A MUNN TYPE REPRESENTATION FOR A CLASS OF
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ABSTRACT. Munn’s construction of a fundamental inverse semi-
group Tg from a semilattice F¥ provides an important tool in the
study of inverse semigroups. We present here a semigroup Fr that
plays for a class of E-semiadequate semigroups the role that Ty
plays for inverse semigroups. Every inverse semigroup with semi-
lattice of idempotents E is E-semiadequate. There are however
many interesting F-semiadequate semigroups that are not inverse;
we consider various such examples arising from Schiitzenberger
products.

1. INTRODUCTION

One of the significant early approaches to the structure theory of
inverse semigroups was via fundamental inverse semigroups, that is,
inverse semigroups having no non-trivial idempotent separating con-
gruences. Munn [M] showed how an important fundamental inverse
semigroup T could be constructed from any semilattice F, via partial
isomorphisms of E. The Munn semigroup T of E has semilattice of
idempotents isomorphic to E and is “maximal” in the sense that an
inverse semigroup S with semilattice of idempotents F is fundamental
if and only if it is isomorphic to a full subsemigroup of Tg. Further, if
S is an inverse semigroup with semilattice of idempotents E then there
exists a homomorphism ¢ : S — Tg whose kernel is p, the maximum
idempotent separating congruence on S [M].

The founding work of Munn has been generalised in several direc-
tions. Dropping the condition of commutativity of idempotents leads
to the study of orthodox semigroups, that is, regular semigroups whose
idempotents form a subsemigroup. Semigroups of idempotents are
called bands. The Hall semigroup Wpg of a band B is an orthodox
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semigroup with band of idempotents isomorphic to B and properties
analogous to those described above for T [Hal]. Hall and Namboori-
pad took this still further to the case of regular semigroups in [Ha2]
and [N] respectively.

Another direction has been taken by Fountain in [F1], where he
considers adequate semigroups. The move from inverse to adequate
semigroups is obtained by retaining the commutativity of the idempo-
tents but weakening the condition of regularity. This is accomplished
via consideration of Green’s *-relations £* and R* where elements a, b
of a semigroup S are L*-related if and only if they are L-related in an
oversemigroup of S; the relation R* is defined dually. In fact £* and
R* are equivalence relations [F1]. A semigroup S is abundant if each
L*-class and each R*-class of S contains an idempotent and adequate if,
in addition, the idempotents of S form a commutative subsemigroup.
In this case the £*-class (R*-class) of @ € S contains a unique idempo-
tent, denoted by a*(a™, sometimes a'). If S is a regular semigroup then
L* = L and R* = R; clearly then a regular semigroup is abundant and
an inverse semigroup is adequate, with a* = ¢~ 'a and a* = aa™'. In an
adequate semigroup there need not be a greatest idempotent separat-
ing congruence. However, on an inverse semigroup p is also the largest
congruence contained in H. Defining H* to be L*NR* we may without
ambiguity denote by p the largest congruence contained in H*. In [F1]
Fountain shows that if .S is an adequate semigroup with semilattice of
idempotents F, which in addition satisfies

ea = alea)* and ae = (ae)*a (A)

for all @ € S and for all idempotents e € E, then there is a homomor-
phism ¢ : S — Tg with kernel pu. Such a semigroup is called type A in
[F'1] and more recently ample [G].

The work in this paper continues the approach of [F1]. First, we drop
the ‘ample’ condition (A), imposing a strictly weaker condition intro-
duced in [F2]. In a second direction we weaken the adequacy condition
and consider F-semiadequate semigroups, first defined by Lawson in
[L]. A semigroup S is E-semiadequate, where F is a semilattice of idem-
potents and a subsemigroup of S, if every Lp-class and every R p-class
of S contains a (necessarily unique) idempotent of E. Here L and
Ry are generalisations of the relations £* and R*, and are defined in
Section 2. If S is E-semiadequate then by a natural extension of our
previous notation, we denote by a* (a*) the idempotent of E in the
Lp-class (Rg-class) of a € S. If E consists of all idempotents of S
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and S is adequate, then £* = Lp and R* = R so that no ambiguity
arises.

Our interest in this class of semigroups arose from considering the
Schiitzenberger product M ¢ N of monoids M and N. The monoid
Mo N is not adequate unless M and N are both cancellative. However,
M ¢ N is E-semiadequate for a certain subset E of idempotents. If M
is left cancellative and N is right cancellative then E is the set of all
idempotents of M ¢ N and M ¢ N has a number of other properties; it
is an example of a weakly hedged monoid.

Lawson [L] establishes a strong connection between a class of E-
semiadequate semigroups and small ordered categories. In Theorem
4.24 of [L] he shows that a certain category of E-semiadequate semi-
groups and admissible homomorphisms is isomorphic to the category of
Ehresmann categories and strongly ordered functors. The semigroups
considered are called Ehresmann semigroups in [L]; in our terminol-
ogy they are E-semiadequate semigroups satisfying conditions (CR)
and (CL), defined in the next section. This paper concentrates on FE-
fundamental E-semiadequate semigroups. We describe an analogue of
the Munn semigroup T of a semilattice . This semigroup, which we
denote by Fg, plays the role for a class of F-semiadequate semigroups
that Tk plays for inverse semigroups having semilattice of idempotents
E.

In Section 2 we define the class of semigroups under consideration,
weakly E-hedged semigroups. They are FE-semiadequate semigroups
satisfying two conditions weaker than (A). Trivially, every monoid
is weakly {1}-hedged and it is not difficult to show that every inverse
monoid is weakly E-hedged where E is the semilattice of all its idem-
potents. As mentioned above, more interesting examples of weakly E-
hedged semigroups are obtained from the Schiitzenberger product of a
left cancellative monoid with a right cancellative monoid, discussed at
length in Section 3. Further examples of semigroups satisfying the cor-
responding one-sided conditions are provided by graph expansions of
monoid presentations of unipotent monoids. In Section 4 given a semi-
lattice £ we construct an E-semiadequate semigroup, Fj, containing
a semilattice of idempotents E isomorphic to E. The semigroup Fg is
built using pairs of homomorphisms from E! to E. The need to con-
sider pairs of homomorphisms arises from the fact that, unlike the case
for inverse semigroups, the endomorphisms of E' obtained in a natu-
ral way from the elements of a weakly E-hedged semigroup S do not
come equipped with inverses on certain domains. That is, not unless
S satisfies condition (A). The Munn semigroup Ty is embedded in Fpg
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via an injection 7. Defining p to be the largest congruence contained
in Hg = Lg N Rpg, we show that pz is trivial on Fg; accordingly, we
say that Fy is E-fundamental. If S is a weakly E-hedged semigroup
then there is a homomorphism 6 : S — Fp with ker 0 = ug.

In line with the new terminology of [G], we call a weakly F-hedged
semigroup satisfying condition (A) weakly E-ample. The imposition of
(A) is enough for us to be able to dispense in this case with Fj and
show there is a homomorphism ¢ : S — Tg with ker ¢ = pg. This
result also occurs in work of El-Qallali and Fountain [EF], where they
consider U-semiabundant semigroups for a class of idempotents U (not
necessarily a semilattice) satisfying (CR), (CL) and the analogue of the
‘ample’ condition (A). We also show that ¢m = 6, where 7 : Ty — Fg
and 0 : S — Fg are the homomorphisms mentioned above.

After this consideration of weakly E-ample semigroups in Section 5,
our final section is devoted to using the theory we have built to deduce
some facts concerning weakly FE-hedged and weakly FE-ample semi-
groups. In particular, a weakly E-hedged (weakly F-ample) semigroup
is F-fundamental if and only if it is E-isomorphic to a subsemigroup

2. EF-SEMIADEQUATE AND WEAKLY F-HEDGED SEMIGROUPS

In this section we define the above classes of semigroups and state
a number of their elementary properties. Proofs are omitted where
they are virtually identical to those in [F1]. In the following section we
show how these ideas arise naturally from Schiitzenberger products of
monoids satisfying cancellation properties. We use the terminology and
notation of [Hol]; in particular, the set of idempotents of a semigroup
S is denoted by E(S).

We begin with the following alternative description of £*, which may
be found in [F1].

Lemma 2.1. Elements a,b of a semigroup S are L*-related if and only
if for all x,y € S*

axr = ay if and only if bx = by.

From Lemma 2.1 it follows that £* is an equivalence relation. It is
then easy to see that £* is a right congruence and dually, R* is a left
congruence.

Let E be a semilattice and a subsemigroup of S. We say that S
is right (left) E-adequate if every L*-class (R*-class) of S contains an
idempotent of E. If S is right (left) E-adequate the idempotent of
in the L£*-class (R*-class) of a € S is unique and is denoted a* (a™). If
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S is right and left F-adequate then S is E-adequate. If E = E(S) then
here, as elsewhere, we may omit mention of E in these definitions.

Suppose now that S is right F-adequate and a € S. From Lemma
2.1, aa® = a and if e € F is such that ae = a then a*e = a*, so that
a* < e in the semilattice £. Thus

ap ={e € E:ae=a}
has minimum member a* and dually
pa={e€ E:ea=a}

has minimum member at. These facts, together with a number of ex-
amples (see Section 3), lead us to consider E-semiadequate semigroups,
defined by Lawson in [L].

Let S be a semigroup such that E(S) contains a semilattice £. We
say that S is right E-semiadequate if for each a € S the set ag contains a
minimum member, which we denote by a*. Note that fore € £, e = e*.
The relation Lg is defined on S by the rule that for a,b € S,

a Lp b if and only if a* = b".

For any a € S, (a*)* = a* so that a Lp a*; clearly a* is the unique
idempotent of E that is £ g-related to a. If S is right F-adequate then
£* = L so that the notation a* is unambiguous. A left E-semiadequate
semigroup is defined dually; for an element a of such a semigroup S,

a™ denotes the minimum member of pa. The relation Ry is defined on
S by the rule that for a,b € S,

a Rp b if and only if at = b*.

If S'is right and left £-semiadequate then S'is said to be E-semiadequate.
This terminology and the relations £ and R were introduced in [L],
with a slightly different approach. As commented in [L], these ideas
are inherent in an earlier paper of Batbedat and Fountain [BF].

If S is right F-semiadequate then for any a € S there is a mapping
a, @ E' — E given by za, = (za)*.
Lemma 2.2. Let S be a right E-semiadequate semigroup. Then

(1) for all a,b € S, (ab)* < b*;

(2) for all a € S the mapping o, : E* — E is order preserving.

Proof (1) For a,b € S we have (ab)b* = ab so that (ab)* < b* by

definition of (ab)* as the minimum element in (ab)g.
(2) Let @ € S and z,y € E' with < y. Then using (1),

za, = (ra)" = (zya)* < (ya)* = ya,.
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The condition that a semigroup be right F-semiadequate can be very
weak. To make progress we require at least that the semigroup satisfies
condition (CR). We say that a right F-semiadequate semigroup satisfies

(CR) if Lg is a right congruence. In view of earlier remarks this is
always true for a right E-adequate semigroup. Condition (CR) together
with its left-right dual (CL) are called the congruence condition [L].

Lemma 2.3. Let S be a right E-semiadequate semigroup satisfying
(CR).

(1) For all a,b € S, (ab)* = (a*b)*.

(2) For alla € S and e € E, (ae)* = a*e.

(3) For all a,b € S, qgp = aqayp.

Proof (1) and (2) follow from Proposition 3.7 of [L].
Using (CR) we have that for any a,b € S and x € E*

zagay = (va) oy, = ((xa)*b)* Lg (xa)*b L zab Lg (zab)* = zog
so that (3) holds.

If S'is a left F-semiadequate semigroup then for any a € S the map
B, : E' — FE is defined by z8, = (ax)". The dual of Lemma 2.2
gives that for each a € S, 3, is order preserving and if condition (CL)
holds the dual of Lemma 2.3 gives that for all a,b € S, By, = Bp8.. We
denote by O;(E") the semigroup of order preserving maps o : B! — E.
Combining the above results we may define a homomorphism 6 from
an F-semiadequate semigroup S satisfying the congruence condition to
O1(E") x Of(E') by af = (ag, 8,), for all a € S. Here OF(E!) is the
dual semigroup of O (E").

For an element e of a semilattice £ we denote by p., the homomor-
phism E' — FE induced by multiplication with e. If o, 3 are endo-
morphisms of E! such that za < 23 for all x € E', then we write
a < [.

Lemma 2.4. Let S be an E-semiadequate semigroup satisfying the
congruence condition. Then for all a € S,

(1) ata, = a* and a*f, = a™;

(2) Pat < affy and per < Buaig.

Proof (1) is immediate from the definitions of «, and f,. To prove
(2), suppose that x € E'. Then

za* (a(za)*)* Rg zata(za)* = za(zva)* = va Rp za™
so that (xpe+ )(xaefs) = Tpe+ and pe+ < @uf,. Dually, pos < Buay.

Let S be an FE-semiadequate semigroup satisfying the congruence
condition. We recall from the introduction that ug denotes the largest
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congruence contained in Hp = Lz N Rp. The congruence f(p may
be described in an analogous manner to that given for adequate semi-
groups in [F1]; the proof is essentially the same as that in [F1]. Lemma
2.5 and Proposition 2.6 were also noted in [E].

Lemma 2.5. Let S be an E-semiadequate semigroup satisfying the
congruence condition. Then the congruence pp = ker 6, where

0:5— O(E") x Of(E")
is the homomorphism given by af = (aq, Ba). Thus
pp = {(a,b) € S x S:a, =ap and B, = By}
={(a,b) € Sx S:aHgb dulorr = Wlorr and Bolorr = B

Let E be a semilattice and a subsemigroup of 7. We say that the
semigroup 1" is an E-semilattice of monoids if T is a semilattice E of
monoids T,,e € E, such that for all e € F, e is the identity of T,. A
standard argument gives that if T" is an E-semilattice of monoids then T’
is a strong semilattice of monoids determined by homomorphisms ¢, s :
T, — Ty(e > f) where for a € T, a¢.; = af. It is an easy exercise
to show that such a semigroup T is F-semiadequate and satisfies the
congruence condition. Further, E is central in T'. The following shows
that the converse result is true.

a*E}-

Proposition 2.6. Let S be an E semiadequate semigroup satisfying the
congruence condition. Then the following conditions are equivalent:

(1) S/ = E;

(2) for alla € S,a* =a*;

(3) ,CE :~HE = RE,'

(4) each Hg-class contains a (unique) idempotent of E;

(5) E is central in S;

(6) S is an E-semilattice of monoids.

Proof Similar to that of Proposition 2.9 of [F1].

The main results of this paper are contained in Section 4, where
we give a ‘Munn type’ representation for a class of F-semiadequate
semigroups, namely the class of weakly F-hedged semigroups. A right
E-semiadequate semigroup is right weakly E-hedged if it satisfies cond-
tions (CR) and (HR).

(HR) For all z,y € E' and for all a € S, (zya)* = (za)*(ya)*.

In view of Lemma 2.2, condition (HR) can be replaced by

(HR)' for all z,y € FE and for all a € S, (zya)* = (za)*(ya)*.
Condition (HR) and its dual (HL) were introduced for right (left) ade-
quate semigroups in [F2] where a right adequate semigroup satisfying
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(HR) is said to be right h-adequate; in this paper, such a semigroup is
called right hedged.
The next lemma follows immediately from the definitions.

Lemma 2.7. Let S be a right E-semiadequate semigroup. Then S
satisfies (HR) if and only if for each a € S,a, : E* — E is a homo-
morphism.

Left weakly E-hedged semigroups are defined dually and a semigroup
S is weakly E-hedged if it is both left and right weakly E-hedged. De-
noting by End; E' the semigroup of endomorphisms of E' with image
contained in F, we may now restate Lemma 2.5 for weakly E-hedged
semigroups as follows.

Lemma 2.8. Let S be a weakly E-hedged semigroup. Then the con-
gruence pup = ker 0, where 6 : S — End; E' x Endj E' is the homo-
morphism given by af = (aq, Ba)-

We end this section by considering the ‘ample’ or ‘type A’ condition
for E-semiadequate semigroups. Following the new terminology of [G]
we say that a right E-semiadequate semigroup S is weakly right E-
ample if S satisfies conditions (CR) and (AR).

(AR) For all a € S and e € E,ea = a(ea)*.

Weakly left E-ample and weakly E-ample semigroups are defined us-
ing the now standard convention. If S is an inverse semigroup with
semilattice of idempotents F, then as mentioned in the introduction,
L = L* and R = R*; from this section we also have that £* = £ and
R* = R. It is then easy to see that S is ample, hence certainly weakly
ample.

Weakly right E-ample semigroups are weakly right E-hedged, as we
now show.

Lemma 2.9. Let S be a weakly right E-ample semigroup. Then S
satisfies (HR) so that S is weakly right E-hedged.

Proof Let z,y € E and a € S. Then
zya = ra(ya)" = a(ra)*(ya)”
so that (zya)* = a*(za)*(ya)* = (za)*(ya)*, using Lemma 2.2.

In Section 3 we show that weakly right F-hedged semigroups need
not be weakly right E-ample. We remark that an FE-semilattice of
monoids is weakly E-ample so that from Proposition 2.6, if S is an
F-semiadequate semigroup satisfying the congruence condition and E
is central in S, then S is weakly E-ample.
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3. SCHUTZENBERGER PRODUCTS

Recall that the Schiitzenberger product M ¢ N of semigroups M and
N is the semigroup with underlying set

(™ T .meMneN,PCMxN)
0 n

and multiplication given by

m P\ (m' P\ (mm' mP UPn

0 n 0 n' ) 0 nn' '
Here mP = {m(z,y) : (z,y) € P} and Pn = {(x,y)n : (z,y) € P}.
The action of m € M on the left of M x N is given by m(z,y) =
(max,y); the action of n € N on the right of M x N is dual (see [MP]).

Throughout this section M and N will denote monoids so that M ¢ N
is a monoid with identity (}?). We put

0 1

It is easy to see that, as a submonoid of Mo N, F is a semilattice and F
is isomorphic to the semilattice of subsets of M x N under union. We
will impose various cancellation conditions on M and N and show how
this gives examples of the various kinds of (left, right) E-semiadequate
semigroups introduced in the previous section.

Before stating our first result we list a number of facts concerning
the actions of M and N on M x N. With the exceptions of (6) and
(7) they are immediate; (6) and (7) are easily verifiable. For m € M
and P C M x N we denote by m™ P the set {(x,y) : m(z,y) € P}.

For all m,a € M,P,() C M x N and n € N

(1) m(Pn) = (mP)n,

E:{(1 P);PngN}.

if M is left cancellative then m~'(mP) = P.
From (5) and (7) we have that if M is left cancellative then (am)~!(aP) =
m~Ya (aP)) =m P, for all a, m € M and P C M x N.

Lemma 3.1. The monoid M ¢ N is E-semiadequate and satisfies con-
ditions (HR) and (HL). The operations * and * are given by

G0 =G )60 -6



10  JOHN FOUNTAIN, GRACINDA M.S. GOMES, AND VICTORIA GOULD

Proof Given A= (¢7)e M x N and F = (}¢) € E we have

_(a aQUPY
ar= (3 @87 s

if and only if Q C a~!P. It follows that A* exists and A* = (é afllp);
dually, AT exists and AT = (} P57"). An easy argument involving facts
(2) and (3) and their duals gives that (HR) and (HL) hold.

The next lemma enables us to distinguish the monoids M for which
M o N is weakly right F-hedged.

Lemma 3.2. The monoid M o N satisfies (CR), that is, Lrisa right
congruence, if and only if M is left cancellative.

Proof Suppose first that M is left cancellative. Let A= (24),B =
(‘6/ ij,/) € M o N where A L B and let C = (732) € Mo N. From
Lemma 3.1, a™'P = (¢/)"'P'. We wish to show that AC' L BC,
which is equivalent to

(am) 1 (aQ U Pn) = (¢'m) ' (d’Q U P'n).

Now using fact (3),

(am) " (aQ U Pn) = (am) ' (aQ) U (am)~(Pn).
By the comment following fact (7), (am)™1(aQ) = m~'Q and by (5)
and the dual of (6), (am)~'(Pn) = m~(a=*(Pn)) = m~((a™'P)n).
But a™'P = (a/)"' P’ so that

(am)™H(aQ U Pn) =m™'QUm " (((a') " P)n)

== (a'm) " (dQU P'n).
Thus (CR) holds.
Conversely, suppose that M is not left cancellative. Choose a,z,y €

M with ax = ay but z # y. Put A = (29),1 = (}9) and C =
(1{(171)})
o 1)

As a1 = 1710 we have A Ly I. But AC = (8 {(a:ﬁ’l)}) and (y,1) €

a Y (ax,1)} \ 17{(z,1)} so that AC is not Lp-related to IC = C.
Thus (CR) fails.

Corollary 3.3. The monoid M ¢ N is weakly right E-hedged if and
only if M is left cancellative.

Recall that a semigroup S is wnipotent if it contains exactly one
idempotent.

Lemma 3.4. The idempotents of Mo N form a semilattice if and only
if M and N are unipotent. Moreover, in this case, E(M ¢ N) = E.
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Proof If M and N are unipotent, then E(M ¢ N) is the semilattice
E. For the converse, suppose that e is a non-identity idempotent in V.
It is easy to check that (é {(1’1)é(1’e)}) and (1 {a e)}) are non-commuting
idempotents. A similar argument works for M.

Lemma 3.4 shows that (2) implies (1) in the next result. Following
the now standard pattern of terminology, a semigroup is right E-hedged
if it is right F-adequate and satisfies condition (HR).

Proposition 3.5. The following conditions are equivalent :
(1) M o N is right E-hedged;
(2) M o N is right hedged;
(3) M and N are left cancellative monoids.

Proof (1) = (3) If M o N is right E-hedged then, as noted in

Section 2, Ly = L* so that Lg is a right congruence. Lemma 3.2
gives that M is left cancellative. If p,q,r € N with pg = pr, then
A= (¢ ) X = (} q) and Y = (}?) are elements of M ¢ N with
AX = AY Since A L* A* we have A*X = A*Y. Now A* is the iden-
tity of M ¢ N so that X =Y and ¢ = r. Thus N is left cancellative.
(3) = (2) As M and N are unipotent, £ = E(M o N). Let A =
(7)€ Mo N; we must show that AL*A* where A* = (}m7'P).
Since AA* = A it is enough to show that for any X,Y € M o N, if

AX = AY then A*X = A*Y. Let X = (gf) Y = <Qg 3) be such
that AX = AY. Then

mxz mQUPy\  [(ma’ mQ U Py

0 ny A0 ny’
so that mx = ma’, mQ U Py = mQ@Q’ U Py’ and ny = ny’. As M and
N are left cancellative we obtain = 2’ and y = 3'. To show that
A*X = A*Y we must show that QU (m™'P)y = Q"U (m™'P)y’. From
mQ@Q U Py = m@Q' U Py’ we have, using fact (7) and the dual of fact (6),
that

QUM Py =m ' (mQ)Um (Py) =m ' (mQ U Py) =

m ' (mQ UPyY)=---=Q U(m Py
as required.
We now consider the conditions under which M ¢ N is weakly right

E-ample.

Proposition 3.6. The monoid M ¢ N is weakly right E-ample if and
only if M is a group.



12 JOHN FOUNTAIN, GRACINDA M.S. GOMES, AND VICTORIA GOULD

Proof Suppose first that M is a group. By Corollary 3.3 the monoid
M o N is weakly right E-hedged, it remains to show that (AR) holds.

Using the fact that M is a group it is easy to check that for any
mée Mand P C M x N, m(m'P) = P. Let FF = (}¥) € E and
A= (m9) e MoN. Then FA= (7 ?9F") so that

. (m Q) (1 m 1 (QUPn)\ _
A(FA)" = (0 n> <0 1 a
(m mmN(QuUPR)UQR\  (m QUPn
—\0 n ~\0 n
so that A(FA)* = FA.
Conversely, if M o N is weakly right E-ample then M is left can-
cellative by Lemma 2.9 and Corollary 3.3. Suppose that M contains
an element a which lacks a right inverse. Put G = (é {(“il)}) ek

and B = (%2 {(111)} € Mo N. Now GB = (‘62 {(171)1(“71)}) so that
(GB)* = (} (a2)71{(11’1)’(a’1)}). If (z,y) € (a®*)7{(1,1),(a,1)} then
a*(z,y) = (1,1) or (a,1) so that a®*x = 1 or a®>x = a. Since M is left
cancellative, if a?x = a then ax = 1, so that in either case a has a right
inverse. Hence (a?)7'{(1,1),(a,1)} = 0. Thus B(GB)* = B # GB,
contradicting the fact that M o N satisfies (AR). Thus every element
of M has a right inverse. Consequently, the monoid M is a group.

Propositions 3.5 and 3.6 yield

Corollary 3.7. The monoid M ¢ N is right E-ample if and only if M
1s a group and N s left cancellative.

Of course, the left-right duals of Lemma 3.2, Corollary 3.3, Propo-
sitions 3.5 and 3.6 and Corollary 3.7 hold. In particular, we have the
equivalence of the first two conditions of the following result. That the
third condition follows from the first was noted by Margolis and Pin
[IMP, Proposition 1.1].

Corollary 3.8. For monoids M and N the following conditions are
equivalent.

(1) M and N are groups.

(2) M o N is weakly E-ample.

(8) M o N is an inverse monoid.

4. THE SEMIGROUP Fg

Recall that an inverse semigroup is fundamental if the largest con-
gruence contained in ‘H is trivial and an adequate semigroup is funda-
mental if the largest congruence contained in H* is trivial. Accordingly,
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we define an F-semiadequate semigroup to be E-fundamental if pg is
trivial.

The aim of this section is to construct from any given semilattice
FE an E-fundamental weakly F-hedged semigroup Fr that is maximal
in the sense that if S is any weakly F-hedged semigroup then there
is a homomorphism 0 : S — Fg with kernel pug. As we see below,
E(Fg) # FE and E(Fg) is not a semilattice (unless F is trivial), so that
Fy is not weakly hedged.

Let E be a semilattice and let F be the subset of End; E* x End; E!
given by

Fg ={(a, B) : p1g < af, pra < Ba}.
In particular, if (o, 5) € F then

la = 1p1o < 1fa < la

so that 1a = 18« and dually, 15 = 1laf. Thus a maps the maximum
element of im 3 to the maximum element of im «, and 3 maps the
maximum element of im « to the maximum element of im 3.

Observe first that Fg # (), since for any e € E, € = (p., p.) € Fg.
Denoting by ¢, the constant map E' — FE with image {e} we also
have that for any e, f € E, (c¢f,c.) € Fr. Note (cf,c.) € E(Fg) and
(cr,ce)(cescp) # (e, cr)(cy, ce) unless e = f. This also illustrates that
the image of o where (a, 3) € F need not be a principal ideal.

Lemma 4.1. If (o, 3) € Fg then piga = a and p1,08 = 3.
Proof For all z € B,
#(prp0) = (z- 18)a = (va)(18a) = (za)(la) = za
so that p;ga = a and dually, p1,5 = 5.
Lemma 4.2. The set Fg is a subsemigroup of End, E' x End;FE!.
Proof Let (a,3),(v,0) € Fg. Then for any x € E,
z(a)(68) = (za)(v6)f = ((za)(16))5 = (za3)(100)

> (z-10)(1608) =z - 160 = xp1sp
so that (ay)(08) > pisp and dually, (63)(ay) > pray-

We put E = {€: e € E}; it is easy to see that e — € is an isomor-
phism between E and E.

Lemma 4.3. The semigroup Fg is E-semiadequate. If (o, 3) € Fg
then

(O[aﬁ)* = (plaapla) and (Oé?ﬁ)Jr = (p1ﬁ7plﬁ)‘
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Proof If («a, 5) € Fg, then using Lemma 4.1,

(a75)(p1mp10¢) = (Oépla,Plaﬁ) = (CY?ﬁ)'

Now for any e € E, if («, 5)(pe, pe) = («, 3) then certainly ap. = « so
that 1o = 1(ap.) = (1a)p. = (1a)e, giving la < e. Thus 1la < € and
(o, B)* exists and equals (p1q, p1o). Dually, (o, 5)" exists and equals
(plﬁaplﬁ)‘

Lemma 4.4. The semigroup Fg is weakly E-hedged.

Proof Let (o, 3), (7, 9) be Lz-related elements of Fp. By Lemma 4.3,
la = 1y. For any (¢,§) € Fg we have (a,)(¢,§) = (€, ¢) and

(7,0)(¢, §) = (7€, §0). Now la¢ = 1y(so that (o, 5)(¢, €) Lg (7,0)(¢,€)
and (CR) holds.

Still with (o, 3) € Fg, let (pe, pe), (ps, ps) € E. Then

((p€7 pe)(pfv Pf)(Oé, ﬁ))* = ((pef’ pef)(aa ﬁ))* = (pefaa Bpef)*'
Now 1(peser) = (ef)a = eafa so that

((Pes pe) (s pr)(t, B))" = (Peafar Peafa) =

(peom pea)(pfou pfa) = ((p€7 pe)(Oé, B)Y((ﬂf) pf)(a’ ﬁ))*
Thus (HR) holds. Together with the dual arguments this gives that
Fy is weakly E-hedged.

Theorem 4.5. Let E be a semilattice. The semigroup Fg is an E-
fundamental weakly E-hedged semigroup. If S is any weakly E-hedged
semigroup then there is a homomorphism 6 : S — Fg such that e =€
foralle € E and ker 0 = pug.

Proof Let (a, 3), (7, 0) be ug-related elements of F. Certainly then
(a, ) = (7,0)* so that by Lemma 4.3, la = 17. From Lemma 2.5,
Q(a,8) = Q(v,5) SO that for any e € E,

((pes pe)(a, B))" = €x(a,p) = Et(y.6) = ((pe; pe)(7,0))".

Again by Lemma 4.3, we have that for any e € E,1(p.) = 1(pe7)
so that ea = ey. Together with 1aa = 17 this gives that a = 7.
The dual argument yields that 8 = ¢ so that ug is trivial and Fp is
E-fundamental.

Let S be weakly E-hedged and let 6 be the homomorphism defined
in Section 2. For any e € FE we have el = (a., 5.) = €. It only remains
to show that im @ C Fg. Let a € S so that af = («, 5,). We have

lag, = (1a)* = a*, 18, = (al)* = a™.
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Using Lemma 2.4(2)

P13, = Pa+ < O‘aﬁa and Plag = Pa* < ﬁa@a-
Hence (g, 3,) € Fg and im § C Fg as required.
We end this section by showing that for any semilattice E, the Munn
semigroup Tg is embedded in Fg. Recall that the elements of Ty are
partial isomorphisms between principal ideals of E and the operation

in T is composition of partial mappings. The idempotents of T are
the identity maps on principal ideals of Tg. For each e € E we put

€=1I.sothat E={¢:e € E} 2~ F is the semilattice of idempotents
of TE
The following lemma is straightforward to check.

Lemma 4.6. Let E be a semilattice. For (o, 3) € Fg, put
a = Oz|(1ﬁ)E and B = ﬁ|(1Q)E.

Thena : (18)E — (1a)E and 3 : (1a)E — (138)E are homomorphisms
such that
Iupe <aB, lqge < fa.
Conversely, ife,f € E and % : eE — fE, 6 : fE — e¢E are homo-
morphisms such that
Ip <76, Irp < 67,

then (p7, psd) € Fi.

Let E be a semilattice and let v € Tg, so that ¢ : e — fE is
an isomorphism of principal ideals eF and fE of E. By Lemma 4.6,

(peth, psv ™) € Fy and we define 7 : T — Fig by ¢m = (pet), pto).

Proposition 4.7. The function 7 : Ty — Fg is an embedding.

Proof Let ¢ : e — fE and ¢ : gF — hE be isomorphisms in 7.
The composition of partial mappings ¢» and & yields the isomorphism
& between principal ideals (fg)y'E and (fg)éE. Thus

(W& = (g1, p(roye(VE) ™)

and we must show that this is equal to

(e, P ™) (P&, prE ™) = (Pethpgl, pr€ " psb™1).
Let x € E'. Then
Tp(rgyp-1 V€ = (x(fg)~E = (ze(fg)p™ ' )E =

= ((ze)yfg)€ = ((we)yg)& = zpeibpy€.
Dually, p(roe(¥€)™" = (pn€ 1) (psp ") so that m is a homomorphism.
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To see that m is one-one, let ¥, & be as above and suppose that
Ym = &m. Then (peib, prib™") = (pg§, pr€™"), giving

e=JuT = 1o = 1pE =g = g
Now for all x € E,

(ex)) = zpetp = wpgl = (19)€ = (ex)§
so that ¢ = £ as required.

As a consequence of Proposition 5.3, if S is an inverse semigroup
with semilattice of idempotents E, then ¢m = 6, where ¢ : S — T is
the standard homomorphism from S to T and 6 is the homomorphism
from S to Fg given in Theorem 4.5.

5. WEAKLY FE-AMPLE SEMIGROUPS

If S is a weakly E-hedged semigroup, then as shown in the previous
section, there is a homomorphism 0 : S — Fg with ker 6 = ug. We also
know that for some classes of weakly FE-hedged semigroups, namely
those that are inverse [M], ample [F1] or weakly ample [E], we can
dispense with consideration of pairs of endomorphisms of E* and make
use of isomorphisms between principal ideals of F, in other words we
look at T. This is essentially because the endomorphisms «y, 3, of E*
arising from an element a of a weakly ample semigroup S are mutually
inverse when restricted to the domains a™E, a*E respectively. The
corresponding result is true for weakly E-ample semigroups, as we now
show. At this point we recall some notation introduced in the previous
section: if S is weakly F-hedged and a € S, so that («y, 3,) € Fg, put
= 0glap,)r and B, = Bal(asyp- Now lag = a* and 18, = a™, so
that in view of Lemmas 2.2, 2.4 and their duals,

Oy = Qglg+p :atE — a'FE
and
B = Balerp : a*E — a*E.

Lemma 5.1. Let S be a weakly E-hedged semigroup. Then the follow-
ing conditions are equivalent:

(1) S is weakly E-ample;

(2) for all a € S,a, and B3, are one-one;

(3) for all a € S, @, and B3, are inverse isomorphisms.

Proof Suppose first that S is weakly E-ample. Let 2,y € atE and
suppose that zra, = ya,. Thus (za)* = (ya)* and using the fact that
S satisfies condition (AR),

za = a(za)* = a(ya)” = ya.
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Now
xa™ ﬁE ra = ya ﬁE ya™

so that za™ = ya™ and as z,y < a’ we deduce x = y. Hence aj is
one-one; the dual argument works for [3,.

The proof of (2) implies (3) and (3) implies (1) is the same as that
given in Proposition 4.4 of [F1].

Our next result follows closely Proposition 4.5 of [F1]. As remarked
in the introduction, this also appears in [E] and [EF].

Proposition 5.2. [EF]| Let S be a weakly E-ample semigroup. Define
¢S — T by ap = a,. Then ¢ is a homomorphism onto a full
subsemigroup of Tg with ker ¢ = pp and e¢p = I,p =€ for each e € E.

Proof If a € S then by Lemma 5.1
@, :a"E —a'E and B, : a'E — o' FE

are inverse isomorphisms. Exactly as in [F1], if b € S the domain of
@, @y is (ab)™ E, that is, the domain of @,. Lemma 2.3 now gives that
¢ is a homomorphism. Clearly e¢ = p,|.z = €, and so E¢ = E and im
¢ is full.

Suppose now that a,b € S and ap = b so that a, = @,. Thus
@, and o have the same domains a™F = b"FE and the:v same images
a*FE = b*E. Hence a* = b" and a* = b*, giving that a Hg b. We also
have that (ag)~! = (@)~ and so 3, = 3. From Lemma 2.5, augb so
that ker ¢ C pug. The opposite inclusion follows immediately from
the same lemma.

We now connect the two representations of a weakly F-ample semi-
group.

Proposition 5.3. Let S be a weakly E-ample semigroup. For the ho-
momorphisms 0 : S — Fg, m:Tg — Fg and ¢ : S — Tg defined above,
we have ¢pm = 0.

Proof Let a € S so that ap =@, : atE — a*E. The prescription
for 7 given in Section 4 says that (ap)m = (pa+Qa; par (@) ~") s0 that
by Lemma 5.1, (ag)m = (pag+0a, pa+3a). For any x € E*,

)

TP+ 0 = (za¥)ag = (rata)* = (va)* = za,

so that p,+ @, = o and dually, pg- 3, = 3,. Hence agm = (g, 34) = ab
and ¢m = 6 as required.
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6. SOME APPLICATIONS

The aim of this section is to apply the material developed in Sections
4 and 5 to deduce some facts concerning weakly F-hedged and weakly
FE-ample semigroups.

Lemma 6.1. Let S be an E-semiadequate semigroup and let T' be a
subsemigroup of S containing E. Then

(1) T is E-semiadequate;

(2) if S satisfies the congruence condition then so does T

(3) if S is weakly E-hedged then so is T';

(4) if S is weakly E-ample then so is T;

(5) if S satisfies the congruence condition and is E-fundamental,
then so is T.

Proof Note that the restriction of the relations EE and RE in S
to T are respectively the relations EE and RE in T. The first four
statements are then clear. It follows from Lemma 2.5 that if S satisfies
the congruence condition then the restriction of the congruence pp on
S to T is the congruence pug on T. Thus if S is also E-fundamental,
then so is T.

Let S be a weakly E-hedged semigroup. Since by definition up is
contained in Hg, pp is idempotent separating, so that the set of idem-
potents Fup = {epp : e € E} is a subsemilattice of S/pup isomorphic
to E.

Corollary 6.2. Let S be a weakly E-hedged semigroup. Then S/ug is
an Eug-fundamental weakly Epg-hedged semigroup. Further, if S is
weakly E-ample, then S/pup is weakly Epg-ample.

Proof Theorem 4.5 says there is a homomorphism 6 : S — Fg such
that ef = € for all e € E and ker § = pp. Thus there is a one-
one homomorphism 6 : S/ur — Fg such that (eus)d = e Also by
Theorem 4.5, Fy is E-fundamental so that by Lemma 6.1, (S/ug)0 is
E-fundamental weakly E-hedged. Hence S/ is an Epp-fundamental,
weakly Eup-hedged semigroup.

Suppose now that S is weakly F-ample. Using Proposition 5.2 in
place of Theorem 4.5, there is a one-one homomorphism ¢ : S/up — Tk
such that (eup)¢ = € for each e € E. The inverse semigroup Tg has
semilattice of idempotents E. Being inverse, T is weakly (E)-ample.
The result now follows from Lemma 6.1.

In order to state our next two corollaries we introduce some useful
terminology. We say that a homomorphism (isomorphism) v from a
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weakly E-hedged semigroup S to a subsemigroup of Fg or Tg is an
E-homomorphism (E-isomorphism) if ev =€ or ev =€ for each e € E.

Corollary 6.3. A weakly E-hedged semigroup S is E-fundamental if
and only if it is E-isomorphic to a subsemigroup of Fg.

Proof If S is E-fundamental, then pg is trivial on S, so that the
E-homomorphism 6 given in Theorem 4.5 is an embedding.

Conversely, suppose that v : S — Fg is a one-one E-homomorphism.
As above, im v is E-fundamental weakly E-hedged, so that S is E-
fundamental.

The proof of the following corollary is analogous to that of Corollary
6.3.

Corollary 6.4. A weakly E-ample semigroup S is E-fundamental if
and only if it is E-isomorphic to a subsemigroup of Tg. Consequently,
if S is an E-fundamental weakly E-ample semigroup, then E = E(S5).

Recall that a semilattice E' is anti-uniform if eE = fFE implies e = f.
The definition of an E-semilattice of monoids is given in Section 2.
Corollary 6.5 is analogous to Corollary 4.9 of [F1], which is concerned
with ample semigroups.

Corollary 6.5. A semilattice E has the property that every weakly E-
ample semigroup is an E-semilattice of monoids if and only if E is
anti-uniform.

Proof If E' is anti-uniform and S is weakly E-ample, then by Lemma
5.1, a, : atE — a*F is an isomorphism. Hence a™ = a* so that by
Proposition 2.6, S is an E-semilattice of monoids.

Conversely, suppose that E is not anti-uniform. Asin Theorem V.5.2

of [Hol], T is not a semilattice of groups; neither then can Tx be an
E—semilattice of monoids. But as previously remarked, Ty is weakly
E-ample.

Imposing the condition that every weakly E-hedged semigroup is an
FE-semilattice of monoids emerges as a much stronger restriction.

Corollary 6.6. A semilattice E has the property that every weakly E-
hedged semigroup is an E-semilattice of monoids if and only if E is
trivial.

Proof If E = {e} is trivial and S is weakly E-hedged, then S is a
monoid with identity e.

Conversely, suppose that every weakly F-hedged semigroup is an
FE-semilattice of monoids. According to Proposition 2.6, if S is a
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weakly F-hedged semigroup, then a* = a* for all a € S. In particular,
(e, B)* = (o, B)T for all (o, B) € Fp.

Lete, f € E. Asremarked at the beginning of Section 4, (¢, c.) € Fg
where c.(cs) is the constant map with image {e} ({f}). By Lemma
43,

(cr,ce)” = (prcy, pre,) = (pg, py)
and

(Cf’ C€>+ = (P1ees P1e.) = (Pes Pe)
so that (pr, pr) = (pe, pe) and e = f. Thus E is trivial.

We end this paper by considering those semilattices E having the
property that Hpg is a congruence on every weakly E-ample (-hedged)
semigroup. Again there is a sharp split between the two cases.

Recall that a semilattice E is rigid if for each e € E there is only one
automorphism of eE. Equivalently, there is at most one isomorphism
between eF and fFE for each pair e, f € E. Corollary 6.7 is analogous
to Corollary 4.10 of [F'1].

Corollary 6.7. A semilattice E has the property that Hp is a congru-
ence on every weakly E-ample semigroup if and only if E is rigid.

Proof If Hp is a congruence on every weakly E-ample semigroup
then Hf = H* = H is a congruence on Tg. Thus Tg is H-trivial and
it is well known that in this case E is rigid.

Conversely, suppose that E is rigid and 5 is a weakly E-ample semi-
group. If a,b € S and a Hg b then a* = b* and at = b™, so that ag, @,
are both isomorphisms between o™ E and a*E. Since E is rigid we have

that @, = @, Consequently, B. = [ also and aupb by Lemma 2.5.
Thus pup = Hg and Hg is a congruence on S.

Corollary 6.8. A semilattice E has the property that Hp is a congru-
ence on every weakly E-hedged semigroup if and only if E is trivial.

Proof If F is trivial and S is weakly F-hedged, then Hp is the
universal congruence on S.

Conversely, suppose that ’FlE is a congruence on every weakly FE-
hedged semigroup. Certainly then 7:2@ is a congruence on Fg so that
hE = 7‘75 on I and 7-7@ is the trivial congruence.

Let ¢ € E. Consider the endomorphisms p, and ¢, of E'. Then
1p. = lc, = e and for any x € E*,

TCePe = TPeCe = € 2> TE = TPe.

Thus (pe, ¢.) and (ce, pe) are elements of F. By Lemma 4.3, (p., ¢.) Hg
(Cey pe) SO that (pe,ce) = (Cey pe). For any y € eE |y = yp. = yc. = e
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so that the ideal eF is trivial. As this is true for any e € E it follows
that F is trivial.
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