the next result. Following the
now standard pattern of terminology, a semigroup is said to be right
E-hedged if it is right E-adequate and satisfies condition (HR).
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PropPosITION 3.5.  The following conditions are equivalent:

(1) MON is right E-hedged,
(2) MON is right hedged,
(3) M and N are left cancellative monoids.

Proof. (1) = (3). _If MON is right E-edged, then, as noted in Section
2, %, =%* so that &% is a right congruence. Lemma 3.2 gives that M is
left cancellative. If p,q,r € N with pg = pr, then 4 =(§ 9), X = (3 9),
and Y = (} 2) are elements of MON with AX = AY. Since 4.2*4* we

have A*X = A*Y. Now A* is the identity of MON so that X =Y and
g = r. Thus N is left cancellative.

(8) = (2. As M and N are unipotent, E = E(MON). Let 4 = (7 ©)
€ M<ON; we must show that 4.2*A4* where A* = (1 = 7). Since AA* = A
it is enough to show that for any X,Y € MON, if AX = AY, then
A*X =A*Y. Let X = (§ 9), Y =(§ ) be such that AX = AY. Then

mx' mQ' U Py’
0 ny'

mx mQ U Py
0 ny

so that mx = mx', mQ U Py =mQ' UPy’, and ny =ny’. As M and N
are left cancellative we obtain x = x’ and y = y’. To show that A*X = A*Y
we must show that Q U (m *P)y = Q' U (m~'P)y’. From mQ U Py =
mQ' U Py’ we have, using fact (7) and the dual of fact (6), that

QU (m'P)y =m*(mQ) Uum t(Py) =m (mQ U Py)
=m'(mQ UPy)= - =0 U (m'P)y’

as required.

We now consider the conditions under which MON is weakly right
E-ample.

ProprosITION 3.6.  The monoid MON is weakly right E-ample if and only
if M is a group.
Proof.  Suppose first that M is a group. By Corollary 3.3, the monoid

MON is weakly right E-hedged and so it remains to show that (AR) holds.
Using the fact that M is a group it is easy to check that m(m 'P) = P

forany me M and PCM XN. Let F=(%?)eEand 4 =(7 9) €
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MON. Then FA = (7 2V ) so that

A(FA)*:(m Q)(l m‘l(QuPn))

0 n)l\o 1
_[m m(m™(QUPR)UQ| _ (m QU Pn
0 n 0 n

and hence A(FA)* = FA.

Conversely, if MON is weakly right E-ample, then M is left cancellative
by Lemma 2.9 and Corollary 3.3. Suppose that M contains an element a
which lacks a right inverse. Consider the elements G = (} {(«)}) and
B = (¢ {0,1}) of MON and note that G € E. Now GB = (¢ {(1.1),(«.1)})
so that (GB)* = (3 (aZ)’l{(lil),(a,l))), If (x,y) € (a®)"Y(1,1),(a, 1)}, then
a’(x,y) € {(1,1),(a,1)} so that a?x = 1 or a’x = a. Since M is left can-
cellative, if a?x = a, then ax = 1, so that in either case a has a right
inverse. Hence (a®)"*{(1,1), (a, 1)} = &. Thus B(GB)* = B #+ GB, contra-
dicting the fact that MON satisfies (AR). Thus every element of M has a
right inverse. Consequently, the monoid M is a group.

Propositions 3.5 and 3.6 yield the following result.

COROLLARY 3.7. The monoid MN is right E-ample if and only if M is a
group and N is left cancellative.

Of course, the left-right duals of Lemma 3.2, Corollary 3.3, Propositions
3.5 and 3.6, and Corollary 3.7 hold. In particular, we have the equivalence
of the first two conditions of the following result. That the third condition
follows from the first was noted by Margolis and Pin [MP, Proposition 1.1].

CoROLLARY 3.8. For monoids M and N the following conditions are
equivalent.
(1) M and N are groups.
(2) MON is weakly E-ample.

(B) MON is an inverse monoid.

4. THE SEMIGROUP F;

Recall that an inverse semigroup is fundamental if the largest congru-
ence contained in #Zis trivial and an adequate semigroup is fundamental if
the largest congruence contained in Z* is trivial. Accordingly, we define an
E-semiadequate semigroup to be E-fundamental if ug is trivial.
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The aim of this section is to construct an E-fundamental weakly E-
hedged semigroup Fp from any given semilattice E such that Fy is
maximal in the sense that if S is any weakly E-hedged semigroup, then
there is a homomorphism 6: S — F with kernel ug. As we see below,
E(F;) +# E and E(Fy) is not a semilattice (unless E is trivial), so that Fj
is not weakly hedged.

Let E be a semilattice and let F,, be the subset of End,E* X EndiE*
given by

Fp={(a,B): p1p < aB, py, < Ba}.
In particular, if (a, B) € Fy, then
la=1, <1Ba<la

so that 1o = 1B« and dually, 18 = 1aB. Thus « maps the maximum
element of im B8 to the maximum element of im «, and B maps the
maximum element of im « to the maximum element of im .

Observe first that Fp # &, since e = (p,, p,) € F; for any e € E.
Denoting by ¢, the constant map E* — E with image {e}, we also have
that (c;,c,) € F for any e, f € E. Note that (c;,c,) € E(F;) and that

(cp.e e, ¢p) # (c,,cp)cp, c,) if e # f. This also illustrates that the image
of o where (a, B8) € F; need not be a principal ideal.

Lemva 4.1, If (a, B) € Fy, then pyg, = @ and p,, B = B.

Proof. For all x € E*,
x(pipa) = (x-18) @ = (xa)(1Ba) = (xa)(la) =xa
so that p,;@ = « and dually, p,, 8 = B.
LEMMA 4.2.  The set Fy; is a subsemigroup of End,E* X End}E™.
Proof. Let (a, B),(y, 8) € F,. Then for any x € E*,
x(ay)(8B) = (xa)(yd)B = ((xa)(18))B = (xap)(15B)
> (x-1B)(16B) = x-10B = xpy4p
so that (ay)(8B) > py55 and dually, (68)ay) = p,,,.

We put E = {e: e € E}; it is easy to see that e — ¢ is an isomorphism
between E and E.

LEMMA 4.3. The semigroup F, is E-semiadequate. If (a, B) € Fy, then

(a,B)* = (Pra pra) and (a,B) = (pig. pig).
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Proof. If (a, B) € Fg, then using Lemma 4.1,

(e, B)( pla’pla) = (apla’plaB) =(a,B).

Now for any e € E, if («, B)(p,, p,) = («, B), then certainly ap, = o so
that la = 1(ap,) = Qa)p, = (La)e, giving la <e. thus la<e and
(a, B)* exists and equals (p,,, p;,). Dually, (a, 8)* exists and equals
(plﬁ' plﬁ)'

LEMMA 4.4. The semigroup Fy is weakly E-hedged.

Proof. Let (a, B),(y, 8) be Eﬂg-related elements of F,. By Lemma 4.3,
la =1y. For any (¢, &) € F, we have (a, B){, &) = (af, €B) and
(y, 8)(¢, €) = (y¢, €8). Now la¢ = 1y, so that (a, BX{, &)
Ze(y, 8)( ¢, £) and (CR) holds.

still with (a, B) € Fy, let (p,, p,), (p;, py) € E. Then

(Cper ) Prr ) (@, BY)* = ((Pogs Pep) (@, B))* = ((pose, Bpes)*.

Now 1(p,a) = (ef)a = eafa so that

(CPer )Py ) (@2 B))* = (Peasar Peasa)
= (Pear Pea)( Prar Pra)
= ((per p)(a, B))*(Cpsspp)(a, B))* .

Thus (HR) holds. Together with the dual arguments this gives that F is
weakly E-hedged.

THEOREM 4.5.  Let E be a semilattice. The semigroup Fy is an E-funda-
mental weakly E-hedged semigroup. If S is any weakly E-hedged semigroup,
then there is a homomorphism 6: S — F such that ed = ¢ for all e € E and
ker 60 = ug.

Proof. Let («, B),(vy, 8) be ug-related elements of Fy. Certainly then,
(a, B)* = (y, 8)* so that by Lemma 4.3, 1a = 1y. From Lemma 2.5,
Q4 p) = @y 5y SO that forany e € E,

((per p) (e, B))* =y, gy =€ar, 5= (( P, p) (v, 8))*.

Again by Lemma 4.3, we have that 1( p,a) = 1( p,y) for any e € E so that
ea = evy. Together with 1a = 1y this gives that « = y. The dual argument
yields that 8 = & so that w; is trivial and F, is E-fundamental.

Let S be weakly E-hedged and let # be the homomorphism defined in
Section 2. For any e € E we have e = («,, B,) = e. It only remains to
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show that im 6 C F;. Let a € S so that a6 = («,, B,). We have
la, = (la)* =a*, 1B, = (al) =a".
Using Lemma 2.4(2),
Pip, = Pr< a, B, and p;, =p. < B,a,.

Hence (a,, B,) € F; and im 6 C F, as required.

We end this section by showing that for any semilattice E, the Munn
semigroup 7y is embedded in Fg. Recall that the elements of 7 are
partial isomorphisms between principal ideals of E and the operation in 7
is composition of partial mappings. The idempotents of 7, are the
identity maps on principal ideals of 7. For each e € E we put e=1, s0

that E = {¢: e € E} = E is the semilattice of idempotents of 7.
The following lemma is straightforward to check.

LEMMA 4.6. Let E be a semilattice. For (a, B) € Fy, put

a=alage and B = BlaaE-

Then @: (1B)E — (1a)E and B: (1a)E — (1B)E are homomorphisms
such that

Ligye < @B and Iy, < Ba.

Conversely, if e, f € E and y: eE — fE, &: fE — eE are homomorphisms
such that

then (p,y, pfS) € Fg.

Let £ be a semilattice and let ¢ € T, so that ¢: eE — fE is an
isomorphism of principal ideals eE and fE of E. By Lemma 4.6,
(p. b, psp™) € F and we define 7: T, — Fy by g = (p, i, pytp™t).

ProposITION 4.7.  The function m: Ty, — Fy is an embedding.

Proof. Let : eE — fE and ¢&: gE — hE be isomorphisms in T. The
composition of partial mappings ¢ and ¢ yields the isomorphism ¢
between principal ideals (fg)y *E and (fg)£E. Thus

(‘/ff)ﬂ' = ( P(feyyt PE, p(fg)§(¢§)7l)
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and we must show that this is equal to

(peths o™ ) (P& i €71) = (PP &y p1 € b)),

Let x € EL. Then

X ey WE = (x(fR) Y )é = (xe(fg) ') pé
= ((xe)yfg) & = ((xe)¥g) & = xp,Yp, §.

Dually, p g (€)™ = (p, &) psp~*) so that 7 is a homomorphism.
To see that 7 is one-one, let ¢, ¢ be as above and suppose that

Y = &m. Then (p, i, pp™ ) = (p, &, p, €71, giving
e=fit =1ppt =1p, & =h&t =g
Now for all x € E,
(ex)Yp=xpp=xp &= (xg)é= (ex)¢

so that ¢ = £ as required.

As a consequence of Proposition 5.3, if S is an inverse semigroup with
semilattice of idempotents E, then ¢m = 6, where ¢: S — Ty is the
standard homomorphism from S to 7, and 6 is the homomorphism from
S to Fy given in Theorem 4.5.

5. WEAKLY E-AMPLE SEMIGROUPS

If S is a weakly E-hedged semigroup, then as shown in the previous
section, there is a homomorphism 6: S — F, with ker § = u,. We also
know that for some classes of weakly E-hedged semigroups, namely those
that are inverse [M], ample [F1], or weakly ample [E], we can dispense with
consideration of pairs of endomorphisms of E! and make use of isomor-
phisms between principal ideals of E; in other words, we look at 7. This
is essentially because the endomorphisms «,, 8, of E* arising from an
element a of a weakly ample semigroup S are mutually inverse when
restricted to the domains a *E, a*E, respectively. The corresponding result
is true for weakly E-ample semigroups, as we now show. At this point we
recall some notation introduced in the previous section: if S is weakly
E-hedged and a € S, so that («a,, B,) € Fy, put a,= a,lup)c and B,=
B.l@a,ye- Now 1, = a* and 1B, = a*, so that in view of Lemmas 2.2, 2.4,
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and their duals,

= a,l,+g:a"E - a*E

R

and

B, = Blak: a*E > a™E.
LEMMA 5.1. Let S be a weakly E-hedged semigroup. Then the following
conditions are equivalent:

(1) S is weakly E-ample;
(2) foralla €S, a, and B, are one—one;
() foralla €S, a, and B, are inverse isomorphisms.

Proof. Suppose first that S is weakly E-ample. Let x,y €a*E and
suppose that xa,=ya,. Then (xa)* = (ya)* and using the fact that $
satisfies condition (AR),

xa = a(xa)* = a(ya)* = ya.
Now
xa* Fea =ya§Eya+

so that xa*=ya* and as x,y <a® we deduce x =y. Hence «, is
one—one; the dual argument works for g,.

The proof of (2) implies (3) and (3) implies (1) is the same as that given
in Proposition 4.4 of [F1].

Our next result closely resembles Proposition 4.5 of [F1]. As remarked in
the Introduction, this also appears in [E] and [EF].

ProPOSITION 5.2 [EF]. Let S be a weakly E-ample semigroup and
¢: S — Ty be given by adp = a,. Then ¢ is a homomorphism onto a full
subsemigroup of Ty with ker ¢ = up andedp =1, = e for each e € E.

Proof. If a € S, then by Lemma 5.1,
a, a"E > a*E and B,:a*E - a*E

are inverse isomorphisms. Exactly as in [F1], if b € S, the domain of «,«,
is (ab)" E, that is, the domain of a,,. It now follows from Lemma 2.3 that
¢ is a homomorphism. Clearly e¢ = p,l.r =€, and so E¢ = E and im ¢
is full.

Suppose now that a, b € S and a¢ = b¢ so that @, = «,. Then a, and «,
have the same domains a"E = b"E and the same images a*E = b*E.
Hence a*=b" and a* = b*, giving that a#7.b. We also have that
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(a) ! =(ay) ! and so B,= B,. From Lemma 2.5, au,b so that ker ¢ C
me. The opposite inclusion follows immediately from the same lemma.

We now connect the two representations of a weakly E-ample semi-
group.

PrROPOSITION 5.3.  Let S be a weakly E-ample semigroup. For the homo-
morphisms 0: S - Fg, w: Ty, = F,, and ¢: S — T defined above, we have
o= 0.

Proof. Let a € S sothat ap = a,: a*E — a*E. The prescription for =

given in Section 4 says that (a¢)m = (p,+a,, p,(a,)~!) so that by Lemma
5.1, (ap)m = (p,+a,, pB,). FoOr any x € E*,

xpyed, = (xa*)a, = (xa*a)* = (xa)* = xa,

so that p,+a,= @, and dually, p,.B,= B,. Hence apm = («a,, B,) = ab
and ¢ = 6 as required.

6. SOME APPLICATIONS

The aim of this section is to apply the material developed in Sections 4
and 5 to deduce some facts concerning weakly E-hedged and weakly
E-ample semigroups.

LEMMA 6.1. Let S be an E-semiadequate semigroup and let T be a
subsemigroup of S containing E. Then

(1) Tis E-semiadequate;

(2) if S satisfies the congruence condition, then so does T;
(3) if S is weakly E-hedged, then so is T;

(4) if S is weakly E-ample, then so is T

(5) if S satisfies the congruence condition and is E-fundamental, then
sois T.

Proof.  Note that the restriction of the relations §”E and %E inStT
are, respectively, the relations %, and %, in T. The first four statements
are then clear. It follows from Lemma 2.5 that if S satisfies the congru-
ence condition, then the restriction of the congruence w, on S to T is the
congruence wy, on T. Thus if S is also E-fundamental, then so is 7.

Let S be a weakly E-hedged semigroup. Now pu is idempotent separat-
ing since by definition, w, is contained in.%Z;. Hence the set of idempo-
tents Eu, = {euy: e € E} is a subsemilattice of S/u, isomorphic to E.
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COROLLARY 6.2. Let S be a weakly E-hedged semigroup. Then the
semigroup S / uy, is Eug-fundamental and weakly E p-hedged. Moreover, if S
is weakly E-ample, then S /g is weakly Epg-ample.

Proof. By Theorem 4.5, there is a homomorphism 6: § — Fj such that
ef =e for all e € E and ker § = . Thus there is a one—one homomor-
phism 6: S/u, — F; such that (eu;)8 = &. Also by Theorem 4.5, F, is
E-fundamental so that by Lemma 6.1, (S/u;)0 is E-fundamental weakly
E-hedged. Hence S/ u; is an Eug-fundamental, weakly Eu.-hedged semi-
group.

Now suppose that S is weakly E-ample. It follows from Proposition 5.2
that there is a one-one homomorphism ¢: §/u, — Ty such that (eu,)¢
= ¢ for each e € E. The inverse semigroup 7 has semllattlce of idempo-
tents E. Being inverse, T, is weakly (E)- ample The result now follows
from Lemma 6.1.

In order to state our next two corollaries we introduce some useful
terminology. We say that a homomorphism (isomorphism) v, from a
weakly E-hedged semigroup S to a subsemigroup of Fp or T, is an
E-homomorphism ( E-isomorphism) if ev =& or ev = ¢ for each ¢ € E.

COROLLARY 6.3. A weakly E-hedged semigroup S is E-fundamental if and
only if it is E-isomorphic to a subsemigroup of F.

Proof. If S is E-fundamental, then u, is trivial on §, so that the
E-homomorphism 6 given in Theorem 4.5 is an embedding.

Conversely, suppose that v: § — F is a one—one E-homomorphism.
As above, im v is E-fundamental weakly E-hedged, so that S is E-funda-
mental.

The proof of the following corollary is analogous to that of Corollary 6.3.

COROLLARY 6.4. A weakly E-ample semigroup S is E-fundamental if and
only if it is E-isomorphic to a subsemigroup of Ty. Consequently, if S is an
E-fundamental weakly E-ample semigroup, then E = E(S).

Recall that a semilattice E is anti-uniform if eE = fE implies e = f. The
definition of an E-semilattice of monoids is given in Section 2. Corollary 6.5
is analogous to Corollary 4.9 of [F1], which is concerned with ample
semigroups.

CoOROLLARY 6.5. A semilattice E has the property that every weakly
E-ample semigroup is an E-semilattice of monoids if and only if E is
anti-uniform.

Proof. If E is anti-uniform and S is weakly E-ample, then by Lemma

5.1, a,: a*E — a*E is an isomorphism. Hence a* = a* so that by Proposi-
tion 2.6, S is an E-semilattice of monoids.
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Conversely, suppose that E is not anti-uniform. As in Theorem V.5.2 of
[Hol], T, is not a semilattice of groups; neither then can 7, be an
E-semilattice of monoids. But as previously remarked, T is weakly E-
ample.

Imposing the condition that every weakly E-hedged semigroup is an
E-semilattice of monoids emerges as a much stronger restriction.

COROLLARY 6.6. A semilattice E has the property that every weakly
E-hedged semigroup is an E-semilattice of monoids if and only if E is trivial.

Proof. If E ={e} is trivial and S is weakly E-hedged, then S is a
monoid with identity e.

Conversely, suppose that every weakly E-hedged semigroup is an E-
semilattice of monoids. According to Proposition 2.6, if S is a weakly
E-hedged semigroup, then a* = a™ for all a € S. In particular, («, 8)* =
(a, B)* forall (a, B) € F.

Let e, f € E. As remarked at the beginning of Section 4, (c;,c,) € Fy
where ¢, (c,) is the constant map with image {e} ({f}). By Lemma 4.3,

(cric)* = (plcf’ plcf) = (ps py)
and
+
(Cf’ce) = ( plcﬂ7 plce) = ( Pe> pe)
so that ( p;, p;) = (p,, p,) and e = f. Thus E is trivial.

We end this~ paper by considering those semilattices E having the
property that /7, is a congruence on every weakly E-ample (-hedged)
semigroup. Again there is a sharp split between the two cases.

Recall that a semilattice E is rigid if for each e € E, there is only one
automorphism of eE. Equivalently, there is at most one isomorphism
between eE and fE for each pair e, f € E. Corollary 6.7 is analogous to
Corollary 4.10 of [F1].

COROLLARY 6.7. A semilattice E has the property thata% is a congruence
on every weakly E-ample semigroup if and only if E is rigid.

~ Proof. If/%E is a congruence on every weakly E-ample semigroup, then
Az =2* = is a congruence on T.. Thus T is #trivial and it is well
known that, in this case, E is rigid.

Conversely, suppose trlat E is rigid and § is a weakly E-ample semi-
group. If a,b € S and a.#,b, then a* = b* and a* = b", so that «,, a, are
both isomorphisms between a*E and a*E. Since E is rigid we have that
a,= a,. Consequently, B,= B, also and auzb by Lemma 2.5. Thus

a

up =%, and %, is a congruence on S.
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COROLLARY 6.8. A semilattice E has the property that;?jg is a congruence
on every weakly E-hedged semigroup if and only if E is trivial.

Proof. If E is trivial and S is weakly E-hedged, then% is the universal
congruence on S.

Conversely, suppose that;‘%;; is a congruence on every weakly E-edged
semigroup. Certainly then,}%g is a congruence on F; so that ugp =;§/E on
F and %E is the trivial congruence.

Let e € E. Consider the endomorphisms p, and ¢, of E*. Then 1p, =
lc, = e and for any x € E*,

xc, p, =Xp,C, =€ =Xxe=Xxp,.

Thus (p,,c,) and (c,, p,) are elements of F,. By Lemma 4.3,

(porc)Z(c,, p,) so that (p, c,) = (c,, p,). For any y € eE, we have
y =yp, =yc, = e s0 that the ideal eE is trivial. As this is true for any
e € I, it follows that E is trivial.
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