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COMPLETELY O-SIMPLE SEMIGROUPS OF QUOTIENTS Il

A new concept of completely C-simple semigroup of quotients has been
jntroduced hy Mario Petrich and the first author. The main purpose of this
paper is to give several new characterisations of thcse semigroups which have
such a semigroup of quotients.

1. Introduction.

Many definitions of semigroups of quotients have béen proposed and
studied. In a recent paper [2] Petrich and the first author obtain a new
concept of completely O-simple semigroup of quotients by examining the
relationship between simple Artinian rings and completely 0-simple semi-
groups. This definition has since been extended to the class of all
semigroups, giving a definition of semigroup of quotients which may be
regarded as an analogue of the classical ring of quotients.

A famous theorem of Goldie [3] classifies those rings which have a
simple Artinian ring of quotients. Correspondingly, the main result of [2],
quoted as Theorem 1 below, characterises those semigroups which have a
completely O-simple semigroup of quotients. The conditions of Theorem 1,
however, are more akin to those of Ore’s theorem than to the ones occurring
in Goldie's theorem. In this note we give several alternative characterisa-
tions of semigroups having a completely C-simple semigreup of gquotients which
are, perhaps, closer in spirit to Goldie's result for rings.

We start in Section 2 by giving the basic definitions and quoting the
main theorem of [2]. We then use another result from [2] to give a minor
variation of the main theorem. We intraduce and demonstrate the significance
of uniform one-sided ideals in Section 3. Annihilator conditions are the
concern of Section 4 and we cenclude the paper in Section 5 by considering
the case of completely O-simple semigroups which satisfy the descending chain
conditions for right and for left ideals.
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2. The basic ideas and a minor varjation.

We begin by summarising the relevant definitions and giving the main
result of [2]. We refer the reader to [2] for further details.

Let S be a semigroup. An element a of S is square-cancellable if for
all x,y in S],

a2x = azy =7 ax = ay

and xa2 = ya2 =5 xa = ya.
This is equivalent to saying that a’fL{i’:a2 where L% Z*ﬂ N* and two elements
of S are ;Z‘ire1ated [ -related] if and only if they are i -related
[Qﬁ\—re1ated] in some oversemigroup of S. If S is a subsemigroup of a

completely O-simple semigroup, then it is easy to see that an element of S

is square-cancellable if and only ifa = 0 or a2 # 0.
We make the convention that if a is an element of a semigroup S, then

1 we implicitly assert that a is in a group;L[-c1ass of
1

whenever we write a~
some oversemigroup of S and that a~' is the inverse of a in this subgroup.
Observe that a necessary condition for a to be in a subgroup of an oversemi-
group is that a be square-cancellable.

We can now give the basic definition. A semigroup Q is a semigroup
of guotiénts of its subsemigroup S if

(i)  every square-cancellable element of S lies in a subgroup of Q,
(ii) every element q of Q may be written as q = a-]b = ¢cd ' for some

elements a,b,c,d of S.

Before we can state the wain theorem of [2] we must give some more
definitions. Let S he a semigroup with zero. We recall from {11 that 0 is
a prime ideal of S if aSb # 0 for any non-zero elements a,h of S. Also, S

is categorical at 0 if for elements a,b,c of S, ahbc is non-zero whenever both

ab and bc are non-zero.
Following [5] we define the relations p,X on S thus:-
apb <=> a =b oraSNbsS # 0,
aib <=> a =bor Sansb # 0.
We can now quote from (2],

THEQREM 1. A semigroup S has a completely 0-simple semigroup of
quotients if and only if it satisfies conditions (A)},(B),(C),(D) listed below
and the duals (A'),(B') of (A) and (B).
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For elements a,b,c,u,v of S,

(A) if agb, au # 0 and bv # 0, then a?obv,
(B) if apb and ca = cb # 0, thena= b,

€y s is‘categorica] at 0,

(D) 0 is a prime ideal of S.

In order to get our first alternative characterisations we need the
following result from [2] which describes the restrictions of Green's relations
;Z andﬂ){on a completely O-simple semigroup Q to a subsemigroup S which has
Q as a semigroup of quotients.

THEOREM 2. Let Q be a completely O-simple semigroup of quotients of a
semigroup S. Then

(1) p= Rn(sxs),

(i) A = Zn(sxs).

We can now give our first result.

THEOREM 3. Let S be a semigroup in which 0 is a prime ideal and suppose
that § satisfies condition {B) of Theorem 1 and its dual. Then the following
are equivalent:

(i) S has a completely O-simple semigroup of quotients,

(ii) A is a right congruence and p is a left congruence,

(111) A _is a right congruence and p is an equivalence.
Proof. Since it is well-known that ;(is a right congruence and SZis a left
congruence, it is clear from Theorem 2 that (ii) follows from (i). Obviously
(i1) implies (iii). That (i) is a consequence of (iii) follows from results
in [2] and [5] but we give a short direct proof. To see that condition (A)
holds, let a;b,u,v be elements of S with apb, au # 0 and bv # 0. Since 0 is
a prime ideal of S, there are elements x,y in S such that aux # 0 and bvy # 0.
Hence aS N auS # 0 and bS~ bvS # 0 so that apau and bpbv. Since p is an
equivalence we get aupbv. In a similar mahner we see that (A') holds.

Now suppose that a,b,c are elements of S such that ab and bc are non-
zero. Since 0 is a prime ideal, biab and as A is a right congruence,

bciabc. As bc is non-zero, it follows from the definition of X that abc is
non-zero. Thus S is categorical at 0.
We can now apply Theorem 1 to get that (i) holds.
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3. Uniform right ideals.

In this section we examine the way in which the concept of uniform one-
sided ideal fits into our results and make some comparisons with ring theory.

Let S be a semigroup with zero. A right [left] ideal W of S is
uniform if P Q # 0 for any non-zero right [left] ideals, P,Q of S contained
in W.

We remark that one has the same definition in ring theory.

Clearly, if W, V are right {left] ideals of S withll € V and V
uniform, then W is also uniform.

We extend the concept of 0-direct union to one-sided ideals so that
we will write

S is a 0-direct union of right [left] ideals if S is a union of right
[left] ideals and any two of these right [left] ideals intersect in 0.

A right [left] ideal of S is indecomposable if it cannot be written as
a 0-direct union of two non-zero right [left] ideals of S.

It is clear that uniform one-sided ideals are indecomposable but the
converse is not always true.

A subsemigroup R of S is right O-cancellative if whenever ba = ca # 0

for elements a,b,c of R, then b = c. We define left O-cancellative dually.
Our next result shows that in Theorem 1, conditions (A),(B) and their
duals may be replaced by conditions on the ideal structure of S.

THEQOREM 4. For a semigroup S which is categorical at 0 and in which

0 s a prime ideal, the following conditions are equivalent:

(i) S has a completely O-simple semigroup of quotients,

{(ii) S is both a O-direct union of uniform right ideals and of uniform
left ideals where the right [left] ideals involved are left
{right] O-cancellative,

(1) indecomposable one-sided ideals of S are uniform and uniform
right [left] ideals are left [right] 0-cancellative.
Proof. (i) => (ii). Llet Q be a completely O-simple semigroup of quotients
of S. Me may assume that Q is a Rees matrix semigroup WTLO(G;I,A;P) over
a group G with index sets I,A and sandwich matrix P. It is well-known that

for elements (i,g,A), (J.g.v) of Q
(i,9,2) R (3h,v) <=> 1 = ],
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We denote by Ri the -class {(i,9,2);9& G, AgA} of Q and put

Uy = {0} L/(Ri/\ S). It is easy to see that each U; is a right ideal of S
and that S is the O-direct union of the Ui‘ If a,b are non-zero elements

of Us, then aX b in Q so that by Theorem 2, ab in S, that is, aSn bS £ 0.
It follows that Ui is uniform. From condition (B) of Theorem 1 we have that
Ui is left O-cancellative.

A dual argument gives that S is also a O-direct union of right
0-cancellative uniform left ideals.

(i1)=> (iii). Let S be the 0-direct union of uniform right ideals
Ui’ ie I and let J be an indecomposable right ideal of S. Then J is the
0-direct union of the right ideals Ui/ﬂ Ts ie I and hence J& Uj for some
je I. Thus J is uniform.

Since uniform right ideals are indecomposable, it follows that any
uniform right ideal U of S is contained in a Teft O-cancellative uniform right
ideal. Thus U is also Teft 0-cancellative.

The dual condition followssimilarly.

(i1i) => (i). It is well-known that a semigroup can be written as a
0-direct union of indecomposable right ideals. Hence we have that S is the
0-direct union of left O-cancellative uniform right ideals Ui’ ie 1 for
some index set I.

We show that Ki = Ui\,{O} is a p-class. If a,b are elements of Ki’
then the uniformity of Ui gives aSNA bS # 0 so that apb. If a e Ki’ be. 8
and apb, then aSn bS # 0. Hence bS]r1 Ui # 0 and as principal right ideals
are clearly indecomposable, it follows that b & Ui' Hence b e:Ki. Since Ui
is a right ideal, it is now clear that condition (A) of Theorem 1 holds.

Now suppose that a,b,c are elements of S such that ﬁcb and ca = cb # 0.
We have that a,b are both in Ui for some 7. Now 0 is a prime ideal of §
and so there is an element d of S such that adc # 0. By categoricity at O,
adca = adcb # 0. Now adc is an element of Ui and Ui is left O-cancellative,
so a = b. Thus condition (B) of Theorem 1 holds.

Similarly, S satisfies conditions (A') and (B'),.

Thus by Theorem 1, S has a completely O-simple semigroup of quotients.
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At this point it might be worth comparing Theorem 4 with Goldie's
Theorem which states that a ring R has a simple Artinian (classical) ring
of quotients if and only if R is prime, satisfies the ascending chain condition
on right and left annihilator ideals and has no infinite direct sum of one-
sided ideals. In Theorem 4 we have that 0 is a prime ideal of the semigroup S
which corresponds to the ring being prime. The condition that R has ng
infinite direct sum of one-sided ideals is equivalent to saying that R has an
intersection large right [Teft] ideal which is a direct sum of a finite number
of uniform right [left] ideals. The ring itself, however, need not be a
direct sum of uniform right [Teft] ideals in contrast to the semigroup case
where we have that the semigroup is both a 0-direct union of uniform right
ideals and of uniform left ideals. Another apparent difference is that in
the semigroup theorem we ask that uniform right [left] ideals be left [right]
0-cancellative. But as we now show, this is automatically true for uniform
one-sided ideals in the ring case. We make use of Lemma 3.3 of [4] which
tells us that if R is a ring with a simple Artinian ring of quotients and
if U is a uniform right ideal of R, then for an element a of P, either
al =0 or au # 0 for all elements u of U. Now, if a,b,ce U and ab = ac # 0,
then al # 0. But b-ce& U and a(b-c) = 0 so that b-c = 0, that is, b = ¢.

4. Annihilator conditions.
In this section we consider two kinds of annihilators in semigroups

with zero and consider conditions on them which lead to further characteris-
ations of semigroups with completely O-simple semigroups of quotients.
Essentially, these conditions allow us to omit mention of one or both of
categoricity at zero and left [right] O-cancellation for Uniform right
[left] ideals.
Let S be a semigroup with zero. A right ideal I of S is a complement
right ideal if there is a right ideal J such that S=1uJand I~ Jd = 0.
For subsets X,I of S we define the right annihilator of T in X to be
rX(T) = {xe X : tx = 0 for 2all t & T}.
Obviously, if X is a right ideal, then so is ry(T). A right annihilator
ideal is a right ideal of the form rS(T) for some subset T of S.

Another kind of "annihilator" is the right equalizer of T in X defined

by
pX(T) = {(Xx,y) & XxX : tx = ty for all te T} .
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Clearly pX(T) is an equivalence relation and if X is a right ideal, then
pX(T) is a right congruence.

When T = {a}, we write simply rx(a) and pX(a).

A right ideal I of S is intersection large if I has non-zero inter-

secticn with every non-zero right ideal of S.
For m = 1,2,3,4 we say that S satisfies Annm if it satisfies both
condition (m) and its dual where (1),(2),(3) and (4) are given below:
(1) for any element a of S,

p(a)mp=1v %I‘(UY xU,)

for some set {UY : YE '} of complement uniform right ideals,
(2) for any uniform right ideal U of S and any element a of S,
pU(a) =1 <=> rU(a) =0,

(3) right annihilator ideals of S are complement right ideals,
(4) for a non-zero element a of S, rs(a) is not intersection large,

THEOREM 5. Let S be a semigroup with zero in which 0 is a prime ideal.

" Suppose also that indecomposable one-sided ideals of S are uniform. Then the

following are equivalent:

(i) S has a completely 0-simple semigroup of quotients,

(i1) S is categorical at 0 and satisfies Ann],

i11) S is categorical at 0 and satisfies Annz,

39

(
(iv) S satisfies Ann2 and Ann
(

v) S satisfies Ann2 and Ann4,
Proof. (i) => (ii). We may assume that the semigroup of quotients of S is
a Rees matrix semigroup M O(G;I,A;P) over a group G. Note that the comple-
ment uniform right ideals of S are precisely the right ideals

UJ = {(j$99\)) : gEG’\’ &A}f\ S

where j& I. Furthermore, for elements b,c of S, qoc if and only if b,c
are both in Uj for some j £ 1. Let a = (i,g,fq be an element of S and Tet
r={jel:p

b 0} . Then we have

ab = ac and b,c e Uj for some j &1 if and only if

b = ¢ or for some j I, b,cee U. and . =10
me le ol Jan pUJ
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so that (b,c)e p;(a)N p if and only if b = ¢ or (bsc)e LYQF(UY x UU)'
Together with its dual this shows that S satisfies Ann]. By Theorem 4, S
is categorical at 0, and so (i1) holds.

(ii) => (iii). We must show that S satisfies Annz. Let U be a
uniform right ideal of S and a be an element of S. Suppose that rU(a) =0
and that ab = ac for some b,c in U. If ab = 0, then ry(a) = 0 gives b=c=0,
If ab # 0, then using the fact that 0 is a prime ideal of S, we have that bs,
¢S are non-zero. As U is uniform, bSN ¢S # 0, that is, bpc. Thus (b,c) is
in ps(a)f\ p so that by Ann1, b=rcorb,ce U_ for some complement uniform
right ideal U_. Also ab = au.for all u in U so that, in particular,
ab = a.0 = 0, a contradiction. Hence pu(a) =2 .

Conversely, if pu(a) =1, and ab = 0 for b in U, we must have b = a,
that is, ru(a) = 0.

Together with its dual this shows that (i41) holds.

(iii) => (iv). Let I = rS(T) be a right annihilator ideal in S. Put
d = (S\rS(T))u 0. Lletae J, seS. Ifase rS(T), then tas = 0 for all
tinT. By categoricity at 0, we get either as = 0orta=0 for all t in T.
In the Tatter case, ae rS(T) so that a = 0. Hence as e J and J is a right
ideal.

It follows that (iv) holds,

(iv) => (v}. Let a be an element of S such that rs(a) is intersection
large. By Anng, ri(a) is a complement right ideal and so rs(a) =S, ButoO
i$ a prime ideal and hence aS = @ implies a = 0. Together with its dual, this
shows that S satisfies Ann4 and hence (v) holds.

v) => (i). The first part of our argument is suggested by the proof
of Lemma 3.3 of [4]. Let U be a uniform right ideal of S and suppose that
a,b,c& U and ab = ac but b #c. By Annz, ru(a) # 0, that 1is, rs(a),1 U # 0.
Now Tet ue U and let I be a non-zero right ideal of S.

If aul = 0, then Ig rs(au) and so in particular, I A rs(au) #0. If
aul # 0, then ul is a non-zero right ideal contained in U and since rs(a),\ u
is also non-zero, the uniformity of U gives rs(a),\ Un~ul # 0. Letb be
a non-zero element of rs(a)/\ Unul. Thenb = uv for some v & I and auv = 0,
Since v #°0, we have r{au) AT £ 0.
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Thus rs(au) is intersection large and so by Ann4, au = 0. Hence al = 0
and so ab = ac = 0. It follows that U is left O-cancellative.

A similar argument shows that uniform left ideals are right
0-cancellative.

Next we show that S is categorical at 0. Suppose that a,b,c€ S and
that ab, bc are non-zero. Since indecomposable right ideals are uniform,
we have that b is a member of a uniform right ideal U. Now al # 0 since
ab # 0 and hence by the above argument, ru(a) = 0. But bce U and so we have
abc £ 0.

We can now apply Theorem 4 to get that S has a completely O-simple
semigroup of quotients, that is, (i) holds.

5. A special case.

In this final section we look briefly at O-simple semigroups which
satisfy the descending chain conditions for left and right ideals. These
are precisely the completely 0-simple semigroups which have a finite number

‘offﬂ.—c1asses and j,-c]asses so that they may be represented as Rees matrix

semigroupsﬁTLo(G;m,n;P) for some natural numbers m,n. It might be thought
that these semigroups are more closely analogous to simple Artinian rings
than arbitrary completely O-simple semigroups are.

In looking for an analogue of Goldie's theorem, however, it appears
that the extra finiteness conditions do not simplify our earlier results.
The following theorem gives the additional conditions which have to be
imposed on a semigroup in order that it have a semigroup of quotients of
the formM 0(G;m,n;P).

THEOREM 6. For a semigroup S with 0, the following conditions are
equivalent:

(i) S_has a semigroup of quotients which is O-simple and satisfies

the descending chain conditions for left and right ideals,

(ii) S has a completely O-simple semigroup of quotients and
is both a finite 0-direct union of uniform right ideals and

of uniform left ideals.

(ii1) S has a completely O-simple semigroup of quotients and satisfies

the ‘ascending chain conditions for complement right ideals and
complement left ideals.
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Proof. (i) & (ii). The uniform one-sided ideals are found in the same way
as in the proof of (i) =y (i11) of Theorem 4.
(ii) =>(iii). Since S is a finite O-direct union of uniform right
[1eft] ideals, there are only a finite number of complement right £1eft]
ideals in S and so (iii) holds.
(iii) = (i). We may assume that the semigroup of quotients of S is
m °(6;1.45P). For i e I, we Tet
Ui = (501,99 : g¢ 6.2enf A S)u 0.
If T is infinite, we may suppose that N& I and then
U, e %:VUZC .

is a strictly ascending chain of complement right ideals, contradicting our
assumption.
Thus I is finite and similar1y”/lis finite.
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