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ABSTRACT. Let S be a subsemigroup of a semigroup 7" and let IG(E) and IG(F') be the
free idempotent generated semigroups over the biordered sets of idempotents of E of .S and
F of T, respectively. We examine the relationship between IG(E) and IG(F'), including
the case where S is a retract of T. We give sufficient conditions satisfied by T" and S
such that for any e € F, the maximal subgroup of IG(F) with identity e is isomorphic
to the corresponding maximal subgroup of IG(F). We then apply this result to some
special cases and, in particular, to that of the partial endomorphism monoid PEnd A
and the endomorphism monoid End A of an independence algebra A of finite rank. As a
corollary, we obtain Dolinka’s reduction result for the case where A is a finite set.

1. INTRODUCTION

Let S be a semigroup with set £ = E/(S) of idempotents. It is shown in the seminal work
of Nambooripad [24] that E carries a certain abstract structure, that of a biordered set.
Conversely, Easdown [11] showed that, for any biordered set E, there exists a semigroup
S whose set E(S) of idempotents is biorder isomorphic to E.

Given a fixed biordered set £, which we may take to be E(S) for an idempotent generated
semigroup S, the set of all those idempotent generated semigroups whose idempotents carry
the biorder structure of E forms a category, within which there is an initial object, called
the free idempotent generated semigroup IG(E) over E, given by the following presentation:

IGE)=(E:ef =cf, e,f € E{e, fyN{ef, fe} #0),

where here E = {€: e € E}. The relations in the above presentation correspond to taking
basic products in E, that is, products between e, f € E where ef = e, fe = f, fe =€ or
ef = f. Such products may usefully be reformulated in terms of the quasi-orders <, and
< defined on S. For any semigroup 7" and a,b € T" we have

a<,beT'aCTand a<gb<e aTt COTH

2010 Mathematics Subject Classification. Primary 20MO05; Secondary 20F05, 20M30.

Key words and phrases. free G-act, partial endomorphism, idempotent, biordered set, independence
algebra.

The research was supported by Grants No. 11501430 of the National Natural Science Foundation of
China, and by Grants No. JB150705 and No. XJS063 of the Fundamental Research Funds for the Central
Universities, and by the Scientific Research Foundation for the Returned Overseas Chinese Scholars, State
Education Ministry, and by Grant No. 2016JQ1001 of the Natural Science Foundation of Shaanxi Province.

1



2 YANG DANDAN, VICTORIA GOULD, AND THOMAS QUINN-GREGSON

where here T" is the semigroup 7" with an identity adjoined if necessary. The equivalence
relations associated with <, and <z are Green’s relations £ and R. For further details
of Green’s relations we refer the reader to the standard text [20]. It is easy to see that for
e, f € E the product ef is basic if and only if e <, f, f<;e, e<r f or f <g e and in this
case, both ef and fe are idempotents. Clearly, IG(E) is idempotent generated, and there
is a natural map ¢ : IG(F) — S, given by e¢ = e, such that ¢ is a morphism with image
S (given that S is idempotent generated). Finally, we have the following result taken from
[11, 24], which exhibits the close relationship between the regular D-classes of IG(F) and
S.

Proposition 1.1. Let E be a biordered set, let S = (E) be any idempotent generated
semigroup with biordered set of idempotents E = E(S), and let IG(E) and ¢ be defined as
above.

(IG1) The restriction of ¢ to the set of idempotents of IG(E) is a bijection onto E (and
an isomorphism of biordered sets).

(IG2) The morphism ¢ induces a bijection between the set of all R-classes (respectively
L-classes) in the D-class Dg of € in IG(E) and set of all R-classes (respectively L-classes)
in the D-class D, of e in S.

(IG3) The restriction of ¢ to the maximal subgroup He of IG(FE) is a morphism onto
the maximal subgroup H. of S.

Given their universal nature, it is important to investigate semigroups of the form IG(F)
if one is interested in understanding arbitrary idempotent generated semigroups. From
(IG1)-(IG3), it is clear that to understand the regular D-classes of IG(E), the key is to
understand the maximal subgroups, and this has been a major focus in recent years. The
early work [22, 25, 27, 28] led to the (incorrect) conjecture that all maximal subgroups
of IG(E) were free. Brittenham, Margolis and Meakin [2] gave the first counterexample
by showing that the free abelian group Z @ Z can arise. An unpublished counterexample
of McElwee from the 2010s was announced by Easdown [12] in 2011. Motivated by this
significant discovery, Gray and Ruskuc [18] showed that any group occurs as a maximal
subgroup of some IG(E). Alternative proofs can be found in [9, 15].

With the above established, interest turns to the structure of maximal subgroups of
IG(E) where E = E(S) for naturally arising semigroups S. Gray and Ruskuc [19] inves-
tigated the biordered set of idempotents of the full transformation monoid 7,, on a finite
n-element set; for any ¢ € E with rankr where 1 < r < n — 2, they show that Hz is
isomorphic to H. and hence to the symmetric group S,. Dolinka [7] proved that the same
holds when 7, is replaced by PT,,, where PT,, is the finite partial transformation monoid
on n elements, by reducing the problem for P7T, to that for 7,. Brittenham, Margolis
and Meakin [3] studied the biordered set E of idempotents of the matrix monoid M, (D)
of all n x n matrices over a division ring D, where n > 3. It is shown that for any rank
1 idempotent ¢ € E, Hz is isomorphic to H. and hence to the multiplicative group D*
of D. Later, Dolinka and Gray [8] showed that for ¢ € E with rank r where r < n/3,
Hz is isomorphic to H. and hence to the general linear group GL,(D). Further, Dolinka,
Gould and Yang [5] explored the biordered set E of the endomorphism monoid of a free
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G-act F,(G) with n € N;n > 3. They showed that for any rank r idempotent € € E, with
1 < r <n—2, we have Hz is isomorphic to H. and hence to the wreath product G S,.
We note that in the cases above if rank ¢ is n — 1 then Hz is free and if rank € is n or 0
then Hz is trivial. Besides the above investigations into maximal subgroups, abundancy
and weak abundancy of IG(E) were studied by Gould and Yang [6]. In [10] Dolinka, Gray
and Ruskuc considered the word problem for IG(E) and gave an example of a band B such
that the word problem for IG(B) is unsolvable, whereas the word problem for each of the
maximal subgroups is solvable.

The aim of this paper is to continue the study of maximal subgroups of free idempotent
generated semigroups, but from a somewhat different point of view. Let T be a semigroup
with a set F' = E(T) of idempotents, and let S be a subsemigroup of 7" with a set
E = E(S) of idempotents, so that £ C F. The reader should note that, to avoid over-
defining our notation, in most of this article e represents an element of E, whereas e
represents an element of E, an element of F', an element of IG(E) and an element of IG(F);
the interpretation of € should be clear from the context. Given an idempotent e € E, we
would like to explore conditions such that the maximal subgroup of IG(E) with identity
e and the corresponding maximal subgroup of IG(F’) are isomorphic. This will enable us
to use a reduction approach to determine maximal subgroups of IG(F) in terms of those
of IG(FE), inspired by that mentioned above of Dolinka [7] for PT,. We then apply our
main result to several special cases, and in particular, as exhibited in Theorem 3.3, to the
study of the endomorphism monoid End A and the partial endomorphism monoid PEnd A
of an independence algebra A of finite rank. Putting £ = E(End A) and F' = F(PEnd A)
we show that for any ¢ € E, the maximal subgroup of € in IG(F) is isomorphic to the
corresponding maximal subgroup of IG(F'). Note that our result is independent of the
exact nature of the group concerned, which is still unknown in general. As a corollary, we
obtain the main result of Dolinka [7].

2. A GENERAL PRESENTATION FOR MAXIMAL SUBGROUPS OF IG(E)

Given that the mathematical arguments in this work depend heavily on the general
presentation of maximal subgroups of IG(E) over an arbitrary biordered set £ obtained in
[18], it is necessary for us to recall some details here.

Let E be a biordered set. From [11] we can assume that F = E(.S) for some idempotent
generated semigroup S: we fix £ and S for this section. An FE-square is a sequence
(e, f,g,h,e) of elements of E withe R f L gR h L e. Wedraw such an E-square as

{Z g } . If, in addition, there exists k € E such that either:

ek=e, fk=f, ke=h, kf =gor
ke =e, kh=h, ek = f, hk = g,

then we call it a singular square. If the first condition holds then we may say it is an
up-down singular square and is up-down singularised by k, if we want to be specific. If
the second condition holds it is a left-right singular square. It follows from [2] that the
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idempotents within a singular E-square form a rectangular band, but the converse is not
necessarily true. We say that a D-class D of S is singularisable if every E-square within
it is singular if and only if the idempotents within the F-square form a rectangular band.
If S is a subsemigroup of T and we wish to emphasise that the E-squares are singularised
by elements of S, we may say D is S-singularisable.

For any fixed e € E, we let H be the maximal subgroup of € in IG(E), and so H = Hg,
the (group) H-class He of € in IG(E). We use I and A to denote the set of R-classes
and the set of L-classes, respectively, in the D-class D = D of € in IG(E). In view of
properties (IG1)-(IG3), I and A also label the set of R-classes and the set of L-classes,
respectively, in the D-class D = D, of e in S. For every i € I and A € A, let H;, and H;y
denote, respectively, the H-class corresponding to the intersection of the R-class indexed
by i and the £L-class indexed by A in IG(E), respectively S, so that H;, and H;, are H-
classes of D and D, respectively. Where H;y (equivalently, H;y) contains an idempotent,
we denote it by €;y (respectlvely, ein). Without loss of generality we assume 1 € I N A and
e=¢e4 € Hy = H, sothat e = e;; € Hy; = H. For each A\ € A, we abbreviate H;, by
H,, and H, by H) and so, H,=H and H, = H.

Let hy be an element in E" such that Hhy = H,, for each A € A. Our notation should
be interpreted as follows: whereas hy lies in the free monoid on E, by writing Hihy = Hx

we mean that the image of h, under the natural map that takes E" to (right translations

in) the full transformation monoid on IG(E) ylelds Hh), = H,. In fact, it follows from
(IGl) (IG3), that the action of any generator f € E on an H-class contained in the
R-class of € in IG(E) is equivalent to the action of f on the corresponding H-class in
the original semigroup S (see [18, 10]). Thus H hy = H) in IG(E) is equivalent to the
corresponding statement Hihy = H, for S, where h, is the image of hy under the natural
map to (E).

We say that {hy | A € A} forms a Schreier system of representatives if every prefix of IR
(including the empty word) is equal to some hy, where y € A. Notice that the condition
on h,\ew that h)\em = hu is equivalent to saying that hAem lies in the Schreier system.

Define K = {(i,A\) € I x A : H;, is a group H-class}. Since D, is regular, for each i € [
we can find and fix an element w(i) € A such that (i,w(i)) € K, so that w : [ — A is a
function. Again, for convenience, we take w(1) = 1.

Theorem 2.1. [18] Let the Schreier system {hy | A € A} and the function w be chosen as
above. The mazximal subgroup H of € in IG(FE) is defined by the presentation

P=(F:%)
with generators:
F={fix: (i,\) € K}

and defining relations ¥:
(R1) fix= fiu (ﬁx@p = hy);
(R2) fi,w(i) =1 (Z S ]),
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(R3) f;\lfi,u = f,;)l\fk# < {ei’\ ei“} is a singular 5qua7‘e>.
’ ’ €kA  Cku

In using the above result, it is often convenient to identify H with the free group FonF
factored by the normal subgroup determined by the given relations of 3. Note that if there
are no non-trivial singular squares, then H is free. In the rest of this paper, we refer to a
presentation chosen and fixed as above as being standard, within which we use lower case
letters to denote individual generators of a generating set denoted by the corresponding
capital letter.

3. MAXIMAL SUBGROUPS OF IG(E): SEMIGROUPS AND SUBSEMIGROUPS

Throughout this section, we use T" to denote a semigroup with set F' of idempotents, and
S to denote a subsemigroup of T" with set E of idempotents. The R-relations on T" and S
are denoted by RT and R, respectively; and for any a € S, the R-classes of ¢ in T and
S are denoted by RT and RY, respectively. Similar notations apply to relations £, H and
D. Our aim in this section is to explore some sufficient conditions such that the maximal
subgroup of IG(FE) with identity € is isomorphic to the maximal subgroup of IG(F") with
identity €, where e € F.

We say that S and T satisfy Condition (R) if for any a € S where a is regular in 7', we
have R® = RT (so that a is also regular in S). Notice that if T is regular then S is a union
of R-classes of T'.

Lemma 3.1. Let S and T satisfy Condition (R). Then for any regular element a € S,
DS =DI'ns.

Proof. Clearly, we have DS C DTN S. For any k € DT N S, there exists w € T such that
aRY w LY k, but RS = RT by Condition (R), implying w € S and @ R® w, and so w is
regular in S. Since k£ € S and k is regular in T', the comment preceding the lemma tells
us that k is regular in S so that as w £7 k, we have w £% k. So k € D?, and hence
D? = DI'N S, as required. O

If S and T satisfy Condition (R), then the egg-box diagram of a typical D-class DI of
e € E of T can be depicted as follows:

where the grey part denotes the egg-box diagram of the D-class DY of S. For notational
convenience, we put D = DT and D' = D?(= DTN S), where e € E. Suppose further that
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S and T are idempotent generated. In line with the convention of the previous section, let
I index the R-classes of D, and let I’ be the subset of I indexing the R-classes of D’. Let
A index the L-classes of D and D’. The R-class in D indexed by i € I is denoted by R;,
while Ly denotes the £-class in D indexed by A € A, so that H;, is the H-class in D, which
is the intersection of R; and L, and if H;) is group, we use e;) to denote its identity. Let
K ={(i,\) € I x A: H;yis agroup} and K' = KN (I' x A).

With S and T as above, we say in addition that S and T satisfy Condition (P) if for
every D-class D = DT of e € E, we have that for all i € I, there exists i/ € I’ such that
for all j € I and A\, u € A, ej,e,n € D implies that e;, ey € D and ej ey = €j,€:x. Under
these circumstances, for each i € I, we choose and fix ¢ € I, and in particular, if ¢ € I’,
we fix ¢ to be 7. It is implicit in Condition (P) that for each A € A if e;, exists then ey
also exists. Let {hy : A € A} be a fixed Schreier system for D', where hy € E". Then by
Condition (R) and Lemma 3.1, we may also fix this as a Schreier system for D.

Lemma 3.2. Let S be an idempotent generated subsemigroup of an idempotent generated
semigroup T, with F' = E(T) and E = E(S), satisfying Conditions (R) and (P). Using
the above notation, let P = (U; %) be the standard presentation of the maximal subgroup of
IG(F') with identity €, where e € DN E and D is T-singularisable. Then for all (i, \) € K,
we have (i',\), (i',w(i)) € K" and

1
Ui\ = u’i’,w(i)ui/7)‘
1s a consequence of the relations in P.

Proof. Let (i,A\) € K, and so e; exists, and also e;,(;) exists. Since S and T satisfy
Condition (P), there exists ¢ € I such that both ey and ey ;) exist, and hence we have

an F-square
€ix  Eiw(i)
Eirn  E€irw(i) '

Further, eeini) = €@ € D implies that ejpnep,i)y = €iw), so that the idempotents
within this F-square form a rectangular band by Lemma 2.5 of [15], and hence, since D is
T-singularisable, a singular square. By (R3),
-1 ~1
Uy \Wiw(i) = Uy \Wil (i)
but we know from (R2) that Ui () = 1, gIving u; \ = u;t(i)uilv)\ in H; , as required. O

Still with the same assumptions, let @ = (G;T') be the standard presentation of the
maximal subgroup of IG(F) with identity €. We take the function w’ : I’ — A in (R2) of
Q to be the restriction to I’ of the function w: I — A in (R2) of P.

Theorem 3.3. Let S be an idempotent generated subsemigroup of an idempotent generated
semigroup T, with F' = E(T) and E = E(S), satisfying Conditions (R) and (P). Suppose
that the reqular D-classes D = DY and D' = DY of e € E are T- and S- singularisable,
respectively. Then the mazimal subgroup HE of 1G(E) with identity € is isomorphic to the
mazximal subgroup of HY of IG(F) with identity e.
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Proof. We need show that HI given by the presentation P = (U;X) is isomorphic to HE

given by the presentation @ = (G;I"). Let U and G be the free groups on U and G,
respectively. In view of our convention, define a mapping

0 : G—>H y Gix 7 Uiz

€

for all (i,\) € K'(= K N (I' x A)). We show that ' C ker§. In (R1), if hyé;, = h,, then
by the choice of Schreier system, u; x = u;, in P, so that g; 0 = g; .0, and hence the pair
(Gixs Gip) lies in ker 0. In (R2), since the function from I’ to A is the restriction to I’ of the
function from I to A and g; ;) = 1 in @, we deduce u; ;) = 1 in HY so that Giw(y? = 10,

and hence the pair (g; .., 1) lies in ker 6. In (R3), if {si/\ sw} is singular in D', then it
kA Ckp

must also singular in D, so that we have u;)\ui,u = u,j\uku in P, and so (g;jgiyu, gk_j\gk#)
lies in kerd. Thus I' C ker#, and so there exists a morphism 6 : HY — HI given by
gind = u; y for all (i,)\) € K.

Next, we define a mapping

(R U— HE, Uj ) > 91-7,}0(,-)91'/,,\

for all (i, \) € K. Notice that 1 is well-defined, from the first part of Lemma 3.2. We show
that ¥ C kere. In (R1), if hy€;, = h,, then by the choice of Schreier system, g; » = ¢;,, in
Q. Also, i =14 € I, and so

Uiz = g, w(l VJir A = gi_,i(i)gi,,\ = gix
and as similarly u; ,% = g;,, we have u; x¢ = u; 4. In (R2), we have

-1
UiV = Gir oy wte) = 1 = 10

Hence the pair (u; ), 1) lies in ker ¢. In (R3), if [:i)‘ si“ } is singular in D, then it follows
kA Chpy

Cr'x Cry
First, since e;zer, = €;, € D, we have e; ey, = e;, by Condition (P), so that

from Condition (P) that le“ u ] is an E-square in D’. We show it is singular in D'.

CiNCk/ = CYNCINCE = € NEjy.

Further, it is easy to see eyxe;, £ einey = €, € D and so eyze;, € D, so that we have
€irx  Cirp

is a rectangular band.
€' Ch/p

€irNCiy = €i\Ciry = €1y, BIVING eixer, = ey, and hence [

€irx  Ciry

is a singular square in D', implying
ErA Ckp

Since D' is S-singularisable, we deduce that [
917,&9@",;1 = gk:_',lxgk’,u in Hg Further

(uzi,;ul,#)w = (g;f’i,(i)gi/,)\)7197;’&@-)9@'/,# = gi&gi,,#
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and as similarly (uy yup,. )Y = gk’,}/\gk/’u, we have (u;yu;,)Y = (u \Ur,)¥, so that the pair
(uj A Ui s Up, Nk p.) lies in ker ¢, Hence there exists a well defined morphism ¢ : HY — HE,
given by u; \t) = g;i(i)giu for all (i,\) € K.

Now we are left with showing that 6 and ¢ are mutually inverse. For convenience we now
consider g; » and u; y as being elements (indeed, the generators) of H and HE, respectively.
On one hand,

gind = uipp = gﬁij(i)gz",x = g;i(i)gi,A = gix
and note that the third equality is because that i’ € I’ so that i = i. On the other hand,
uip 0 = (g,-TL(i)gw,,\)@ = U;/L(i)ui’,)\ = Ui\

and note that the last equality follows from Lemma 3.2. This completes the proof. U

4. APPLICATIONS OF THE MAIN RESULT TO INDEPENDENCE ALGEBRAS

The aim of this section is to give some applications of Theorem 3.3. In particular,
we study the case of the partial endomorphism monoid PEnd A and the endomorphism
monoid End A of an independence algebra A of finite rank. Independence algebras [16]
(also known as v*-algebras [26]) include sets, vector spaces, and free G-acts, where G is a
group. For basic ideas from universal algebra we refer the reader to [4, 17, 23]. We follow
the convention of using bold face letters for algebras and corresponding non-bold letters
for the underlying sets, where convenient.

Let A be a (universal) algebra. For any ay,- - ,a,, € A, a term built from these elements
may be written as t(aq,- - ,a,) where t(xy, -+ ,2,,) : A™ — A is a term operation. For
any subset X C A, we use (X) to denote the universe of the subalgebra generated by X,
consisting of all t(ay, -+ , a,,), where m € N = NU{0}, ay,- -+ ,a,, € X, and ¢ is an m-ary

term operation.
We say that an algebra A satisfies the exchange property (EP) if for every subset X of
A and all elements z,y € A:

y € (X U{z}) and y & (X) implies x € (X U {y}).

A subset X of A is called independent if for each x € X we have x ¢ (X\{z}). We say
that a subset X of A is a basis of A if X generates A and is independent. As explained
in [16], any algebra satisfying the exchange property or, indeed, any subalgebra of such,
has a basis, and in such an algebra a subset X is a basis if and only if X is a minimal
generating set if and only if X is a maximal independent set. All bases of such an algebra
A have the same cardinality, called the rank of A. Further, any independent subset X can
be extended to be a basis of A.

We say that a partial mapping 6 from A into itself is a partial endomorphism of A
if dom@ is a subalgebra of A and for any m-ary term operation t(zq,--- ,z,,) and any
ai, - ,a, € dom# we have

tlar, - ,am)0 =t(a10, -, an,b).
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Of course, if dom A = A, we call § an endomorphism of A. We denote the image and the
kernel of a partial endomorphism 6 of A by im# and ker #, respectively, so that ker is
a congruence on dom#. The rank of 8 is defined as the cardinality of any basis of the
subalgebra im 6.

An algebra A satisfying the exchange property is called an independence algebra if it
satisfies the free basis property, by which we mean that any map from a basis of A to A
can be extended to an endomorphism of A.

For an algebra A we let PEnd A be the subsemigroup of the semigroup of all partial
transformations PT 4 on the set A, consisting of all partial endomorphisms of A, and let
End A be the subsemigroup of PEnd A consisting of all endomorphisms of A. The inverse
subsemigroup of PEnd A consisting of the one-one maps, that is, the local automorphisms
of A, are the subject of [21].

Lemma 4.1. Let A be an independence algebra.

(i) If X,Y are independent subsets and p : X — Y is a bijection, then u extends
uniquely to an isomorphism vy : (X) — (V).

(i) The monoids End A and PEnd A are regular.

Proof. (i) is essentially [16, Lemma 3.7] and that End A is regular is [16, Proposition 4.7].

Let « € PEnd A and let doma = B. Choose a basis C' for im« and for each ¢ € C
pick b. € B with b.a = ¢. Extend C to a basis C' U C” for A. Define v € End A by ¢y =
b, for all ¢ € C and 'y = ¢ for all ¢ € C’. Now dom a = dom a~y and imay C dom a, so
that dom aya = dom . For any a € doma, aa = t(cy,- - ,¢) for some ¢y, ,¢cp € C
and term function ¢. Then

aorya = t(cy, -+ op)ya =tlery, - ey)oa =t(bey, -+ 5 be )X
=t(be,a, -+, be ) =t(cr, -+ ) = aa.

Thus a = aya. Notice that as v € End A, we have shown that both End A and PEnd A
are regular. O

Lemma 4.2. [16, Proposition 4.5] For any «, 8 € End A, the following statements are
true:

(i) o <, B if and only if ima Cim f§ so that o L B if and only if im o = im f3;

(i) o <r B if and only if ker § C ker a so that a R 8 if and only if ker o = ker 3;

(iii) o D B if and only rank o = rank §3;

(iv) a <7 B if and only if rank o < rank §;

(iv) D=7J.

We set about showing the analogue of Lemma 4.2 for PEnd A. We remark that ¢ €
PEnd A is idempotent if and only if ime C dome and €|y = lime, where we use the
notation Iy to denote the identity map on any set Y. For a € PEnd A let 7, be defined
by

o = ker @ U wa\ doma
where wy is the universal relation on a set X. Notice that if ker &« = ker 3 for o, f € PEnd A,
then perforce dom a = dom S.
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Parts (i) and (i7) of the following may be deduced from the infinitary version of the
results in [14] together with Lemma 4.1. However, we give a proof for completeness.

Lemma 4.3. Let o, € PEnd A. Then:
(i) « < B if and only if im « C im ;
(1)) a <g B if and only if doma C dom f and 75 C 7,;
(111) if <[ then rank o < rank (3;
(v) if a<rB then rank o < rank 3.

Proof. (i) If a <, [, then there exists v € PEnd A such that a« = 73, so that ima =
im~yf C . Conversely, assume that im o C im § and X is a basis for the subalgebra dom a.
Then for each a € X, there exists a’ € dom /3 such that ac = a’5. Define v € PEnd A with
dom~y = (X) = doma and ay = d/, for all a € X. Then ayf = d/f = aa for all a € X.
Since im+y C dom 3, dom v = domy = dom a = (X), and it follows that o = .

(17) If a« <g B, then o = (6 for some § € PEnd A. Clearly doma C domf. Let
(z,y) € mg. If z,y € A\ dom g, then z,y € A\ dome, so (z,y) € m,. On the other hand,
if (x,y) € ker 8, then z,y € dom 8 and x5 = yS. If x € dom a, then as

ra =z = ypd = ya

we have y € doma and (z,y) € kera C 7,. Otherwise, (z,y) € wa\doma C Ta. Thus
mg € T

Conversely, suppose that doma C dom 8 and m3 C 7,. Observe first that if a € dom«
and af = bf for some b € dom f3, then as 73 C m,, we have (a,b) € m,. Since clearly
(a,b) & WA\ doma, We must have (a,b) € ker a so that b € dom« and aar = ba.

We now define 6 € PEnd A by domé = (dom«)S and for all a € doma, (af)d = aa.
Notice if af = a'f for any @' € doma then aa = d'a as above. It is easy to check
that ¢ is a morphism. Clearly doma C dom 34. On the other hand, if d € dom 9, then
d € dom 8 and df = d'f for some d' € doma. The above shows that d € dom «. Thus
dom o = dom 9 and it is then immediate that a = 50 so a < [ as required.

(73) This is an immediate consequence of ().

(iv) Suppose that a<g 8 and choose v with a = . Then o = '/, where ' is the
restriction of 8 to D = C'8~! where C = im 8 N dom~, and 7/ is the restriction of v to C.
If X is a basis for D = dom« then as D C dom 8 we have |X| < rank  and X'y is a
generating set for im(57y) = im «, giving ranka < | X'y/| < |X| and hence the required
result. O

The next lemma finishes the analogue of Lemma 4.2 for PEnd A.

Lemma 4.4. For any o, 3 € PEnd A :
(i) o L 5 if and only if ima = im 3;
(i) « R B if and only if ker a« = ker 3;
(11i) o D f if and only if rank o« = rank 3,
(iv) o <7 B if and only if rank o < rank j3;
(v)D=J.
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Proof. (i) Follows immediately from Lemma 4.3 ().

(1) Notice that if ker @ = ker /3, then by definition dom a = dom  and so also 7, = 73
and so by Lemma 4.3 (i) we have o R . On the other hand, if « R 3, then again from
Lemma 4.3 (i), dom o = dom 3 and 7, = 7, and it follows that ker o = ker .

(27i) If o D B, then there exists v € PEnd A such that a R v £ 5. From (i) and (ii), we
have ker &« = ker~ and imy = im /3. Clearly, ranky = rank . Further, ker &« = ker~ (and
so also dom o = dom ) implies that im a = dom «/ ker & = dom 7/ ker vy = im~, so that
rank = rank . Hence rank o = rank 3.

Conversely, suppose that ranka = rank 5. Let X and Y be bases of ima and im j3,
respectively, so that | X| = |Y]. Let u : X — Y be a bijection with inverse ! : Y — X.
Extend p to an isomorphism v : ima — im 3. Then doma = domay and as v is an
isomorphism, ker & = ker ay so @ R ay. Clearly im ay = im 8 so that ay £ [ and hence
a D B as desired.

(iv) Let a <7 B with o = 36 for v, € PEnd A. Then o <, 6 < 8. From Lemma 4.3
we have that rank o < rank 3.

Conversely, if rank o < rank 3, then let X be a basis of im § and pick a subset X’ of
X with |X'| = rank . Then rank 81 x, = rank(X’) = rank o so that by (iii), aD B1;x.
Since D C J we have that a J 8Ix. and hence a <7 3.

(v) This is an immediate consequence of (ii7) and (iv). d

The first part of the next result is from [13].

Proposition 4.5. Let A be an independence algebra of finite rank n. Then
(i) End A\ Aut A is an ideal of End A and is idempotent generated;
(i1) PEnd A\ Aut A is an ideal of PEnd A and is idempotent generated.

Proof. Let a« € PEnd A and suppose that « lies in the group of units, that is, the H-
class of I4. From Lemma 4.4 we deduce that doma = A so that « € End A. Thus
PEnd A and End A share the same group of units. From [16, Proposition 3.12] we have
that Aut A = {a € End A : ranka = n}. Immediately from Lemma 4.4 we deduce that
End A \ Aut A and PEnd A \ Aut A are ideals of End A and PEnd A, respectively.

That End A \ Aut A is idempotent generated is contained in Theorem 2.1 [13].

Suppose now that 5 € PEnd A with rank § < n—1, that is, 8 ¢ Aut A. Let X be a basis
for dom 8 and extend X to a basis X UY for A. Define ' € End A by x8’ = z for all
x € X and yB' = aqg for all y € Y, for some fixed ag € im 8. Then rank § = rank 8’ < n—1,
so that ' is a product of idempotents of End A\ Aut A. Now observe that 8 = Iqompf’. O

It follows from Lemmas 4.2 and 4.4 that Condition (R) holds for PEnd A and End A.
Consistent with our earlier notation, let £ = E(End A) and let F' = E(PEnd A).

We now take a rank r idempotent € € FE, where 0 < r < n. The D-classes of € in PEnd A
and End A, denoted by D and D’, respectively, are given by

D ={a €PEndA: ranka=r},D ={a € EndA : ranka =r}.
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Our next aim is to show that the maximal subgroup of IG(F) containing  is isomorphic
to the maximal subgroup of IG(F') containing £ by using Theorem 3.3. It remains to show
that D and D’ are singularisable and Condition (P) holds.

Lemma 4.6. The D-classes D of PEnd A and D' of End A are up-down singularisable.

Proof. Consider an FE-square {(; g } of PEnd A. 1If it is singularisable (in PEnd A or

End A), then {«, 3,7,d} is a rectangular band by [2].

Conversely, suppose that {«, 3,7,d} is a rectangular band. Let U be a basis for B =
(ima U im g). Notice ima = im§ C domd = dom~ and im 5 = im~y C dom~, so that
B C dom~. Extend U by V to form a basis U UV for dom~. Define o in PEnd A by
domo = dom+~y and uo = u for all u € U, vo = vy for all v € V. Since imo = B = (U),
we see that o is idempotent. Clearly aoc = o and fo = f3.

We know ima C dom a and im 8 C dom § = dom «, so that imo = B C dom «, giving

domoa = domo = dom~vy = domd = dom o f3.

Let @ € ima and b € im 3. Since {«, 3,7,d} is a rectangular band, we have o = 3§ and
as ima = im d we see

aca = ac = a = ad and boa = ba = bd = bo.

It follows that uca = ud for all w € U. For v € V we have voa = vya = vd. Thus ca = 6.
Similarly, uo 8 = uy for all u € U and for v € V' we have vof = vy = vy, as v L 3. Thus
o8 = v and o singularises our given E-square.

The above shows that D is PEnd A-singularisable. If «, 5,7, € End A, then dom~ = A
so that 0 € End A also and D’ is End A-singularisable. U

Lemma 4.7. The semigroups PEnd A and End A satisfy Condition (P).

Proof. Let D be the D-class of PEnd A consisting of the elements of rankr. Let I index
the kernels of elements in D and let I’ be a subset of I indexing the kernels of elements in
D' = DNEnd A. Note that D’ # (). Let 7 € I and let B be the domain corresponding to ¢. If
B = A, then we take i’ = i. If B C A, then we choose a basis {1, -, x,,} for B. Note that
here we must have m > r. We now extend this basis to a basis {x1, -+, Zm, Tma1, -+ Tn}
for A. For any a € R; we define o/ € End A by

o/ =z for 1 <i<mjz; =xaform+1<j<n.

Then ima = im o’ and o/|p = . Let i’ index the kernel of «/. It is easy to check that ¢’
is independent of the choice of o and if « is idempotent then o’ is also idempotent, from
which it follows that ¢}, = ey5. Let j € I and let A\, x € A be such that ¢;,&;, € D. Then
we must have A C B. For if there were fewer than r independent elements in A N B, then
rank(e;ne;,) < r, a contradiction. Thus there are r independent elements in A N B and it
follows that as A is generated by r independent elements, A = AN B and so A C B. Note
that ey, exists and has kernel indexed by . Clearly, €j ey, = €€y, as required. Il

As a direct application of Theorem 3.3, we have the following result.
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Theorem 4.8. Let A be an independence algebra of finite rank n, let End A be the endo-
morphism monoid of A with biordered set E and let PEnd A be the partial endomorphism
monoid of A with biordered set F. Then for any € € E, the mazimal subgroup of IG(E)
containing € is isomorphic to the corresponding maximal subgroup of IG(F) containing .

Let E be a biordered set such that S = (E). We say that e € E is good if H; = H.,
where He (H.) is the maximal subgroup of IG(F) (resp., S) having identity € (resp., e).
We can immediately deduce the goodness of some idempotents in semigroups of partial
maps, calling on the existing results for total maps.

Corollary 4.9. The following idempotents are good.

(1) Any idempotent e € PEndV with n > 3 and ranke < n/3, where V is an n-
dimensional vector space over a division ring D.

(2) Any idempotent e € PEnd F,,(G) with n > 3 and ranke < n — 2, where F,,(G) is a
free G-act of rank n over a group G.

(3) Any idempotent e € PT,, withn >3 and ranke <n — 2.

Proof. (1) follows from Theorem 4.8 and [8]. (2) follows from Theorem 4.8 and [5]. (3) has
already been observed in [7] and is a special case of (2). O

5. RETRACTS AND OTHER APPLICATIONS

We now state our second application of Theorem 3.3 with regard to the notion of retract.
We say that a subsemigroup S of a semigroup T is a retract of T' (via 0) if there exists an
epimorphism 6 from 7" onto S such that 6|g = I5. Note that for an arbitrary independence
algebra A, End A is not a retract of PEnd A, as the latter always has a zero but the former
need not.

Proposition 5.1. Let S be a subsemigroup of a semigroup T with E = E(S) and F =
E(T).

(i) There is a natural homomorphism from IG(E) to IG(F).

(i) If S is a retract of T, then IG(E) embeds in IG(F').

Proof. For the purposes of this result we let IG(E) be generated by E and IG(F) by F,
with obvious conventions.

(i) For all (e, f) € E x E, we have (e, f) is basic in F if and only if it is basic in F. Thus
Y : IG(E) — IG(F) given by e = € is a homomorphism.

e
(77) Suppose now that S is a retract of T' via the epimorphism . Define ¢’ : FF — IG(F)

by f0' = f0.1If (e, f) is a basic pair in F, then it is easy to see that (ef, f6) is a basic pair
in F, and it follows that # induces a homomorphism 6 : IG(F) — IG(E) where f § = f0.

Consider now &1 ---&m, f1--- fn € IG(E) with (€1---&»)¢ = (fi -+ fo)¥. Then
St =

so that by applying 6 we have

61...@261—9...%9:(e=1...§)§:(fl...ﬁ)gzm...m:ﬁ..fn
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so that ¢ is an injection and IG(E) = <f> C IG(F). Further, IG(E) is clearly a retract of

IG(F) via 6, or, more precisely, (E) is a retract of IG(F) via 6. O

Corollary 5.2. Let S be a retract of T wvia 0, with E = E(S) and F' = E(T). Then,
regarding IG(E) as a subsemigroup of IG(F), for any e € E there is an epimorphism from
the mazximal subgroup of 1G(F) containing €, to the corresponding mazimal subgroup in

IG(E).

In the case where S is a retract of T', we now establish some sufficient conditions that
will allow us to apply Theorem 3.3. We will say that a D-class D of a semigroup 1 is stable
if for all a,b € D we have ab € D if and only if a R ab L b; if T is finite certainly every
D-class of T is stable. If T" is stable in the sense of [1] or [29] then in view of [1, Corollary
1.1], certainly each D-class of T is stable in our sense.

Lemma 5.3. Let S be a retract of T via 0, with E = E(S) and F = E(T). Lete € E and
put D = DT and D' = D5. Suppose that S and T are idempotent generated, Condition
(R) holds, D is stable and for each f € DN F we have f LT f0. Then Condition (P)
holds.

Proof. Let f,g € DN F with fg € D. As f L' f6 we have fg L' (f6)g. Now D is stable
so (f8)g R" 0 and so as f6 € S, Condition (R) gives that (f)g € S. Then

fa=1(f0)g = f((f0)9)0 = f(f0)(90) = f(g0),

where certainly gf € D.

Let I index the R-classes of D and let I’ be the subset of I indexing the R-classes of D'.
Let A index the L-classes of D and D’. Let i € I and pick A € A such that e;y exists. Then
eix LT e;\0: let i’ index the R-class of €;30. Notice that €;30 = ey\. Of course, if e;, € S
then i = ¢. Note that i’ does not depend upon the choice of A, as if u € A is such that
ei, exists, then e;\0 R eiuf. Moreover, as e;,0 cr ey we have e;,0 = e;,. Let j € I and
k, T € A such that ej.e;r € D. By the above, ej.eir = €j.(€ir0) = €€ O

We finish this work by giving an example where S is a retract of T and the conditions
of Lemma 5.3 hold.

Let S be a semigroup, let L be a left zero band and let T'= S x L. For a fixed u € L, it
is easy to see S = S' =S x {u}, and S’ is a subsemigroup of 7. For ease of notation, we
identify S with S’. Notice that S is a retract of T" via § : T — S given by (a,1)0 = (a,u)
for all (a,l) € T. Clearly, if S is idempotent generated, then so is T'.

Lemma 5.4. Let S be an idempotent generated semigroup, let L be a left zero band, and
let T =S x L. Regard S as a subsemigroup of T by choosing u as above, let E = E(S5)
and F = E(T). Suppose that e € E and D' = D? is stable and singularisable via up-down
singular squares. Let D = DT. Then

(i) S and T satisfy Condition (R);

(ii) for all (f,k) € DN F we have (f, k) LT (f,k)0;

(11i) D is stable and singularisable.
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Proof. (i) Let a = (a,u) € S be regular and suppose (a,u) R* (b,k). Then (b,k) =
(a,u)(c,1) for some (c,l) € T* and it follows that k = u, so (b, k) = (b,u) € S, and we can
take (c,1) € S'. Also, (a,u) = (b,k)(d,m) for some (d m) € T' and again we can take
(d,m) € S*, so that (a,u) RY (b,k). Thus Condition (R) holds.

( 7) te that an element (a,1) € F if and only if (a,u) € E. If (f,k) € DN F, then
(f; k)0 = (f,u) and (f,k)(f,u) = (f, k) and (f,u)(f, k) = (f,u), so that (f,k)0 L (f, k).

(m) Now consider the structure of the D-class D. Notice that, for any (a,l), (b,k) € T,
(a,1) LT (b,k) if and only if a £° b; (a,1) RY (b, k) if and only if I = k and a R” b.
We know from Section 3 that D’ is a union of R”-classes of D and D' = D N S. Notice
further that D\D' = {(a,l) : | # u,(a,u) € D'}. To see this, let (a,l) € D\D'. Then
(a,1) LT (b,k) RT (e,u) for some (b,k) € T, giving a £ b R® e, and so (a,u) € D'
Conversely, if (b,u) € D', then (b, k) £* (b,u), and so (b, k) € D\D'.

To see that D is stable, let (a,l), (b,k) € D so (a,u), (b u) € D' If (a,1)(b, k) = (ab,l) €
D, then (ab,u) € D' so a R® ab £° b and hence (a,1) R (ab,1) LT (b, k).

We now show that D is singularisable. Let e, f,g h € S. Clearly any rectangular
band {(e,u), (f,u), (g,u), (h,u)} with (e,u) R" (f,u) LT (g,u) R” (h,u) LT (e,u) is singu-

larisable. Consider now a rectangular band {(e, ), (f,1), (g, k), (h, k) } in D where {((}f’ llg)) ((;’l?)}
(e,u) (f,u)

is an F-square in 7. Then is an F-square and a rectangular band in S.
b [(hm <g,u>} b &

€
No

Thus it is up-down singularisable by some (p,u) € E. Then

(e, u)(p,u) = (e, u), (f,u)(p,w) = (f,w), (p,u)(e,u) = (h,u) and (p,u)(f,u) = (g,u).

It follows that
(e,0)(p, k) = (e, 1), (f, D (p, k) = (f, 1), (p, k)(e, 1) = (h, k) and (p, k)(f,1) = (g, k)

so that [ ((;j ’ll{;)) g ’ l?)] is singularisable by (p, k). O

We now put together the preceding results in this section.

Theorem 5.5. Let S be an idempotent generated semigroup, let L be a left zero band, and
let T =S x L. Regard S as a subsemigroup of T by choosing u as above, let E = E(S5)
and F = E(T). Suppose that e € E and D' = D2 is stable and singularisable via up-
down singular squares. Then the mazimal subgroup of € in 1G(E) is isomorphic to the

corresponding maximal subgroup of € = (e, u) in IG(F), and hence to that of any (e, k).

Proof. From Lemma 5.4, S and T satisfy Condition (R), D = DT is stable and singu-
larisable and for each (f,k) € D N F we have (f, k) L” (f,k)0. By Lemma 5.3, Condi-
tion (P) holds. Thus Theorem 3.3 proves the first claim. For the second, observe that

(e,k) LT (e,u) = e so that (e, k) £ (e,u) in IG(F). O
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