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@ Notations & terminologies
© Congruence networks on inverse semigroups

© Some future work



Various classes of semigroups

@ group SCZ, BnzZ=S, -
@ regular semigroup — (Vae S)(3Ax e S) axa=a
@ inverse semigroup — every element of S has a unique inverse

— S is regular, and its idempotents commute

@ completely regular semigroup

— every element of S lies in a subgroup of S

@ band — every element of S is idempotent
@ semilattice — commutative idempotent semigroup
e Clifford semigroup — S is regular and the idempotents of S are central

— a semilattice of groups

@ E-unitary semigroup — (Vee€ Es)(Vs€ S)esc Es = s¢€ Es



Congruences

@ congruence
— a compatible equivalence relation
(Vs,t,s',t" € S) [(s,t) € pand (s',t') € p] = (ss', tt') € p
— both a left and a right congruence

(Vs,t,a€ S) (s,t) € p=(as,at) € p, (sa, ta) € p

congruence p

e semigroup S quotient semigroup S/p

e significance
@ obtain information on internal structure and homomorphic images
o ‘All the important structure theorems for inverse semigroups are

based on various special congruences.'

Petrich, M.: Inverse semigroups. Wiley, New York (1984)



Congruences

@ significance

e obtain information on internal structure and homomorphic images
o 'All the important structure theorems for inverse semigroups are

based on various special congruences.’?

V' S is an E-unitary inverse semigroup <= ocNL =¢
S=M(G,X,Y)={(Ag)eYxG|gtAc)}
Y=S/L,G=S5/c

v' S is a Clifford semigroup <= p=rn7
S= [Yv Gﬂv¢a,5]

2Petrich, M.: Inverse semigroups. Wiley, New York (1984)



Congruences

@ kernel—trace approach

Let p be a congruence on S,

trp = ples, kerp={x € S|(Je € Es)xpe}.

Let p be a congruence on S. Then

apb < alatrpb b, ab ! € kerp.

o T, K-relation

Let p,0 € C(S),

pT O < trp=tré, pKO <= kerp=kerf.



Congruences

@ kernel—trace approach
trp = ples, kerp={x € S|(Je € Es)xpe}.
e T, K-relation
pT O < trp=tré, pKO < kerp=kerf.

Result

For any p € C(S), pT = [pt, p], pK = [pk, p¥], where

aptb <= ae = be for some e € Es,epa tapb 'h,
ap' b < aleapbleb forallec Es,
Pk = (pﬂﬁ)*,

apK'b < [xay c kerp <= xby € kerp for all x,y € S].




Congruences

e kernel-trace approach

o 7T, K-relation
e congruence networks

e single out various classes of semigroups of particular interest

@ structure



Congruence network
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Min network of w on inverse semigroups (1982, Petrich - Reilly]

w
wp=o0 N = Wk
group semilattice
semilattice Ew
Ne =V T =0k
semilattice of groups — Clifford E-unitary — Ew is a semilattice
Ew semilattice
T =( A=
? Ew is a Clifford semigroup E-reflexive — semilattice of E-unitary

inverse semigroups

X == (ﬂ'z)k
?

min network of w



The following conditions on an inverse
semigroup S are equivalent.

arating E-unitary congruence on S;
T C o

(8) mr =¢;

(9) eo is a Clifford semigroup for
every e € E(S);

(10) S satisfies the implication
xy=x=y€E(S)(

(11) E(S)w C E(S)¢;

(12) TNF =e.

)
)
)
)
6) there exists an idempotent
D
)
)

The following statements concerning a
congruence p on an inverse semigroup
S are equivalent.

(1) p is an Ew-Clifford congruence;
(2) 7, C p", where m, is the least
E-unitary congruence on S containing
p;

(3) trm, =trp.

» Wang, L. M., Feng, Y. Y.: Ew-Clifford
congruences and Ew-E-reflexive
congruences on an inverse semigroup.

Semigroup Forum 82, 354-366 (2011)



Min network of w on inverse semigroups

w
wr=0 n= wk
group semilattice
ker| M=V = Ok idempotent classes
Clifford | Clifford E-unitary | F-unitary
» Feng, Y. Y., Wang, me=( P
L. M., Zhang, L., Ew-Clifford E-reflexive — semilattice of E-unitary
Huang, H. Y.: A ker o-Clifford inverse semigroups
new approach to a — idempotent 7)-classes are E-unitary
network of
congruences on an
inverse semigroup. : X =Gk = (me)k
Semigroup Forum m-is-over-E-unitary

99, 465-480 (2019) — idempotent 7-classes are E-unitary 7
min network of w




Min network of w on inverse semigroups

Definition
On S we define inductively the following
two sequences of congruences:
o = w = fo;
an = (Bn-1)t; Bn = (aa-1)k,
for n > 1.
We call the aggregate {an, 5n}020,
together with the inclusion relation for

congruences, the min network of w on S.

ay=w =

0=wr =1

Bn-1
Bn-1)t = an Bn = (an-1)k
Bar1 = (an)k
= (Bn 1) tk

min network of w



Min network of w on inverse semigroups

Definition

An inverse semigroup for which ker «, is a
Clifford semigroup is called a

ker a-is-Clifford semigroup. An inverse
semigroup S is called a

Bn-is-over- E-unitary semigroup if ef, is
E-unitary for each e € Es.

| \

Theorem

(1) a2 is the least ker au,-Clifford
congruence on S;

(2) Bni2 is the least (B,-is-over-E-
unitary congruence on S.

oy =w =Ly

0O=Wwr=m br=wk=mn
group semilattice
(!ﬁn)t = Qpy1 Bns1 = (a,,)k

Brio = (ani1)k

B,-is-over-E-unitary

(Bns1)t = s
ker av,-is-Clifford

Bz = (Qn+2)k

min network of w



ker a,-is-Clifford semigroups and [3,-is-over-E-unitary

semigroups

For n > 1, the following conditions on an
inverse semigroup S are equivalent:

(1) S is a ker ap-is-Clifford semigroup;
(2) [aanb and a7 'a < b7'h] =

aa t< bbb

anNL=a,NR;

4) an N L is a congruence;

®3)
(4)
(5) an N'R is a congruence;
(6) an N L = an N ;

(7) there exists an idempotent separating
Bn—1-is-over-E-unitary congruence on S;
(8) Bnt1 C p (9) (Br1)e = &;
(10) BoaNF =¢; (11) kera, C EsC;
(12) S satisfies the implication xy = x,
xxanyy ' =y e EsC.

For n > 1, the following conditions on

an inverse semigroup S are equivalent:
(1) S is a Ba-is-over-E-unitary
semigroup;

(2) Bn N F is a congruence;

(3) BnNC is a congruence;

(4) /Bn NF = /Bn n;

(5) BnNC=pBnNT;

(6) there exists an idempotent pure
ker ap—1-is-Clifford congruence on S;
(7) any1 C 7; (8) anpr1NL =¢;
(9) (ans1)k =¢;  (10) tr B, C tr;
(11) S satisfies the implication

Xy = X, x1x Qi1 yyfl =y € Es.




ker a,-is-Clifford congruences and [3,-is-over-E-unitary

congruences

For n > 1, the following statements
concerning a congruence p on an
inverse semigroup S are equivalent:
(1) p is a ker aup-is-Clifford
congruence;

(2) (ﬁn+1)p C pT, where (ﬂn+1)p s
the least 3,_1-is-over-E unitary

congruence on S containing p;
(3) tr(Bn+1)p = trp.

For n > 1, the following statements
concerning a congruence p on an
inverse semigroup S are equivalent:
(1) p is a Bp-is-over-E-unitary
congruence;

(2) (O‘n—&-l)p C PKr where (O‘n—&-l)p s
the least ker av,,_1-is-Clifford
congruence on S containing p;

(3) ker (apt1), = ker p.

Theorem

Qpio is the least ker au,-Clifford

congruence on S.

Theorem

Bnt2 is the least (,-is-over-E-unitary

congruence on S.




Quasivarieties

Definition (Petrich - Reilly, 1982)
An inverse semigroup S might satisfy

one of the following implications:

(Ao) x=y; (A1) x“Ix =y ly;

(A2) y € EC;

(An) xy = x, x B3y =y € EC,
n>3;

(Bo) x=y: (B1) y € E;

(Bn) Xy = X, Xﬁn—2y:>y € E,
n=>2.

Theorem (Petrich - Reilly, 1982)
(1) @ is the minimum congruence p
on S such that S/p satisfies (Ap);

(2) B, is the minimum congruence p
on S such that S/p satisfies (B, ).

Definition

An inverse semigroup S might satisfy
one of the following implications:

(Ao) x=yi (A1) x“Ix=y7ly;

(A) y € EG;

(ALY xy = x, x Ixa, 2yy =
y€EC( n>3;

(Bo) x=y: (B})y€E;

(B) xy = x, x xa, 1yy ' =
yeE n>2.

(1) «, is the minimum congruence p
on S such that S/p satisfies (A,);
(2) B, is the minimum congruence p
on S such that S/p satisfies (B),).




Min network of w on inverse semigroups

ay=w=Ff

Theorem

Let n be a non-negative integer. The

following statements are valid in an o= Pr=n
g Y
. . group semilattice
inverse semigroup S.
(1) Every U—C/QSS of 5/ﬂ2n+3 is a semilattice Ew
Ban-is-over-E-unitary semigroup;
(2) every n-class of S/api2) is a v=a Bo=m
e Cli : . Clifford E-unitary
ker Q2n41-15 'Cllfford Sem_lgrOlljp’ (ker aq-is-Clifford) (Bo-is-over-E-unitary)
(3) (Es/ass)w is a ker aap-is-Clifford .
. Ew semilattice
semigroup;
(4) (ES/BQ(M) Jw is a Bapi1-is-over-E- = o By = A
unitary semigroup. Ew-Clifford E-reflexive
(ker ay-is-Clifford) (B1-is-over-E-unitary)
(1) any2 is the least ker ap-Clifford congruence
onS; Ba
(2) Bn+2 is the least Bn-is-over-E-unitary congru- Pa-is-over-E-unitary
enceon S.

min network of w




Min network of w on inverse semigroups

ay=w= P

1 =wk=mn

semilattice

(ﬂn)r = Opt1 Bat1 = (an)k
(Bot1)e = Qnia Bria = (ns1)k
ker av,-is-Clifford Bn-is-over-E-unitary
: 3n+3 = (an+2)k

0 = Q1
group

semilattice

VvV =Qy

Clifford

Ew

Tt = Q3

Ew-Clifford

semilattice

ay=w=F

Bi=n
semilattice

Ew
fr=m
E-unitary
semilattice
“83 =\

, E-reflexive

Ew

Ba

m-is-over- E-unitary



Some future work

@ Pattern suitable for others ?
e In general, NO!

o Completely regular semigroups 7

@ Max network of ¢ 7 we = B = wr
group band
band
K\T
(eT)¥ ()
(wi)e = 2 Ba = (we)k
band of groups — cryptogroup E-unitary
band
-
EK 13
Bs
band of E-unitary
£ semigroups ( X )

max network of min network of w on regular semigroups
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