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ABSTRACT. We introduce the new concept of a graph product of semigroups; this is an
essentially different construction from that for monoids and groups. The second and the
third authors showed in a recent paper that the classes of left abundant monoids and
left Fountain monoids are closed under graph products of monoids. As a corollary, via a
specific embedding of a graph product of semigroups into a graph product of monoids, one
can deduce the same result for semigroups. The main aim of this current paper is two-fold.
First, we give a direct and relatively simple proof of the aforementioned corollary, which
avoids the involved calculations in the monoid case. Second, we give the characterisation
of R* and R in the graph product of semigroups, a question left open for monoids. We
hope that our work here will inform a corresponding approach to the understanding of
R* and R in the monoid case.

This paper is dedicated to the memory and achievements of Professor Guo Yuqi.

1. INTRODUCTION

The notion of a graph product of groups was introduced by Green [20] and extensively
studied in various contexts, for example, [2] [3]. It generalises the concept of graph groups,
(also known as right-angled Artin groups) [4, [14], by replacing the free groups in the
construction by arbitrary groups. Graph products of monoids are defined in essentially the
same way as for groups [§], and, as for groups, generalise notions of free product, restricted
direct product, free (commutative) monoids and graph monoids. Here, analogously to the
case for groups, graph monoids are graph products of free monogenic monoids, introduced
in [6]. Such monoids are also known as free partially commutative monoids, right-angle
Artin monoids and trace monoids, and they have broad applications in computer science,
for example, concurrent processes [12], [T1].

Much of the existing work in graph products of monoids and groups has been to show
that various algorithmic or algebraic properties are preserved under graph products e.g.
[21], 13, @, 25]. For us a particular motivation has been the result from [I8] that the graph
product of right cancellative monoids is right cancellative. The recent work [10] by the
second and third authors of the current paper also follows this stream. The algebraic
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properties we are concerned with in [I0] are abundancy and Fountainicity and their one-
sided versions. These notions may be thought of as weakening that of regularity, and arise
from many sources, for example, that of abundancy from projectivity of monogenic acts,
and that of Fountainicity (also known as weak abundancy) from connections with ordered
categories. Specifically, we show in [I0] that the classes of left abundant and left Fountain
monoids are closed under monoid graph product. A brief introduction to abundancy and
Fountainicity may be found in Section [2| and [10]; see [28] 29, [16] 17, 26] for more details.
It is worth noting that every element in the graph product of monoids can be represented
by certain kind of normal form, a left Foata normal form. Such forms were originally
established for graph monoids, via arguments using cancellativity, which cannot be called
upon in the general case.

The notion of graph product of semigroups was introduced in [10]. It is a natural analogue
of the notion of graph product of monoids within the class of semigroups. However, we
stress this construction is different from that for monoids. In both the semigroup and
monoid case the construction is designed so that the vertex semigroups or monoids embed
as subsemigroups or submonoids of the graph product, respectively. In the monoid case,
this requirement results in a significant effect on the combinatorics. Nevertheless, as stated
n [10], a graph product of semigroups can always be embedded into a graph product of
monoids. One of the applications of the main result in [10] shows that graph products of left
abundant and left Fountain semigroups are left abundant and left Fountain, respectively
([10, Corollaries 7.4, 7.5]). The aim of this current paper is to give a direct and simple proof
of these results, avoiding the heavy machinery of [10] which arises from the complexity of
the structure of graph products of monoids. We hope that this will illustrate the concepts
involved. Further, we give the characterisations of R* and R in the graph product of
semigroups. The question in the corresponding case for monoids was left open in [10].

This paper is organised as follows. In Section [2] we recall the notion of graph products
of semigroups and describe the universal nature of this construction. Further, we give
a brief introduction to the relations R* and R, as well as to the notions of abundancy
and Fountainicity. In Section [3| we show that every element in the graph product of
semigroups may be represented by a reduced word and further by a left Foata normal
form. Such forms are crucial to the whole analysis of this work. With these preparations,
we begin in Section 4| by describing the idempotents of the graph product of semigroups and
exhibiting a decomposition of elements to show that the class of left abundant semigroups
is closed under graph product. Further, we characterise the relation R* on graph products
of semigroups. The structure of Sectlon [l is similar to that of Section [4} but our concern
here is changed to Fountainicity and the relation R At the end of Section |5 we give
necessary and sufficient conditions for the relation R to be a left congruence on a graph
product of semigroups. Notice that some of this work in this article will appear in the PhD
thesis of the first author [I].
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2. PRELIMINARIES

The aim of this section is to present the technicalities necessary to follow this article,
to establish notation, and to give some preliminary results. In particular we recall the
notion of graph products of semigroups from [I0] and explain the universal nature of
such semigroups. We define the properties of left abundancy and left Fountainicity for
semigroups, and give some relevant facts. We assume the reader has a working knowledge
of algebraic semigroup theory, as may be found in [22].

We start with the notion of free semigroups. Let X be a set. The free semigroup X
on X consists of all non-empty words over X with operation of juxtaposition. We denote
a word by xy 0 ---ox, where z; € X for 1 < ¢ < n; we also use o for juxtaposition of
words. Where possible we use z (or y, etc.) to denote a word with letters z; (or y;, etc.).
Throughout, our convention is that if we say x;0---ox, € X*, then we mean that z; € X
for all 1 <17 < n, unless we explicitly state otherwise.

Let I' = I'(V, E) be a simple, undirected, graph with no loops. Here V' is a non-empty
set of vertices and E C V5 is the set of edges of I', where V5 is the set of 2-element subsets
of V. We think of {«, 5} € E as joining the vertices «, 5 € V. For notational ease we
denote an edge {«, 8} as (a, ) or (8, «); since our graph is undirected we are identifying
(o, B) with (8,a). Let S = {S, : @ € V} be a set of semigroups indexed by V, called
vertex semigroups, such that Ss NS, =0 for all §# v € V.

Definition 2.1. [I0] The graph product 9 P =42 (I',S) of S with respect to I' is defined
by the presentation

¢ =(X|R)
where X = J, o So and R = R, U R, is given by:

R, = {zoy=2ay: x,y € Sy,a € V},
R. = {zoy=yox:x€S,, yeSs(a,p)ec L}

The reader should note that the graph product of semigroups is a structure defined by
a semigroup presentation. The construction of graph products of semigroups is fundamen-
tally different from that of graph products of monoids, since semigroups are an algebra
with a different signature to that of monoids. We will see in Remark that each vertex
semigroup embeds into the graph product. A graph product of monoids or, indeed, of
groups, is defined by a monoid presentation, and it is constructed in such a way that the
vertex monoids embed as submonoids. To effect the latter, one identifies the identities of
the individual vertex monoids, leading to more complicated combinatorics.

Throughout we assume |[V| > 2, as otherwise 4.2 is isomorphic to the single vertex
semigroup. We denote the Rf-class of w € X+ in 9% by [w], where R* is the congruence
on 42 generated by R. Clearly, for all u,v € X, [u][v] = [uov].

With notation as above, the free product 2 = % 2(S) of § with respect to I' is
exactly the presentation

FP=(X|R,).

The following is an application of the third isomorphism theorem for semigroups, and

adjusted to explicitly mention generators; see, for example, [22) Theorem 1.5.4].



4 N. ALQAHTANI, Y. DANDAN, AND V. GOULD

Lemma 2.2. The semigroup ¢ 2 (I, S) is the quotient semigroup of F P (S) by the con-
gruence generated by the binary relations corresponding to the relator R..

Notice that by taking 'y = T'(V, ) we have F 2(S) = G P2(Ty, S).

Lemma 2.3. Let V' C V and let I" = I'(V', E') be the resulting full subgraph of I'. Let
G P be the corresponding graph product of the semigroups &' = {S, : a« € V'}. Then 4 P’
is a retract of Y.

Proof. The proof is similar to that of [10, Proposition 2.3]. O

Remark 2.4. Let a € V. By taking V' = {a} in Lemma[2.3] we immediately see that S,
is naturally embedded in ¥ & via 1, : S, — 4, where for x € S, we have xt, = [z].

We now explain the universal nature of graph products of semigroups.
Definition 2.5. Suppose that S is a semigroup and we have a collection of morphisms
0={0,:5,—> S5 |acV}
We say that 6 satisfies the I'-condition if for all x € S,,y € S with («, ) € E we have
(20a)(y05) = (y05)(20a).
The next result is analogous to [I8, Proposition 1.6].

Proposition 2.6. The collection of embeddings
L={ta: 84 =Y |aecV}

satisfies the I'-condition. Further, 9.2 is generated by {[s] : s € Sy, € V'}.
Suppose that S is a semigroup and we have a collection of morphisms

(=4{C:Sa = S|aeV}
satisfying the I'-condition. Then there is a unique morphism
(9P — S
such that 1, = o for alla € V.
Proof. Let s € S,,t € Sg with (a, ) € E. Then

(sta)(teg) = [s][t] = [s o t] = [t o 5] = [¢][s] = (te5)(sta).
It is clear that ¥4 &7 is generated by {[s] : s € S,, a0 € V'}.
Let S be as given. Define a map

E: Xt — 8

by s¢ = s(, where s € S,. It is easy to see from the definition of the I'-condition that
R C ker ¢ and hence R C ker . It follows that

(9P — S, [w] — we
is a well defined morphism. Further, for any o € V and s € S,,

Sbaz = [S]Z = 35 = SC&
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so that 1o = (.
Suppose that there is another morphism (' : 4% — S such that 1,(' = (, foralla € V.
Since {[s] : s € S, € V'} generates 4.2 it follows that ( = (. 0

We now show that the conditions of Proposition [2.6] characterise ¢ &2.

Proposition 2.7. Suppose that U is a semigroup and we have a collection of embeddings
V={Vy: S, = U}

satisfying the I'-condition, such that U is generated by {sv, : o € Vs € S, }. Suppose also
that U satisfies the condition that for any semigroup S and collection of morphisms

0=1{00:S.,—S|acV}

satisfying the T'-condition there is a unique morphism 3 : U — S such that v,p3 = 0, for
all o € V. Then there is an isomorphism

vV:9Y U
such that 1,V = v, for all a € V.
Proof. From Proposition [2.6] the collection of embeddings
t={to: Se = 9GP}

satisfies the I'-condition. So there is a unique morphism 3 : U — ¢ % such that v,5 = (,
for each o € V. On the other hand, again by Proposition [2.6] there is a unique morphism
v:9% — U such that 1,V = v, for cach o € V.

For any a € V and s € S, we have

[Ss|[TB = staVB = s1af8 = Stq = [8]
and as 42 is generated by {[s] : s € Sy, € V}, we have that g is the identity on

¢ . Dually, we may show that v is the identity on U, and we conclude that § and 7
are isomorphismes. O

A similar result to Proposition may be obtained for graph products of monoids; this
was omitted from [I0] due to considerations of paper length.

The purpose of the rest of this section is to briefly recall the equivalence relations R, R*
and R on a semigroup S and their left /right duals £, £* and £. These relations enable us
to define the notions of regular, (left) abundant and (left) Fountain semigroups. For the
details, we refer the readers to [28, 29} [16], 17, 26].

Let S be a semigroup; we denote by E = E(S) the set of all idempotents of S. The
relation R is defined by the rule that for any a,b € S

aR b<s aSt =bSh.

The relation £ is defined dually. Clearly, both R and L are equivalence relations on S.
It is known that a semigroup S is regular if and only if each R-class of S contains an
idempotent if and only if each L-class of S contains an idempotent. Regularity is often
not preserved by algebraic constructions e.g. [23]. It is easy to see that graph products of
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regular semigroups with underlying graphs not complete will not be regular; indeed this is
true for free products. So, it is natural to consider some relations on S larger than R and
L and ask whether they contain idempotents.

The relation R* is defined by the rule that for any a,b € S we have a R* b if and only
if a R b in some oversemigroup 1" of S. Equivalently,

aR*bs (Vz,y € S')(za = ya & xb = yb).

The relation £* is defined dually. It is easy to see that R C R* and £ C L*, and that
we have R = R* and £ = L* whenever § is regular. Further, both R and R* are left

congruences, while both £ and £* are right congruences. See [28| 29, [19] for further details
of R* and L*.

Definition 2.8. A semigroup S is said to be left abundant if each R*-class of S contains
an idempotent. Right abundant semigroups are defined dually and we say S is abundant if
it is both left and right abundant.

Note that a semigroup may be left but not right abundant, as is easily seen by considering
a right but not left cancellative monoid. It is also worth noting that if S is a monoid then
x € S is right cancellative if and only if x is R*-related to the identity of S.

At this point it helps to define a variation on right cancellativity.

Definition 2.9. An element x of a semigroup S is i-right cancellative if it is right can-
cellative and there is no u € S such that uxr = x.

It is easy to see that z € S is right cancellative in S, where St is S with an identity
adjoined whether or not S is a monoid if and only if x is i-right cancellative. More generally,
we have the following useful result to determine when an element is R*-related to an
idempotent.

Lemma 2.10. [I7] Let S be a semigroup with a € S and e € E. Then the following
statements are equivalent:

(i) a R* e;

(11) ea = a and for all x,y € S*, xa = ya implies xe = ye.

Many semigroups (for example, left restriction semigroups) are not left abundant but
have idempotents in classes of a relation R that is a further extension of R*, and the same

is true in the two-sided case (for example, semigroups of binary relations). The relation R
is defined by the rule that for any a,b € S we have

aRbs (Ve e E)ea=a< eb=b).

The relation £ is defined dually. Clearly R* C R and £* C L with equality if S is
abundant. The relations R and £ were introduced in [15] and were further developed in
[26]. They have been the topic of extensive studies, particularly to understand to what
extent the theory of regular and inverse semigroups might have ‘non-regular’ analogues;
see, for example, [7, 24] [30]. Unlike R and R*, here we have that R is not necessarily a

left congruence. Similarly, £ is not necessarily a right congruence.
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Definition 2.11. A semigroup S is said to be left Fountain if each R-class of S contains
an idempotent. Dually, we may define right Fountain semigroup, and S is Fountain if it is
both left and right Fountain.

Formerly, left Fountain was referred to as weakly left abundant, but in view of the per-
ceived significance the notion was renamed by Margolis and Steinberg in [27]. Correspond-
ing to Lemma [2.10] we have the well known:

Lemma 2.12. [19, Lemma 2.9] Let S be a semigroup with a € S and e € E. Then the
Jfollowing statements are equivalent:

(i) a R e;

(ii) ea = a and for all f € E, fa = a implies fe = e.

3. (LEFT) FOATA NORMAL FORMS

Throughout this section ¢ &2 denotes a graph product 4 Z(I", S) of semigroups under the
notation established in Section [2 We show that every element of 4% may be represented
by a reduced word, which is unique up to shuffle equivalence. Further, every reduced
word is equivalent to a left Foata normal form, which is also unique, up to a certain sense
described in Theorem [3.14, We remark that such forms were originally established for
graph monoids and developed in [I0] for graph products of monoids.

Definition 3.1. Let s : X — V be a map defined by s(a) = a if a € S,. The support s(x)
ofx =x,0---0x, € X" is defined by

s(x) ={s(z;) : 1 <i<n}.

When s(z) = {a} is a singleton, we write simply s(x) = a.. Notice that for any z,y € X,
if [x] = [y] then s(x) = s(y).

Definition 3.2. Let z;0---0x, € XT. A reduction is a step:

(V) 10+ - 00Xy —> X1 O+ +Tj 1 O X;iliy1 O Tiyo O -+ O X, Where x;, ;11 € S, for some
aeV.

A shuffle is a step:

(€) Zy 0+ 0Ty —> T O+ OLj_1 OWLiy1 OT;0Titg0 -+ 0x, where (s(x;),s(x;41)) € E.

Definition 3.3. Two words in X are shuffle equivalent if one can be obtained from the
other by applying relations in R., that is, by shuffles.

The next result captures how we may shuffle a word to re-order it.

Lemma 3.4. Let x = x10---0x, € XT. Then we can shuffle v to ' = x;, o---ox;, if
and only if for all 1 < j <k <n, if ix <ij then (s(vy,),s(zy,)) € E.

Proof. Suppose that we can shuffle x to 2’. If 1 < j < k < n and ¢ < 4;, then in the
process we must have changed the order of z;, and x;;, so that by the definition of R, we
must have (s(z;,), s(x;,)) € E.

Conversely, let 2’ have the property that for all 1 < j < k < n, if 44 < ¢; then
(s(zy;), 8(x3,)) € E. If n = 1 the result is immediate. Suppose for induction that the result
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is true for words of shorter length. If there exists 1 < iy then for any 1 < j < 4; we have
J = k() where 1 < k(j) but iy < 41, so that by assumption (s(xy,), s(z;, ;) € E. It
follows that we may shuffle z;, in

L =Ty 0Ly OLi; 1 OLi; OLjyq1 0 I

to the left to obtain

"

T = 2;;0X10T2---0T;; 10L4,410"""Tp.

Considering now the word ;3 o 29+ 0 x;,1 0 2;,41 © - - -2, and applying our inductive
hypothesis (with suitable relabelling) we obtain that x shuffles to a’. If iy = 1 then we
have xg =x; 0xy0---0x, and we apply our inductive hypothesis to zg 0 - - - 0 x,,. U

We make a couple of remarks which follow from Lemma 3.4} Suppose that z = z10---0
z, € X shuffles z to 2’ = x;, 0---ox;,. Let 1 < j < n, and suppose z; shuffles to ;.
Then, deleting x; from x to give x(j), we have that x(j) shuffles to 2/(j), where 2'(j) is
r" with z; deleted. Further, take any y € Sy(,,). Replacing z; by y in = and denoting the
corresponding word by x(j), and replacing x;, by y in 2/, and denoting the corresponding
word by 2’'(y), we have that z(y) shuffles to 2'(y).

Definition 3.5. A word x = x;0---0x, € X' is reduced if for all 1 < i < j < n with
s(x;) = s(x;), there exist some ¢ < k < j with (s(z;), s(xy)) € E.

Clearly, if s(z) is a complete subgraph, then z is reduced if and only if s(z;) # s(z;) for
all 1<i<j<n.

Remark 3.6. Let x =210 ---0x,,,y=1y,0---01y, € X be reduced. Then z oy is not
reduced exactly if there exist 4,j with 1 <i <m,1 < j < n such that s(z;) = s(y;) and
for all b,k with i <h <m,1 <k < j we have (s(z;),s(z)) € E where z = xj, or z = yy.

The proof of the following result is similar to that of [10, Lemma 3.7], so omitted.

Lemma 3.7. Let w € XT. Applying reductions and shuffles leads in a finite number of

steps to a reduced word W with [w] = [w].

The next result was originally proven for graph products of monoids in [20] and oft
quoted. The argument for semigroups is much simpler, and worth stating.

Proposition 3.8. Fvery element of the graph product ¢ is represented by a reduced
word. Two reduced words represent the same element of 9% if and only if they are shuffle
equivalent. An element w € [x] is of minimal length in |x] if and only if it is reduced.

Proof. 1t follows from Lemma[3.7 that for any [z] € ¢4 2 we have [z] = [Z] for some reduced
word 7.

Next, we show that the set of all shuffle equivalence classes forms a confluent rewriting
system; details for rewriting systems may be found in [5]. For convenience we denote by
(z) the shuffle equivalence class of © € Xt and write (x) — (y) if y is obtained from
a2’ € (z) by applying a reduction.
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Let x =210 -0x, € X and pick 2/ = x;, 0---0x;, and 2" = x;, 0--- 0oz, in (x).
Suppose that s(x;, ) = s(z;,,,) so that we may perform a reduction to obtain

/

Y = Xip OOy g Oy Xy g O Ty O Oy,

Then by Lemma and the remarks following, 3’ is shuffle equivalent to
y:xlo...oxpﬂoxpxqopoo...oxqflog;qﬂo...oxn

where p = i and g = i, 1; notice we must have that p < ¢q. Applying the same process to
2" results in a word

Z=T10--0Xp 10,4 OXLpy10-+-0Xy4_10T4410--0Ty

where r < t.
Therefore, (z) — (y) and (z) — (2). We now need show that (y) — (v) and

(z) — (v) for some v € X, as depicted by the following picture

/\
\/

Without loss of generality we may assume that p < r. If p = r then from Lemma
(bearing in mind our graphs have no loops), we cannot havep =r < g <torp=r <t < g;
we deduce that in this case ¢ = t so that (y) = (z). If p < r, then again we cannot have
that r < ¢, so that either ¢ = r or g < r.

If g =r, then (y) = (v") where y” is the word

xlo---oxp,lompxqoxtoxwrlo---oxq,loxq+1o---oxt,loleo-uoxn
and then (y”) — (v) where v is the word
iL'lO--'OmpflO$pxq$t0xp+1O"'Oi[,'q,lO.Tq+1O"'Oxt,10$t+10---0l’n.

Similarly, (z) — (v).
If ¢ < r, then by shuffling and applying a reduction in each case we have (y) — (u)
and (z) — (u) where u is the word

LUIO"~O$p,10$p$q0$p+1o'~'qu,10[1}'q+10"‘I‘Tfloxrxto‘lyq,lo'~~Oxt,10xt+10"'oxn.

We have shown that the set of all shuffle equivalence classes forms a confluent rewriting
system. It follows that any two reduced forms represent the same element of 4% if and
only if they are shuffle equivalent.

Let w € [z] for some words w,x € X . It is clear that if w is of minimal length in [z],
then it must be reduced. Finally, if w is reduced then as certainly [w] = [z] for some word =z
of minimal length in [z], then z is also reduced, giving that w and z are shuffle equivalent,
so that they have the same length. O
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Definition 3.9. If z € X and [z] = [w] for a reduced word w € X, then we say that w
is a reduced form of x.

The following result will be used frequently in the rest of this work.

Lemma 3.10. Let [z] = [y] where x = x10---0x, andy =y, 0--- 0y, are reduced and let
1 <m <n. Then [z10---0xy] = [y10- - -0yy] if and only if [Tyi10- - 0xy] = [Ymi10: - -0Yn].
Proof. The proof is similar to that of [I0, Lemma 3.13]. O

Definition 3.11. A word w € X% is a complete block if it is reduced, and s(w) forms a
complete subgraph of I' = I'(V, E).

We now show that any reduced word in X+ may be shuffled into a word that is a product
of complete blocks.

Definition 3.12. Let w € X*. Then w is a left Foata normal form with block length k
and blocks w; € X+, 1 <1 <k, if:

(i) w=wjo0---ow, € Xt is a reduced word,;

(i) s(w;) is a complete subgraph for all 1 <i < k;

(iii) for any 1 <i < k and « € s(w;11), there is some g € s(w;) such that (o, ) € E.

If [x] = [w] where w is a left Foata normal form, then w is a left Foata normal form for
x.

Remark 3.13. (i) A complete block is precisely a word in left Foata normal form with
block length 1.

(i) If w=wy0---ow, € X is in left Foata normal form with blocks w;, 1 < i < k,
then for any 1 < j < j' <k we have wj o wjiq 0---owy is also in left Foata normal form,
with blocks wy,, j < h < j'.

(i) fz=x10--0ox, andy =y, 0--- 0y, € X are complete blocks, then [z] = [y]
if and only if z and y are shuffle equivalent if and only if y; = x,,, 1 < i < n, for some
permutation o of {1,--- n}; in particular, n = m and s(z) = s(y).

(iv) A word © = xy 0 --- o x, is a complete block if and only if s(x) is complete and
s(x;) # s(z;) forall 1 <i < j<n.

The arguments in [I0, Proposition 3.17 and Theorem 3.18], arguing for the existence
and uniqueness of left Foata normal forms of elements of graph products of monoids,
only involve shuffling of reduced words. The same arguments may be taken to show the
corresponding results for ¥ Z.

Theorem 3.14. Every element in 4% may be represented by a left Foata normal form.
Let w € X and let wy owg o -+ 0wy and wyowho---owj be left Foata normal forms of
w with blocks wi,w; for1<i<k,1<j<h. Thenk=h and [w;] = [w]] for 1 <i<k.

4. IDEMPOTENTS, ABUNDANCY AND THE RELATION R* ON ¥4 &

In this section we first give a description of idempotents in 4 .%?. With this in hand, we
show that the graph product of left abundant semigroups is left abundant. Further, we
give a characterisation of the relation R* on 4 2.
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Lemma 4.1. Let x = x10---0x,,y =y 0---0oy, € X1, where s(x;) = s(y;) for all
1 <i<n ands(x;) # s(x;) (and so s(y;) # s(y;)) for all 1 < i,5 <n with i # j. Then

[z] = [y] <= x; = y; for all1 < i <n.

Proof. For each v € Y, let Sa be the semigroup S, with an identity 1, adjoined whether
or not S, s a monoid. For any a« € V' we define a morphism

Po 1 XT — Ske
by its action on generators, where

Z(ba_{,i z €8,

1, else

We claim that R* C ker ¢,.
To see R, C ker ¢, let 8 € V and ¢g,h € Sz. If B = «, then

(9 0 h)da = (9¢a)(hda) = gh = (gh)Pa.
If B # «, then
(g0 h)pa = (90a)(hda) = 1,1, = 1, = (gh)Pa-
Now consider a € S3,b € S, with 5 # v, (8,7) € E. If § # v = a, then

(@ 0b)pa = (a¢a)(bda) = 1,b = bL, = (bo)(aga) = (bo a)Pa.
Dual arguments hold for the case « = 5 # . If a # 8 # v # «, then

(a © b)¢a = (a¢a)(b¢a) = lala = <b¢a)(@¢a) = (b o (L)¢a.
Thus R. C ker ¢,.

It follows that R* C ker ¢y and so ¢, : 9.2 — Sa give by [2]d, = z¢. is a well defined
morphism. For each 1 <i <n,

Ty = ['I]gbs(zi) = [?/]as(yi) = Yi-

The converse of the statement is clear. O

Lemma 4.2. Let x = x10---0x, € X1 be a reduced word. Then [x] is an idempotent if
and only if s(x) is complete and x; = x? for all 1 < i < n.

Proof. Let x be as given. The sufficiency is clear. To show the necessity, suppose that [z]
is idempotent and let s(x;) = «; for all 1 <i < n. If s(z) is not a complete subgraph of T,
then there must exist 1 < i < j < n, such that o; # a; and (a;, ;) € E. Let ({i} * {j})*
be the free product on the trivial semigroups {:} and {j}, with identity adjoined. We
define a map

b X ({5}
by its action on generators, where

i 2 €8,
2) =4 ] 2 €Sy
1 else.
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We now show that R¥ C kera. Let g,h € Sz, 8 € V. If 8 = «;, then

(g0 h)Y = (g¢) () =it =i = (gh)y.
Similar arguments hold for the case f = ;. If 5 & {a;, a;}, then

(g o) = (g)(h) =11 = 1 = (gh)¢.
Now consider a € Sg,b € S, with 8 # v, (5,7) € E. If a; = 5 # v, then

(a0 by = (ap)(by) =il = 1i = (by)(ar)) = (bo a)y.
Similar arguments hold for the case a; = f # . If 8,7 & {c, a;} , then

(a0 b)y = (ap)(byp) = 11 = (b)(ap) = (bo a)y.

Since (a;, ;) ¢ E, these are the only cases to consider. Hence Rf C kert), giving a
morphism
9P — ({i} = {3}, [2] = 20

By our assumption, [z] = [?], and it follows that x1) = (z1)(x1)). Notice that zt) must
contain letters ¢ and 7, so that, if the length of the reduced form of x% is [, then [ > 2, so
that the length of the reduced form of (z1))(zv) is either 20 — 1 or 2I. By the uniqueness
of the length of reduced form of zv) = (z)(x)), we must have [ = 2l or [ = 2] — 1, a
contradiction. We deduce that s(x) is a complete subgraph of I". It follows that

[mlo...oxn] — [I%ooxi]

Since z is reduced and s(x) is complete, s(z;) # s(z;) for all 1 < ¢ < j < n. It follows
from Lemma that x; = x? forall 1 <i<n. O

Next, we construct three maps in Lemmas and [4.6], which are the key for the proof
of the abundancy of ¢ &?. The reader should note that these maps are not morphisms.
We begin by setting up some notation. For each («, ) ¢ E, where o # 3, and for any
x € X, we obtain the word z(«, ) by deleting certain x; from x, where s(z;) = «, by the
rule that starting from the right we delete z; as long as:

(1) there is at least one x; with j < ¢ such that s(x;) = f;

(2) there are no xy with ¢ < k such that s(zx) = 5.

Let .Z be the binary relation on X' defined by

Z ={(rouoy,xrovoy):z,y € X" (u,v) € R}.

Notice that R is the transitive closure of .#. Since the overall context we are working is
that of semigroups, we normally just write u for x o u or u oy, when x or y is e.

Lemma 4.3. For each (o, ) ¢ E, where a # 5, we define the map
Onp: XTGP, x> 20,5 = [z(a, B)].
Then

Oop 9P -G, [w] — whyp
1s well defined.
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Proof. We need to show that R¥ C kerf, 3. Since R is the transitive closure of &, to
show Rf C kerf, s, we just need show that . C kerf, . It is sufficient to consider the
following cases.

Case (i) (u,v) = (s ot,st) where s,t € S,. If 8 € s(y), then clearly

(zouoy)las=[roul(ybas) =[x ov](ylas) = (xovoy)las.
If § is in neither s(y) nor s(z), then
(xouoy)fyps=[rouoy]=[rovoy] = (rovoy)l,s.
If 5 & s(y) but 8 € s(x), then
(xouoy)bas = (roy)fas=(r0voy)fas.
Case (i) (u,v) = (s ot,st) where s,t € Sz. We have
(x 0uoy)bas = [roul(ybas) = [v0v](ybas) = (x0voy)fas.
Case (iii) (u,v) = (s ot, st) where s,t € S, and v # «, 8. It is clear that
(zouoy)fas = (zovoy)fas.

Case (w) (u,v) = (sot,tos) where s € S, t € S,, v # f and (a,7) € E. If 5 € s(y),
then

(zouoy)byp = [roul(ybas) = [rov](ybas) = (xovoy)has.
If B is neither in s(y) nor s(z), then

(xouoy)fyps=[rouoy]=[rovoy] = (rovoy)l,s.
If B & s(y) but 5 € s(x), then
(xouoy)las=(xotoy)las = (rovoy)lys.
Case (v) (u,v) = (sot,tos) where s € Sz, t € S, v# aand (5,7) € E. We have
(x 0uoy)bas = [rou(ybas) = [z 0v](ybas) = (z0voy)las.
Case (vi) (u,v) = (sot,tos) where s € S,,t € S, (1r,7) € E, pu,v & {a, f}. It is clear
(xouoy)byps = (rovoy)l,ps.

The above arguments show that R* C ker 0,8, so that 5%5 exists as claimed. U
Definition 4.4. For each o« € V and each x = z;0--- 02, € XT, we define a set
No(z) ={k e {l,--- ,n}:s(xy) = a and for all j > k, either s(z;) = a or (a, s(z;)) € E}.

Of course, N,(z) may be empty. The proof of the following lemma follows from a
shuffling arguments and the definition of N,.

Lemma 4.5. Let « € V and v = xy0---ox, € X 1. Suppose that Ny(z) = {ly,-- , 1.}
with 1 <ly <--- <, <n. Then

(2] = [][z1, 0+ -0 m ]

where ' is obtained by deleting all x;,, 1 <1 <r, from x.
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Lemma 4.6. For each o € V', the maps
o XT — 9GP and i, XT — G P!

defined by
200 = [z, 002, and 21, = [2'],
where z = z10 -+ 0z, € X and No(2) = {l1, - ,[,} withly < --- <., and 2’ is the
obtained by deleting z;,, - - , 2, from z, induce maps
¢, 9P — 9GP and ), GP — 4GP
defined by

2]}, = ziﬁa and [2|Y, = 2.

Further, [2] = (2¢0a)(2¢a) = ([2]¥0)([2]¢a)-

Proof. We first show that R* C ker ¢, and R! C ker,. Since R? is the transitive closure
of .Z, it is sufficient to show that .Z C ker ¢, and £ C ker 1.

Let c =x10--0oxpy=yi0---0oy, € X' and (u,v) € R. We consider the following
cases.

Case (i) (u,v) = (sot,tos), where s € Sz, t € S, with (8,7) € E and 5,7 # «a. It is
easy to see that Ny(zouoy) = Ny(rovoy)and p+ 1,p+ 2 are neither in N,(z ouoy)
nor N,(z ovoy), so that

(1) (xouoy)p, =(rovoy)d, and (z ouoy)th, = (xowvoy),.

Case (ii) (u,v) = (sot,tos) where s € Sg,t € S, with (8, a) € E. We have the following
2 subcases.

Subcase (ii)(a) No(x ouoy) = 0. If a &€ s(y), then there exists 1 < j < ¢ such that
(s(yj), ) & E, giving Ny(xovoy) =0. If a € s(y), then we pick j to be the greatest such
that s(y;) = a. As N,(zouoy) = (), there exists k with j < k < ¢ such that (o, s(yx)) € E,
so that N,(x ov oy) = (). Therefore

(zouoy)pa=1=(zovoy)da
and
(Touoy)ps =[rouoyl=[rovoyl=(zovoy),

so that Equation holds.

Subcase (11)(b) No(zouoy) = {ly,---,l,} where 1 <), < --- <[, <p+2+gq.
If p+2 < [, then we have {l;,--- ,l,} C Ny(rovoy); ast € S,, there exists k with
1 <k <! wherel] =1; — (p+ 2) such that s(yx) # a and (s(yx),«) € E. In either case
No(xowvoy)={l, - ,l.}, and hence Equation (1)) holds.

If Iy =p+ 2 (similarly if [y = p+ 1), then p+ 1 € N;(x ocvoy) and by the definition of
N, (zouoy), we deduce that, for any 1 < j < p with s(x;) = a, there exists k with j <k <p
such that s(xy) # « and (s(zy),«) € E. Tt follows that No(zovoy)={p+ 1,13, --- 1.},
and hence Equation holds.

If1 <1l <p, thenp+2 € Ny(xrouoy)and p+1 € Ny(xrowvoy). Also, for any
1 <j <y with s(z;) = a, there must exist k£ with j < k <; such that (s(xy),a) € E, so
that Ny(xovoy) = ({li,l2, -+, L }\{p+2}) U{p+ 1}, and again Equation (1)) holds.
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Case (iii) (u,v) = (s ot,st) with s,t € Sz. Whether 8 equals « or not, it is clear that
Equation holds.

The above arguments show that R* C ker ¢ and R* C ker ), so that ¢, and 1), are maps
as stated. Finally, it follows from Lemma [L.] that [2] = (21a)(2¢a). 0

Our next step is to show that the R*-class of an element of ¢ is determined by the
left-most block of its left Foata normal form.

Lemma 4.7. Let w = wy0---ow, € X be a left Foata normal form with blocks w; for
all1 <i<mn. Then [w] R* [w].

Proof. Let [z],[y] € 92 be such that [x o w] = [y o w]. The idea of our proof is to

delete letters from the end of w, in the expression [x o w] = [y o w], until we end with
[z o wy] = [y 0wy, by using maps defined in Lemma [4.3|
If [w] = [w1] we are done. Otherwise, if 1 < n, pick an arbitrary o = s(w,,). Since w, is

a complete block, there must be exactly one letter contained in w, with support «. Also,
there exists 5 € s(w,_1) such that («, 5) ¢ E. Since 8 & s(w,,),

[Tow o+ 0w,y 0 wy] = [z 0wy = [y o wap = [y 0w o+ 0wy 0w

where w/, is obtained from w, by deleting the element with support a. Notice that w; o
<o wp—1 0w, is also a left Foata normal form. Repeating the above process, we may
delete all the remaining letters of w, one by one to obtain

[ajowlo...own_l] — [yowlo...own_l]'
Finite induction yields [z o wy] = [y o wy], as required. The same argument applies to the
case [x][w] = [w]. O
We now establish a connection with the relation R* in 4% and the relation R* in the
vertex semigroups.
Lemma 4.8. Let z,2' € X be such that 2 R* 2" in Sy). Then [2] R* [¢'] in G P.

Proof. Let x = x10---0Zp, y=1y10---0y, € X be such that [z][z] = [y][z]. We now
claim that [z][2'] = [y][2]. Let s(z) = . It follows from Lemma (4.6 that

[mlo"'oxmoz]aa:[ylo"'oykoz]¢a
and _ _
[xlo"'oﬁmoz]d)a:[ylo"'oyk’oz]wa'
Suppose that
No(wy0--ommoz)={r, - ,m},Na(r0---oypoz)={s1, s}
Then we must have r, =m + 1, s, = k+ 1 and
[mrlo"'oxnf1oz]:[yslo"'oystfloz]‘

By Remark [2.4| we have z,, --- 2, .2 = ys, -+ ys,_ .2 and then since z R* 2/, we deduce
1 -1 1 t—1 9
! __ /
Ty o+ Ty 2 =Yg, "+ Ys,_, 2, S0 that

[‘TTl O+ 0Xy ,0 Z/] = [ysl O-++0¥Ys 40 Z/]'
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By using 1, we obtain [2/] = [y/], where 2’ is obtained by deleting all ., from z, where
1 <j <Il-1andy is obtained by deleting all y,, from y, where 1 < j <t —1. Using the
final part of Lemma |4.6| we have
[@)[n, 0oy, 0 2] = [y]lys; 0+ 0 Y5y 0 2],

Notice that

Ny(z10---0xy,02) = Ny(r10-+-0x,02)
and

No(yro---oypoz2')=No(y10-- oy 02)
so that, by Lemma (4.5}

[z, 000wy, 0 2] = [2][%]
Similarly,

[Y/][Ysr 0 -+ 0 sy 0 2T = W[,
so that [z][2'] = [y][¢/], as required. If we have [z][z] = [z], then a minor adjustment to
the above proof gives that [z][z'] = [2/]. Notice that the statement [z'] = [y/] becomes

[22]1),, = 1, where 1 is the adjoined identity of ¥.22'.
U

Lemma 4.9. Let z = z10---0z, € Xt be a complete block. Suppose that z;, R* 2, in S(z,)
for 1 <k <mnandputz =zo0---0z . Then [z] R*[Z] in Y.
Proof. We proceed by induction on the length n of z. Clearly, the result holds for the case
n =1 by Lemma [4.8 Suppose that the result is true for all k < n. Then
[Zl O -~ Oznfl} R* [Zi O --- OZ;Lfl]'

As R* is a left congruence and z is a complete block,

[2] = [znoz10 0z ] R [enozyon 02, 4.
On the other hand, since [z,] R* [2z],] and R* is a left congruence,

[znozio--roz =00z jozm] R [z1o 0z, joz] =[]

so that [z] R*[?/] in ¥ 2. O

Lemma 4.10. Let z = z,0---02, € XT be a complete block. Suppose that for each
1 < k < n there exists an idempotent z, € Ss(,) such that z, R* z,j in Sy(z). Put 2t =
2 o---oz. Then 2] is an idempotent and [z] R* [zT] in 4 P.

Proof. Tt is easy to check that [z7] is an idempotent and the rest follows from Lemma
4.9 O

We now at the position where we can state one of the main results of this section.

Theorem 4.11. The graph product ¢ = 4P (I',S) of left abundant semigroups S =
{Sa : @ € V'} with respect to T is left abundant.

Proof. The result follows from Lemmas [4.7] and .10 O
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Of course, the left-right dual of Theorem holds, and hence we have the following.

Corollary 4.12. The graph product ¢ 2 =4 2(1',S) of abundant semigroups S = {5, :
a € V} with respect to I' is abundant.

The rest of this section is devoted to giving a characterisation for R* of ¥ Z. In view of
Lemma we just need to find sufficient and necessity conditions for two complete blocks
to be R*-related. Note that if we say a € S, is right cancellative, then we mean «a is right
cancellative in S,. In any case, the next lemma shows that no ambiguity can arise.

Lemma 4.13. Let a € S,. Then a is right cancellative (a does not have a left identity) if
and only if [a] is right cancellative ([a] does not have a left identity) in 4 .

Proof. 1f [a] is right cancellative ([a] does not have identities) in 422 then the fact that a
is right cancellative (a does not have identities) follows from Remark [2.4]

Suppose now that a is right cancellative. Let z = zy0---0x,,y =y;0---0v,, € X be
such that [z][a] = [y][a]. Suppose that

No(zoa)={ly, - ,l.} and No(yoa) = {ky, -, ki}.
Then [, =n+1, ks, =m + 1,
No(x) ={ly, -+ ,l,_1} and Ny(y) = {k1, - , ki1}.
By Lemma [4.6]
(w0 0w, 0a] = [woad, = [yoap, = [y o 0y, 0dl.

By Remarkwe have ), -+ @y, _,a =Yg, =+ Yr,_, @ 10 Sy, 0 that xy, - 21, = Yk, Yry_,
by the right cancellativity of a. On the other hand,

('] =[x oalyp, =[yoald, =[y],

where 2 is the word obtained by deleting all z;;, 1 < j <r—1 and ¢’ is the word obtained
by deleting all y;,,, 1 < p <t —1. It follows again from Lemma [4.6] that

(2] = [z 00w, ] = [ lyrs 0+ - o yr, ] = [yl
Suppose now that a does not have left identities but [a] has in ¥ 22. Then there exists

some [z] € ¥ such that [z]|[a] = [a]. Without loss of generality, we assume that z is
reduced. Clearly, s(z) C s(a), giving that z is a single letter in Sy, and hence [za] = [a].
Therefore, za = a by Remark contradiction. O

The following result follows immediately from Lemma and remarks in Section
concerning i-right cancellativity and R*.

Corollary 4.14. Let x = xy0---0ox, € X T be a complete block. Suppose that T 1, , T,
are i-right cancellative elements, for some 0 < k <n. Then [z] R* [z, 0--- 0 x|, where if
k =0 then we interpret this as saying [x] is i-right cancellative.
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Remark 4.15. For a complete block z1 0 --- 0z, € Xt as s(x) is complete, [x] =
[x1, 0 - -+ 0 x,,] for any permutation o of {1,--- ,n}. So, in what follows, without loss of
generality we may always assume the i-right cancellative elements succeed the non-i-right
cancellative elements in a complete block.

Lemma 4.16. Let x = x;0---0x,,y =y 0--- 0y, € Xt be complete blocks. Suppose
that Tg41, - Tn, Y1, - > Ym are i-right cancellative, for some 0 < k <n,0 <1 <m, and
X1, Ty Y1, ooy are not. Then [x] R* [y] in 9 P implies s(xy0---oxy) = s(y10---0y;).

Proof. Suppose that [x] R* [y]. Then
[wr0--om] R [yro--- oyl

by Corollary Suppose that s(xjo0---oxy) # s(y;0---oy;). Without loss of generality
there exists 1 < j < k such that s(z;) =y & s(y; o--- oy;). By assumption, we have that
either z; is not right cancellative or z; is right cancellative and has a left identity.

If z; is not right cancellative, then there must exist u,v € S, with v # v but uz; = vx;,
giving [u][z;] = [v][z;], and so [u][z] = [v][z]. Since [z] R* [y], we have [u]ly] = [v][y], so
that

[ullyr o -+ ou] = [v]lyr ooyl
by Corollary [1.14] As y; o --- oy, is reduced and s(u) = s(v) & s(y1 0 -+ o y;), we deduce
that uoy;o---oy; and voy; o---oy; are reduced by Remark It follows from Lemma
that [u] = [v] and so u = v by Remark contradiction.

If z; is right cancellative and there exists z € Sy(,;) such that zz; = x;, then [z][x;] = [2;],
and so [z][x] = [z]. Therefore, [z][y] = [y], implying that s(z) C s(y). As s(z) = v ¢
s(yyo---0y), zoy reduces to y; 0 -+ 0Y;_1 0 2Y; 0 Y11 00y, for some | < i < m. It
follows from Remark (iii) that zy; = y;, and so y; has a left identity, contradiction.

Therefore, s(xqy0---oxy) = s(y;0---oy). O

Remark 4.17. Let z =x,0---0x,,y =y, 0--- 0y, € X be complete blocks such that
no letters of = or of y are i-right cancellative. If [z] R* [y], then s(z) = s(y) by Lemma
4.16, and so n = m. Since s(y) is complete, [y] = [¢/] for any 3’ obtained by permuting the
letters of y. Thus, in what follows, without loss of generality we may assume s(x;) = s(v;)
forall 1 <i<n.

Lemma 4.18. Let x = x10---0x,,y =y10--- 0y, € X be complete blocks such that no
letters contained in x and y are i-right cancellative in the corresponding vertex semigroups.
Then [x] R* [y] if and only if s(x) = s(y),n =m and x; R* y; for all 1 <i < n.

Proof. Suppose that [z] R* [y]. Then s(z) = s(y), n = m and s(x;) = s(y;) for all
1 <17 <n, by Lemma and Remark Let 1 <i <n and a,b € Sy, be such that
ax; = bxr;. Then

la|[z] =[z10---0x;y0ax;oxi 0 0xy| =[r10---0x;_10br;0mip1 0 01, = [b][7]
implying [a][y] = [b][y], so that

[y10---0yi—10ayzoyi+1O---Oyn]:[y1O---Oyz'—lObyioyiﬂo-”oyn]
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By Lemma [3.10] [ay;] = [by;] and so ay; = by; by Remark 2.4 Since we cannot have
ar; = x; for any a € Sg(,,), it follows that x; R* y;.
The converse is a direct application of Lemma [4.9 Il

We can now state the second main result of this section.

Theorem 4.19. Let [u],[v] € 9. Let u,v have left Foata normal forms with first blocks
xT=x10--0x, andy =y; 0--- 0y, € X1, respectively. Suppose that xp 1, - ,x, and
Yiels - ,Ym are -right cancellative, for some 0 < k < n,0 <1 < m, but x1,--- ,x; and
Y1,y are not. Then [u] R* [v] if and only if s(xy0---oxy) = s(y10---oy), l =k and
x; R* y; forall1 <i <k.

Proof. This follows immediately from Lemma [4.7, Corollary and Lemma [£.18] O

5. FOUNTAINICITY AND THE RELATION R ON ¥ &%

In this section we explore the generalised Green’s relation R on ¥ P. We show that the
graph product of left Fountain semigroups is left Fountain.

The following result follows immediately from Lemma and the fact that R* C R.

Corollary 5.1. Let w =wy0---ow, € X be a left Foata normal form with blocks w; for
1<i<mn. Then [w] R [w].

Remark 5.2. For any 7 € Xt,e = ¢;0---0¢, € X where e is an idempotent and a
complete block, we have that [e][x] = [z] if and only if [e;][x] = [z] for all 1 < i < n.

Lemma 5.3. Let 2 = z10---02, € XT be a complete block. Suppose that zkﬁz; in Ss(z)
foralll1 <k <n and put 2’ = z{0---0z.. Then [z]| R[] in 4 2.

Proof. Let e = e 0---0 e, be a reduced word such that [e] is an idempotent in ¥ Z?. We
need show that [e][z] = [2] if and only if [e][z] = [2/]. By Remark [5.2] we just need work
with the case when m =1, i.e. e = e;.

It follows from Lemma that s(e) is complete and e* = e. Suppose that [e][z] = [2].
Then s(e) C s(z). Without loss of generality, suppose that s(e) = s(z1). Then

lez1 0290 - 0z,] =[210200---02,).
By Remark (iii), ez; = 21, implying that ez; = z;. Thus
[e]['] = [ez10 750~ 0 2] = [s1 0250 0 2] = []].
Therefore, |z] R '] in 9 2. O

Lemma 5.4. Let z = zj0---02, € X' be a complete block. Suppose that for each 1 <k <n

there exists an idempotent z,j € Sy(zy,) such that szz,j in Se(z,). Put 2t =200 EAg

Then (2] is an idempotent and [2] R [zT] in 4 2.

Proof. Tt is easy to check that [z1] is an idempotent in 4% and [z] R [zT] follows from
Lemma (.3 O
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Therefore, when all vertex semigroups are left Fountain, we have the following.

Theorem 5.5. The graph product 4 = 4P (T, S) of left Fountain semigroups S =
{Ss : a € V'} with respect to T is left Fountain.

Clearly, the left-right dual of Theorem holds, resulting in the following.

Corollary 5.6. The graph product 42 = 4P (T, S) of Fountain semigroups S = {S,, :
a € V'} with respect to I' is Fountain.

It follows from Corollary that if u =uy0---ou,, v =1v;0--- 0w, are two left Foata
normal forms with blocks u;, v; where 1 < i < n,1 < j < m, then [u] R [v] if and only
if 1] R [v1]. Therefore, to characterise R in 42, we just need consider the question of
when two complete blocks are R-related.

If £ = 0 in our next result, we interpret this result as saying that [z] has no idempotent
left identity:.

Lemma 5.7. Letx = x,0---0x, € XT be a complete block. Suppose that x1,--- ,x; have
tdempotent left identities in the corresponding vertex semigroups but Tyy1,- -, x, do not,
where 0 < k <mn. Then [x] R [x0--- 0zl

Proof. et ¢ = eo ---0e, be a reduced word such that [e] is an idempotent in &4 2.
Suppose that [e][x] = [z]. Then

leco---oey][rio - ox,] =[r10 - 0m,).
Then s(e) C s(x), and since both e and = are reduced we have
le]fz] = [z10--- 0 2]

where z; = x; for i € I and z; = ¢;,x; for j € J, with INJ =0, TUJ = {1,--- ,n} and
i — i; a bijection {1,---,m} — J. From Remark (iii) we have that e; z; = x; for
j € J,sothat J C {1,--- k} and so [e][x;0------ oxg] =[ry0 - o zg]. The result
follows. U

Lemma 5.8. Letx =x10---0x,,y=1y;0- -0y, € X be complete blocks. Suppose that
Ty, Tk, Y1, 00, Y have idempotent left identities in the corresponding verter semigroups
but Tpy1,- s Tny Yisl, -+ Ym do not, for some 0 <k <n,0<1<m. If[z] R [y] in 9P
then s(xyo0---oxy) =s(y;o---oy) and so k = 1.

Proof. By Lemma

[z10- 0] R [y10-oyl.

Assume that s(xj0---oxy) # s(yyo0---oy). If k =1=0 we are done. Otherwise, without
loss of generality, let v = s(x;) € s(x; 0---oxy). Since x; has an idempotent left identity,
there must exist an idempotent u € S, such that ux; = z;, so that

[u][z10- - oxg] =[r10---0mjyourjOoTjfy0---0xK] =[T10 0wl

Since [x1 0---ox,] R [y 0---oyl, we have [u][yy o ---oy] = [y1 0+ oyl and so
v =s(u) € s(y; 0---oy;). The result follows. O
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In what follows, when we have two complete blocks x;0---0x,,y;0---0y,, € X with
s(z) = s(y)(and so n = m), without loss of generality, we always assume s(x;) = s(y;) for
all 1 <7 <n.

Lemma 5.9. Let x = 10+ 0x,,y = y1 0--- 0y, € X1 be complete blocks such that
all letters contained in x and y have idempotent left identities in the corresponding vertex
semigroups. Then [z] R [y] if and only if s(x) = s(y),n = m and x; R y; for all1 <i <n.

Proof. Suppose that [z] R [y]. Then s(z) = s(y) and n = m by Lemma 5.8, Let 1 <i<n
and u € Sy(,) be an idempotent in Sy, such that uz; = x;. Then

[ul[z] = [z10-- 0w our; om0 -0xy| =[T10- 0w 10T 0Ty 00Ty = [1]
implying [u][y] = [y], so that
[ylo“‘oyiflOuyioyiJrlo"‘oyn]:[ylO"'Oyi—lOyioyiJrlo"‘oyn]-

By Remark [3.13| (iii), uy; = y;. Together with the dual arguments, we have z; R Yi.
The converse is a direct application of Lemma Il

We now come to our characterisation of R on ¥ 2.

Theorem 5.10. Let [u],[v] € 9P have left Foata normal forms with left-most blocks
rT=x10--0x, andy =y, 0--- 0oy, € X, respectively. Suppose that x1,--- ,x, and
Y1, Yy are the elements of x,y, respectively that have idempotent left identities, in the
corresponding vertex semigroups, where 0 < k <n and 0 <1 < m. Then [u] R [v] if and
only if s(xyo0---oxg) =s(yro---0y), k=1 and z; ﬁyiforalll <i<k.

Proof. This follows immediately from Corollary 5.1} Lemma [5.7] and Lemma O

The relation R* is always a left congruence on any semigroup .5, however, the relation
R is not. We might hope that if R is a left congruence on every vertex semigroup of 4.,
then ¥4 %7 would inherit this property. Unfortunately, this is not always the case.

Example 5.11. Suppose that v € S,,v € S, where a # [, such that neither have
i5 10

idempotent left identities. Then, by Lemma | [u] R [v] in 9. Suppose that there
exists a € S,,e? = e € S, with eau = au but ea # a. Such a configuration exists; for
example, we could take S, to be a null semigroup, e = 0 and a,u # 0. Then [e][a][u] =
la][u]. However, [e][a][v] # [a][v], as otherwise, we would have [ea] = [a] by Lemma [3.10
giving ea = a, a contradiction.

In fact, the behaviour explicated in Example is the only obstacle to R being a left
congruence. Recall in what follows that we assume |V| > 2.

Theorem 5.12. The relation R is a left congruence on 922 if and only if:

(1) for each o € V' the relation R is a left congruence on Sy;
(2) if a, p € V with o # B such that there exists u € S,,v € Sg such that u,v have no
idempotent left identities, then if e = €2, a € S,, if eau = au then ea = a.
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Proof. The necessity is clear from Example[5.11} and the easily verifiable fact that for any
a €V anda,be S, we have a Rb in S, if and only if [a| R [b] in ¥ Z.

Suppose now that (1) and (2) hold. Let [w], [u], [v] € ¥ and suppose that [u] R [v].
Let [u1], [v1] be the first blocks of [u], [v] in left Foata normal form, with uy = p;o---opy, €
Xtandwv =qo-roq € X' Let w=wo0---ow, € X" be reduced. We have
[u] R* [u1] and [v] R* [v1] so [u1] R [v1]. Suppose that [e] is idempotent. We need show that
le][w][u] = [w][u] if and only if [¢][w][v] = [w][v]. By Remark [5.2] we may just take e to be
a single letter, i.e. ¢ = e. Notice that e = €2. Suppose now that [e][w][u] = [w][u]. Since
[u] R* [u1] we immediately have [e][w][u;] = [w][u;].

Without loss of generality we may assume that we can reduce w o u; to

x:vlo...ovnoph,o...oph:xlo...oxt
for some 1 < A’ < h, where for 1 < i <n we have v; = w; or v; = w;p;;, and

i, 1<i<n}={p1, - ,pw}.
Further, ¢t = n + h — h’ + 1. Notice that since w is reduced, each letter of u; glues to at
most one letter of w.
Since both e and x are reduced, and the length of the reduced form of e o x equals that
of x, it follows that we can reduce e o x to

Y=2x10---0x;_10€L; 03410 0Ty

for some 1 < ¢ < t. Notice that z; must be the first letter in = (and hence in y) with
support s(x;) = s(e). Since by applying shuffle steps to x we can never change the order
of elements sitting in the same vertex monoid, we deduce that ex; = x;.

We have x; = w;, or x; = w;p;,, or x; = p, forsome h <[ < h. Ifz; = w;p;; then we have
e1wip;; = wip;;. 1t follows by (2) that either pi; has an idempotent left identity, e;w; = w;
or there are no elements of any other Sg, 8 # o having idempotent left identities.

Using Theorem [5.10| we consider the above cases. We first deal with the essentially
degenerate case where there is an ¢ with z; = wp;; where p;; has no idempotent left
identity and ejw; # w;. Using (2) it follows that for all § # « there are no elements of
S having idempotent left identities. In particular, this applies to all the letters of w;.
Consequently, z; = w;, and so [e][w] = [w], giving [e][w][v] = [v]. We can therefore now
assume that the above situation does not arise, for any 1 <7 <.

If p;; does not have a idempotent left identity, and e;w; = w;, then v; contains no g
with s(¢;) = « such that ¢, has an idempotent left identity.

If p;, does have an idempotent left identity then it follows without loss of generality that

there exists ¢;, such that s(p;;) = s(g;;) = @ and p;, R qi; in S,; since R is a left congruence
in S, we deduce that e;w;q;, = w;q;;.

The other case to consider is where z; = p;. Again without loss of generality we have
s(p) = s(q) = aand p; R ¢q; in S, so that e;q; = ;.

Again without loss of generality we may assume that ¢, --- , g are the elements of v;
that occur as some ¢;, or ¢; above. It follows that [e][w][v]] = [w][v]], where v] = gi0---oqy
and then finally [e][w][v1] = [v1]. The result follows. O
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The semigroups appearing in our final result are sometimes called weakly left abundant

with (CL).

Corollary 5.13. The graph product ¢ 2 = G P2(T',S) with respect to T of left Fountain
semigroups S = {S, : « € V'} where for each « € V we have R is a left congruence on S,
1s left Fountain and has R as a left congruence.
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