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2Euler characteristics

space

X =
Euler characteristic:

χ(X) = ∑(−1)i|Xi|

(= 2)

homology:

H∗(X ;Q) =
χ = ∑(−1)i dimHi(X)

(= 2)

X
f

// Y ///o/o/o H∗(X ,Q)
f∗

// H∗(Y,Q)

continuous map homomorphism

Q 0 Q
0 1 2

· · · · · ·
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3Jones polynomial 1

oriented knot

K =
J

( )
= q3(−q6+q2+1+q−2)

Jones polynomial

?
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4Jones polynomial 2

12

3

0

1

Place
(−q)height(q+q−1)#circles

at each node

∅

1 2 3

12 13 23

123

B(X),X = {1,2,3}

height
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5Jones polynomial 3

(q+q−1)2

−q(q+q−1) −q(q+q−1) −q(q+q−1)

q2(q+q−1)2 q2(q+q−1)2 q2(q+q−1)2

−q3(q+q−1)3

J

( )
(−1)n−qn+−2n−

〈 〉

(Kauffman bracket)

∑nodes=

〈 〉
=−q6+q2+1+q−2

− +
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6Graded spaces

• A =
⊕

Ai = (Ai = vector spaces overk)

• direct sumA⊕B =
⊕
(Ai ⊕Bi)

• tensor productA⊗B =
⊕∞

m=−∞(A⊗B)m with (A⊗B)m =
⊕

i+ j=m

Ai ⊗B j

• A[ℓ] = = ⊗ A

• graded dimensionqdimA := ∑dimA jq j ∈ Z[q,q−1]

• qdim(A⊕B) = qdimA+qdimB

qdim(A⊗B) = qdimA×qdimB

(e.g.:qdimA[ℓ] = qℓ×qdimA)

A−1 A0 A1
−1 0 1

· · · · · ·

A−ℓ−1 A−ℓ Aℓ+1
−1 0 1

0 k 0
ℓ−1 ℓ ℓ+1
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7“Categorfication”

N= {0,1,2, . . .}
categorify

de-categorify(dim)

Spaces Obj: k-spacesV
Mor: k-linear maps

N[q,q−1] = {∑Z niqi}
categorify

de-categorify(qdim)

Graded Spaces
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8Khovanov complex 1

A⊗#circles[height]

A⊗2

A[1] A[1] A[1]

A⊗2[2] A⊗2[2] A⊗2[2]

A⊗3[3]

A =Q⊕Q

−1 1
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9Khovanov complex 2

A A A⊗ ⊗ A A⊗
id⊗m

m : A⊗A → A

A A A⊗ A A ⊗⊗
id⊗µµ : A → A⊗A

A⊗2

A[1] A[1] A[1]

A⊗2[2] A⊗2[2] A⊗2[2]

A⊗3[3]

m m m

µ
µ

µ
µ

µ

µ

id⊗µ id⊗µ id⊗µ

(squarescommute)
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10Khovanov complex 3

A⊗2

A[1] A[1] A[1]

A⊗2[2] A⊗2[2] A⊗2[2]

A⊗3[3]

+ + +

−

+

−

+

−

+

+ − +

add±’s to edge maps so squaresanticommute

K∗

K0

K1

K2

K3

d

d

d

Khovanov homologyKH∗

(
,Q

)
= H∗(K∗)

Khovanov

(chain)

complex
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11Khovanov homology

Q

Q

Q Q

KH0

KH1

KH2

KH3

6 4 2 0 −2 qdim

q6

q2

0

1+q−2

Euler characteristicχ(K∗)

= ∑(−1)iqdimKHi

(
,Q

)

= q6−q2−1−q−2
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12What’s the point?

KH∗

( )

Q

Q

Q

Q

Q Q

KH∗

( )

Q

Q

Q

Q

Q

Q

Q

Q⊕Q

Q

Q Q

• minor miracle: KH∗ an invariant

• Jones

( )
= Jones

( )

• FUNCTORIAL!!
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13Poset homology

• posetP −→ ∆P order (simplicial) complex.

• poset homology= simplicial homology of∆P

ie: H∗(P,R) := H∗(∆P,R) = homology of chain complex

Cn(P,R) =
⊕

x0<···<xn

R

with differentiald : Cn(P,R)→Cn−1(P,R)

λ · (x0 < · · ·< xn)
d
7→

n

∑
j=0

(−1) jλ · (x0 < · · ·< x̂ j < · · ·< xn)

• Eg: [Folkman]P finite geometric lattice

H̃n(P\{0,1},Z) =





Z|µ(0,1)| n = rkP−2,

0 otherwise.

1

2

3

12

13

23
123

∅

1 2 3

12 13 23

123
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14Sheaves (on posets) 1

• P
F
→ R-mod (covariant) functor (= pre-sheaf ofR-modules overP)

• Eg: Khovanov sheaf: X=crossings of link diagramL

∅

1 2 3

12 13 23

123

B(X)
FA,

A⊗2

A[1] A[1] A[1]

A⊗2[2] A⊗2[2] A⊗2[2]

A⊗3[3]

m m m

µ
µ

µ
µ

µ

µ

id⊗µ id⊗µ id⊗µ
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15Sheaf homology (of a poset)

• P
F
→ R-mod sheaf

• sheaf homologyH∗(P,F) = homology of chain complex

Sn(P,F) =
⊕

x0<···<xn

F(x0)

with differentiald : Sn(P,F)→ Sn−1(P,F)

λ · (x0 < · · ·< xn)
d
7→ F(x0 <x1)(λ ) · (x̂0 < x1 < · · ·< xn)

+
n

∑
j=1

(−1) jλ · (x0 < · · ·< x̂ j < · · ·< xn)
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16Sheaves (on posets) 2

• sheaf on a building: V = finite dim k-space;P = proper, non-trivial subspaces

under⊆; sheafF(U) =U,F(U1 ⊆U2) =U1 →֒U2

• E.g.:V 3-dim overk = F2; ∆P =

(Building of typeA2(2))

• Theorem [Lusztig] Hn(P,F) =





V n = 0,

0 otherwise.
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17Sheaf homology= Khovanov homology

• Theorem: B Boolean andB
F
→ R-mod a sheaf,

KH∗(B,F)∼= H̃∗−1(B \1,F)

• [more generally: one can replaceKH∗ by a “cellular” homologyHcell
∗ (P,F) that

makes sense for anyP:

Theorem: P “cellular” poset andP
F
→ R-mod a sheaf, then

Hcell
∗ (P,F)∼=H∗(P,F)

many interesting posets turn out to be cellular. . .]

F
B +

•

• • •

• • •

•

K∗(B,F)

S∗(B,F)

(Khovanov complex)

(sheaf complex)
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18Eg 1: Hochschild homology

• A = associativeR-algebra.

• P(Γ) = quiver poset of directed graphΓ.

• P(Γ)

• “homology ofA with coefficients inΓ”

:=H∗(P(Γ),FA)

• Corollary [Turner-Wagner]:

Hi(P(n-gon),FA)∼= HHi(A), (0≤ i ≤ n−1)

(HH∗(A) = Hochschild homology)

A⊗A⊗A

A⊗A A⊗AFA

P(Γ) Γ
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19Eg 2: bundles of sheaves

• Take anN-crossing

link diagramD and fixk

crossings.

• Resolve each of the

remaining crossings as

usual.

• Put the resulting 2N−k

diagrams on a Boolean

latticeB.

• Define a sheaf onB by

takingKH∗(−).

)

)KH (*

KH (*
KH (*

KH (* )

)
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20Eg 2: bundles of sheaves

• Take anN-crossing

link diagramD and fixk

crossings.

• Resolve each of the

remaining crossings as

usual.

• Put the resulting 2N−k

diagrams on a Boolean

latticeB.

• Define a sheaf onB by

takingKH∗(−).

Theorem: There is a spectral sequence

E2
p,q = KHp(B,KHq) =⇒ KHp+q( )

)

)KH (*

KH (*
KH (*

KH (* )

)


