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We obtain the exact Kohn-Sham potentials VKS of time-dependent density-functional theory for one-
dimensional Hubbard chains, driven by a dc external field, using the time-dependent electron density and
current density obtained from exact many-body time evolution. The exact Vxc is compared to the adiabatically
exact V ad

xc and the “instantaneous ground state” V
igs

xc . The latter is shown to work effectively in some cases when
the former fails. Approximations for the exchange-correlation potential Vxc and its gradient, based on the local
density and on the local current density, are also considered and both physical quantities are observed to be
far outside the reach of any possible local approximation. Insight into the respective roles of ground-state and
excited-state correlation in the time-dependent system, as reflected in the potentials, is provided by the pair
correlation function.
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I. INTRODUCTION

With the prospect of technologies based on molecular
devices, and the necessity of being able to describe systems
in which devices interact with a time-dependent (TD) envi-
ronment, there is a need for ab initio methods to realistically
describe correlated electronic systems subjected to TD external
fields. Density-functional theory [1,2] has proven to be an ef-
fective tool for describing ground-state properties of a great va-
riety of different systems, often based on local approximations
such as the local-density approximation (LDA) [3]. In the time-
dependent generalization of density-functional theory (DFT),
TDDFT [4], the LDA is often used adiabatically (ALDA) [5].

Several studies have shown that the ALDA is able to
describe properly only a limited range of time-dependent
physical systems and that it frequently breaks down [6–9].
There is a need for more reliable approximations for the
exchange-correlation potential in time-dependent correlated
electron systems. In this paper we consider the Hubbard
model [10], in which the electron-electron interaction takes
a simple short-range form, aiming to obtain insight which
may be extended to more general correlated electron systems.
The simplicity of the model means that reliable results may be
obtained for substantial numbers of interacting electrons with
reasonable computational effort.

In this paper we study one-dimensional (1D) atomic
chains represented by the Hubbard model, subjected to
external TD perturbing potentials, for which a Runge-Gross
theorem has been proved [11]. Using the electron density
and the current density obtained from the exact time evo-
lution of the interacting system, we deduce the TDDFT
Kohn-Sham (KS) potential which causes the auxiliary KS
system of noninteracting electrons to reproduce the TD
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electron density of the interacting system, and in particular
its exchange-correlation part Vxc. One-dimensional Hubbard
chains, owing to their relative simplicity in comparison to
other many-electron systems, have provided a fruitful envi-
ronment for the exploration of exact TDDFT in recent years
(e.g., Ref. [12]).

II. TIME-DEPENDENT HUBBARD CHAINS AND
THEIR TDDFT DESCRIPTION

The systems we consider are described by the Hamiltonian

Ĥ = U

N−1∑
R=0

n̂R↑n̂R↓ − t
∑

〈RR′〉σ
�̂

†
Rσ �̂R′σ +

∑
Rσ

V ext
R (τ )̂nRσ ,

where the on-site energy of an electron has been set to
zero, U is the interaction energy, t is the hopping parameter,
and V ext

R (τ ) is a local external TD field [13]. The notation
〈RR′〉 denotes nearest-neighbor sites, n̂Rσ = �̂

†
Rσ �̂Rσ , and

σ = +1,−1 denotes the spin. The system is prepared in
its ground state. The external perturbing potential V ext

R (τ )
decreases with constant gradient from the rightmost site to
the leftmost site (on which its value is zero), representing
a uniform dc electric field that tends to drive electrons to the
left. We study two different perturbations to this system: (a) the
field is turned on at its full strength Vmax at τ = 0, remaining
constant thereafter (“sudden”); (b) the same field is turned
on gradually as a linear function of time from τ = 0 to τ0,
remaining constant thereafter (“slow”). We consider chains
whose number of sites N ranges from 2 to 8, in the half-filling
configuration (i.e., with N electrons)—in which the chains
exhibit the characteristics of a Mott-Hubbard insulator, with
strongly localized electrons—and also the quarter-filling (N/2
electrons) configuration.

The interacting system is prepared in its ground state at
τ = 0 using exact diagonalization of the Hamiltonian. The

1098-0121/2014/89(19)/195114(6) 195114-1 ©2014 American Physical Society

http://dx.doi.org/10.1103/PhysRevB.89.195114


MANCINI, RAMSDEN, HODGSON, AND GODBY PHYSICAL REVIEW B 89, 195114 (2014)

 0.85
 0.9

 0.95
 1

 1.05
 1.1

 1.15

 0  1  2  3  4  5  6  7  8  9  10

n R
 ( τ

)

R=0

R=3
R=1

R=2

-0.15
-0.1

-0.05
 0

 0.05
 0.1

 0.15

 0  1  2  3  4  5  6  7  8  9  10

J R
 ( τ

)

time

R=1/2,R=5/2R=3/2

FIG. 1. (Color online) Local charge nR(τ ) and current JR+1/2(τ )
density for a chain with four sites and four electrons, with U = 2, t =
1, and Vmax = 0.5. Full lines are for the sudden potential, and dashed
lines are for a slow potential with τ0 = 5. In this four-site half-filled
chain the charge density variation is symmetric and J1/2 = J5/2.

exact time propagation of the many-body (MB) wave function
thereafter is computed from the time-dependent Schrödinger
equation using the Crank-Nicolson algorithm [14]. From
|�(τ )〉 the local TD electron densities nR(τ ) for each site
are obtained, and the current JR+1/2(τ ) between each pair
of neighboring sites is defined as JR+1/2(τ ) = JR−1/2(τ ) +
[∂nR(τ )/∂τ ], where the current densities beyond the end sites,
J−1/2 and, by implication, JN−1/2, are zero. In Fig. 1 we
show the charge nR(τ ) and the current JR+1/2(τ ) densities
in a four-site half-filled chain, for the two different time-
dependent potentials, with U = 2, t = 1, and Vmax = 0.5. In
the half-filling configuration, the ground-state density of the
interacting system is unity on each site. When the perturbing
potential is applied, the charge density increases or decreases
from this value depending on the site. Owing to the symmetry
of the system, the charge density variation is, at all times,
observed to be an odd function relative to the center of the
chain. The intersite current density oscillates around zero and
is, correspondingly, an even function. Away from half-filling,
the ground-state charge density varies from site to site while
retaining its mirror symmetry, while under the subsequent time
evolution the symmetry is broken.

The KS potential V KS
R , which enables the KS system to

reproduce the exact charge and current densities, is found
via Powell’s conjugate direction method [15] employed to
minimize the quantity [16]∑

Rσ

{[
nKS

Rσ (τ ) − nRσ (τ )
]2 + (

ṅKS
Rσ − ṅRσ

)2}
.

V KS
R is the sum of the external potential V ext

R and the Hartree-
exchange-correlation potential V Hxc

R . This is initially deter-
mined for the ground state (with no current term necessary),
and subsequently the KS potential is determined at each
time step so that the interacting charge and current densities
continue to be reproduced. (The potential V Hxc

R is defined
up to an additive overall R-independent constant by this
requirement, so we choose its value to be always zero on the
leftmost site in all systems studied.) The resulting KS electron
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FIG. 2. (Color online) Exchange-correlation potential and
charge density as a function of the position for different times τ , for a
half-filled eight-site chain subjected to an sudden V ext

R (τ ). When V ext
R

is applied, V xc
R acquires a nonzero slope in the first time step, even

though the charge density is essentially indistinguishable from that
of the ground state nR(0). At later times, V xc

R slightly varies around
the ground-state exchange-correlation potential of the perturbed
Hamiltonian V

pgs-xc
R .

densities are always within 10−6 of the exact values, for the
strengths of the external field V ext

R considered in this paper [17].
The exchange-correlation potential V xc

R is obtained from
the KS potential by subtracting the external potential V ext

R (τ )
and the Hartree potential V H

R (τ ) = ∑
σ nRσ (τ )U . (We show

our main results for U = 2 only, as different moderate values
of U give qualitatively similar results.)

In the strongly localized half-filled chains, the ground-state
density of both the interacting and noninteracting systems is
unity on each site, so that the ground state V Hxc

R and V xc
R

are both independent of R. In these systems, for the whole
range of time observed, a potential V xc

R appears that tends to
screen the external perturbing field (Fig. 2), having a gradient
with the same sign and order of magnitude as that of the
Hartree potential (in strong contrast to the adiabatic LDA
which would predict an opposite field). (The instantaneous
buildup of our xc electric field, resulting from the application
of a “sudden” perturbation, is consistent with the short-range
interaction lattice model of Ref. [18].) The slope of V xc

R , after
an initial increase (sites on the left) or decrease (sites on the
right) from zero, varies slightly in time and space around the
value of the ground-state exchange-correlation potential for
the perturbed Hamiltonian V

pgs-xc
R (shown by red dots), giving

rise to a ladderlike form.
The generation of an exchange-correlation electric field

which counteracts the perturbing potential was previously
observed in the response of a periodic insulating solid
subjected to an electric field within ground-state DFT [19].
This xc electric field was attributed to the dependence of
the exchange-correlation energy on the polarization—which
in effect describes the ultra-long-range part of the density—
implying that DFT functionals, in order to describe global
changes in the potential in terms of the electron density,
have to be ultra-non-local. The strongly nonlocal nature of
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FIG. 3. (Color online) Exchange-correlation potential and
charge density, as a function of the position for different times τ , for
a quarter-filled eight-site chain subjected to a sudden V ext

R (τ ). V xc
R

shows a different behavior with respect to the half-filled case: there is
no screening xc electric field and the spatial variation is concentrated
towards the ends of the chain (more LDA-like behavior). The sharp
jump in V xc during the first time step, and its similarity to that of the
perturbed ground state, V

pgs-xc
R , as observed in the half-filled chains,

still hold.

the exchange-correlation potential has also been observed and
studied in polymers and other molecular chains using time-
dependent current density functional theory (TDCDFT) [20]
and optimized-effective-potential (OEP) DFT [21]. All these
studies show that the counteracting xc electric field is not
reproduced by simple local-density approximations.

Chains in the quarter-filling configuration, or similar con-
figurations for an odd number of sites, show a quite different
behavior. In particular, the ground state nR depends on the
interaction strength U , so that the ground state V xc

R is already
nonzero. V xc no longer adopts the form of a screening electric
field, and its spatial variation is concentrated towards the ends
of the chain; its relationship to the local density reflects a more
LDA-like behavior (Fig. 3). (The “slow” external potential
gives qualitatively similar results.) The electric field observed
is consistent with the results found by Akande et al. [22] for
1D Hubbard chains away from half-filling in order to study
the electric field response.

III. ADIABATIC AND INSTANTANEOUS
GROUND-STATE V xc

We compare the exact V xc
R (τ ) with two approximate poten-

tials based on the notion of adiabatic correctness of ground-
state DFT for sufficiently slowly varying external potentials:
(a) the “adiabatically exact” exchange-correlation potential
V ad-xc

R (τ ) for which the ground-state charge density of the
noninteracting system is equal to the actual many-body charge
density at each time τ , and (b) the “instantaneous ground-state”
exchange-correlation potential V

igs-xc
R , which is simply the

exact ground-state exchange-correlation potential associated
with the instantaneous external potential. (In the case of the
sudden external potential, V

igs-xc
R therefore corresponds to
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FIG. 4. (Color online) Exact many-body charge density (full
lines) and approximated charge density (dashed lines) for a four-site
half-filled chain subjected to the “sudden” V ext

R (τ ) obtained using
the two approximate potentials V ad-xc

R (τ ) and V
igs-xc
R . The latter is a

surprisingly good approximation even for a fast applied field, while
the former is quite unable to reproduce the exact density.

the time-independent perturbed-ground-state potential V pgs-xc
R ,

which was shown in Figs. 2 and 3 by red dots.) We apply
these two approximations to half- and quarter-filled chains,
considering both “sudden” and “slow” external potentials.

An exact adiabatic approach has previously been used for
studying various systems (e.g. [23]), and the “instantaneous
ground-state” approach has been applied to Hubbard systems
with a localized time-dependent perturbing potential [12].
The performance of “exact adiabatic” approximations has
also been explored in two recent papers [24,25] in the context
of resonant charge-transfer excitations in response to an
oscillatory electric field.

In our half-filled chains, for the “sudden” potential,
V

igs-xc
R (τ ) works extremely well in reproducing the exact

density, while the adiabatically exact approximation results
are strikingly poor (Fig. 4). The fact that the latter does
not work well is not an unexpected outcome: an adiabatic
approximation is expected to be good only for slowly varying
systems, according to the adiabatic theorem [26]. For the slow
perturbing potential, both V ad-xc

R (τ ) and V
igs-xc
R (τ ) perform

well, once the potential changes sufficiently slowly, with
V

igs-xc
R (τ ) once again giving a better approximation than

V ad-xc
R (τ ) (Fig. 5). (For studying the range of applicability of

the adiabatic approximation, different velocities of variation
have been considered: if the potential is applied slowly enough,
the relative difference between the exact and the approximate
density is independent of the speed of variation.) It appears
that the character of the strong correlation present in the half-
filled Mott-Hubbard-insulating chains is relatively resistant
to time-dependent excitation, and remains well described by
the ground state of the instantaneous external potential. In
contrast, in the less strongly correlated quarter-filled chains,
neither adiabatic approximation is good, even for extremely
slowly varying potentials.
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FIG. 5. (Color online) Exact many-body charge density (full
lines) and approximated charge density (dashed lines) for a four-site
half-filled chain subjected to a “slow” V ext

R (τ ) obtained using the two
approximated potentials V ad-xc

R (τ ) and V
igs-xc
R . The density reproduced

by V
igs-xc
R is closer to the real one than the density reproduced by

V ad-xc
R (τ ).

IV. ASSESSMENT OF LOCAL APPROXIMATIONS

In the limit of slow spatial variations in adiabatic po-
tentials, the success of the local density approximation
(LDA) in static density-functional theory is extendable to the
time-dependent regime (e.g., [27]). For nonadiabatic (i.e.,
frequency-dependent) functionals, it has been proven that
approximations that are local or semilocal in the charge
density are generally impossible [28,29]: this is known as
the ultranonlocality problem. However, a local nonadiabatic
functional of the current density is possible [30], and a
uniqueness theorem for a time-dependent current-density
functional theory has been proven [31].

For half-filled Hubbard chains, we saw that, while the usual
adiabatic approximation fails, a different choice of adiabatic
approximation performs remarkably well, which raises the
question of whether a local approximation to the xc potential
may be constructed in terms of the charge density alone, or
with the current density, or not at all.

Previous investigations of local functionals for Hubbard
chains have mainly focused on the Bethe-Ansatz-based LDA
(BALDA) approach of Ref. [32]. Even if nonlocal and
memory effects are neglected, it has been shown that adiabatic
approximations are able to describe accurately the evolution
of systems subjected to TD local perturbations [33], but to a
much lesser extent in the quantum transport regime [34].

In order to study the feasibility of an approximation for the
exchange-correlation potential based on the local electronic
charge density (in the philosophy of the LDA) and the local
current density, we examine the relation between V xc

R (τ ),
nR(τ ), and JR(τ ). For this purpose, the on-site current density
JR(τ ) is defined as the average value of the two intersite current
densities JR±1/2(τ ) surrounding the site (using zero beyond the
chain ends). We are also interested in the dependence of the
nonequilibrium part of the KS electric field on the local current
density, as suggested by Ref. [35] on the basis of calculations
for a model semiconductor.

FIG. 6. (Color online) (a) Exchange-correlation scalar potential
V xc

R (τ ) and (b) the equivalent vector potential Axc
R (τ ) for a four-site

half-filled chain subjected to a sudden perturbing potential, plotted
against the local density nR(τ ) and the on-site current density JR(τ ).
For adiabatic approximations of V xc and Axc based on the local values
of nR and JR to hold, it would have to be possible to plot the potentials
on universal surfaces (the same for all the sites) with respect to one
or both of the two quantities. The projections onto the V xc-J , V xc-n,
Axc-J , and Axc-n back-planes are also shown; these serve to clarify
the spatial form of the trajectories, and also directly illustrate the
limitations of local approximations based on n or J only.

We first consider the dependence of V xc on the local n and
J . In Fig. 6(a) we show the relation between V xc(τ ), nR(τ ), and
JR(τ ) for the four-site half-filled chain subjected to the sudden
V ext(τ ) (in this configuration the ground-state V xc is zero, so
that the plotted quantity coincides with the dynamical part of
the potential). Even considering that the exchange-correlation
potential is defined up to an additive TD constant, there is
clearly no unique relationship between the potential and the
local charge density, the local current density, or both together.
Specifically, if a dependence of V xc on the local densities
existed, it would have to be possible to plot the potentials for
the various sites on a universal surface with respect to nR and
JR . In Fig. 6 we fix the TD constant so that V Hxc is zero on
R = 0 for each τ . In this case, the potentials on R = 0 and
R = 3 vary in a small range during the whole time observed
(this can be easily seen with the help of the projections onto the
V xc-n plane). One can envisage moving these two trajectories
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onto essentially a single surface by appropriate modification of
the TD constant. However, comparing the potentials for R = 0
and R = 3 with those on the other two sites, it is easy to see
that the latter will never lie on the same surface.

Another argument against the feasibility of a local ap-
proximation can be found looking at V xc in the early time
steps (Fig. 2). In half-filled chains the ground-state KS
potential is the same on each site. After the first time step,
a sudden change in V xc occurs which is not simply due to
the discretization �τ and which is not reflected locally in
charge and current densities, and thus not reproducible in
a local density approximation. Even in quarter-filled chains,
where the exchange-correlation potential shows a more LDA-
like behavior, it is still not possible to find a universal
surface.

Also shown in Fig. 6(b) is the vector potential

Axc
R (τ ) =

∫ τ

0
dτ ′ ∂V xc

R (τ ′)
∂x

as an instantaneous function of the local charge and current
densities. This quantity is introduced by an alternative choice
of gauge—the “velocity” gauge—in which the time depen-
dence previously in V xc(τ ) is moved into the vector potential
Axc(τ ). Once again, if the instantaneous vector potential were
approximately given by a local functional of the charge and/or
current density, Axc

R (n,j ) should lie on a universal surface. As
we can see, this is not the case, so the vector potential is not
uniquely determined by the local densities, either individually
or together.

We have also explored the use of direct nonlinear optimiza-
tion techniques to find the best universal local approximation,
based on approximating V xc

R as the sum of two parts: one
based on the local density and the other whose gradient is
based on the local current. No such form proves to be capable
of yielding a satisfactory representation of V xc

R for the sites
within one system, let alone a range of systems.

Thus we see that, even where an adiabatic approximation to
the time-dependent xc potential is possible, neither the scalar
potential nor its gradient are uniquely determined by the local
charge and current density, and that the nonlocality in the
potential survives the reformulation of the time-dependent
density-functional theory in terms of the current density and
vector potential.

The vector potential does provide some insight into the
exchange-correlation functional that the scalar potential does
not. Its functional dependence on the current density is
observed to be the same for the R = 1 and R = 2 sites,
while the charge-density dependence switches sign, reflecting
the underlying spatial antisymmetry of the time-dependent
density. At the R = 3/2 site, the time derivative of the charge
density is also zero due to symmetry, and thus we see the
functional dependence of the vector potential on the current
density alone.

However, the vector potential as a functional of J appears
to grow approximately linearly with time, i.e., is ultranonlocal
in time; thus in transforming the gauge we have simply
traded one ultranonlocality for another. One can see how
this is necessarily the case by considering components of
the exchange-correlation electric field, such as part of the xc
electric field switched on immediately after τ = 0, that are
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FIG. 7. (Color online) On-site pair correlation function as a
function of time for a four-site half-filled chain. Passing from U = 2
to U = 6, the ground state �↑,↓(R,R) decreases and the variations of
the PCF during the time evolution with respect to the ground-state
value are smaller.

approximately constant with time. Implementing these in the
velocity gauge yields a vector potential with components that
are linear in time.

As such, purely scalar or purely vector local potential
functionals would fail to capture the correct nonequilib-
rium physics. Rather, it appears more useful to cast future
functionals in terms of both scalar and vector exchange-
correlation components together with, if necessary, electric
field components (as discussed in Ref. [35]), to account for
nonlocal dependence.

V. TIME DEPENDENCE OF THE CORRELATION

The pair correlation function (PCF) provides direct insight
into the nature of the electronic correlation. The PCF can be
written

�σ,σ ′(R,R′) = 〈ψ |�̂†
Rσ �̂

†
R′σ ′�̂R′σ ′�̂Rσ |ψ〉

nR,σ nR′,σ ′

(if R = R′ and σ = σ ′, � = 0). We consider the on-site PCF
(↑↓). In this case, if U = 0, the PCF is equal to one for each
R. Increasing the interaction, its ground-state value decreases
towards zero.

In general, if one considers half-filled chains, the most
striking feature of �σ,σ ′(R,R) is that its value varies only
slightly during the time evolution with respect to the ground-
state value for higher magnitudes of U : the nature of the
electronic correlation is, to a good approximation, frozen in its
ground-state form (Fig. 7). This feature seems to be consistent
with the good results obtained using the instantaneous-ground-
state potential V

igs-xc
R (τ ) as an approximate KS functional. On

the other hand, quarter-filled chains show quite a different
behavior: in this case, the nature of the correlation shows a
stronger time dependence, as does the electron density n.
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VI. CONCLUSION

In conclusion, we have shown that in half-filled Hub-
bard chains the time-dependent electronic correlation re-
mains dominated (especially for larger U ) by the strongly
localized ground state: adiabatic approximations for the
exchange-correlation potential based on the instantaneous
ground state of the external potential perform remarkably
well even when exact adiabatic charge-density-based approx-
imations fail. This feature is consistent with the computed
form of the pair correlation function. On the other hand, for
quarter-filled chains, due to stronger time dependence of both
the density itself, and the changing nature of the correlation, the

exact exchange-correlation potential acquires time-dependent
features that are absent from both types of adiabatic functional.
In all systems studied the exact exchange-correlation scalar
potential has a spatial form that has a strongly nonlocal
dependence on the charge (and current) densities, while
the corresponding vector potential is temporally nonlocal.
Our results indicate that the search for accurate approxi-
mate functionals for time-dependent DFT should focus on
functionals that build in spatial and temporal nonlocality in
the densities, for example through mixed scalar/vector xc
potentials, or explicit dependence on the Kohn-Sham wave
functions.
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