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* Introduction to many-body perturbation
theory

- MBPT vs DFT
* GW approximation
» Spectral properties
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» Accurate excited-state

ies of complex systems

» E.g. Boron nitride
nanotube containing

C,, molecules
(Rubio and Marques)

The
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The Basic Problem

Nucleus o (fixed)
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Electron i

* Electrons interact with each other as well
as with the nuclel!
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Why is the many-electron
problem hard in QM?

» Consider silicon crystal (1022 electrons)
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Why is the many-electron
problem hard in QM?

PN L L N rY " Y | e
LOlIsiuer Siicoit Gy Stai \1023 C!SCt!’C!".S)

No, let’'s make it easy: silicon atom (14 §i=s
electrons) 4
Wave function of the electrons:
Y(r,,r,,...,r,)

Suppose we store ¥ on a 10x10x10 grid
foreach r

Need to store 1000'4=1042 values

103 DVDs (102 lorry-loads)!
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Why is the many-electron
problem hard in QM?

PN L L N rY " Y | X
LOlIsiuer Siicoit Gy Stai \1023 cleg

electrons)
Wave function g

Need to store 1000'4=1042 values
1033 DVDs (102 |orry-loads)!
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Quantum Strategies

* One-electron Schrodinger equation:

-—Viy@®) + V@©)yk) = Ey()

2m

* Account for other electrons through an
effective potential felt by each electron

* Density-functional theory: Mg
* Many-body perturbation theory: Q@A 8ED
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Electronic Excitations

| N,0>

| N+1,s> | N-1,s>
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MBPT vs. DFT



MBPT vs. DFT

Many-body perturbation theory (e.g. GW)
 Based on Green’s functions

* Self-energy theories give one-particle G, e.q.
electron addition/removal

* Natural domain: quasiparticle energies, band
structure, spectral function

* Similar diagrammatic theories for two-particle G,
e.g. optical absorption

* Other applications: ground state total energy,
etc.
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MBPT vs. DFT (2)

DFT

* Natural domain (of ordinary DFT): ground
state total energy

* TDDFT permits study of time-evolution
(e.g. excited states) of N-electron system

* Treatment of exchange and correlation Iin
DFT involves approximation, often based
on the HEG / WIEG
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MBPT vs. DFT

Method

Advantages

Disadvantages

DFT / TDDFT (mainly
for ground-state total
energy and time-
evolution)

Inexpensive (esp.
density-based
functionals)

XC functional
pathological and can
be difficult to
approximate
sufficiently accurately

GW etc. (mainly for
excited-state
properties)

Description of XC
explicit diagrammatic
series, better behaved

Can be expensive
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Many-Body
Perturbation Theory



The Green’s function G
G(x,x';t—t') = —i=:N Ty (x, )" (x',t") N
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Green's Functions and
Self-Energies

* G obeys a very similar equation to the
Green’s function of the Kohn-Sham
electrons in DFT, but with the non-local,
time-dependent X replacing V...

[ 0 —th+V, 4Ew]G(xl‘;x'l")=5(x—x')5(l‘—l")

ot

a —h+V, -V

XC

ks(XX'1") = 0(x —x")o(t—1')
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Lehmann Representation for G
. . Ji(r) [ *(r')

G ’ '960 — S S : :
il s ) Z W—&, Fio
<N y}(r)‘N_I_l? S>9 gs = EN+1_,;S' _E\ (>Ju)
<N_19Sl/7(r)‘N>a 85 — EN _EN—I_?S (<Al't)

E.<> U

2

S (r)= {

* s labels the excited states of the N+1 or N-1-
electron systems

* G has its poles at each energy with which an
electron can be added/removed
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Spectral function and
quasiparticles from Im G

Im G —non-interacting

— interacting

[ %VZ +Vext + VHartree TExc(€)— E]'//“} =0)
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Hedin’s Equations

[ W (17.3) G (1L4)T (4,2,3) d (3,4)

i [G2.3)G(A2)T(3,4,1)d(3.4
v(1.2)+ [ W(1.3)P(3,4)v(4,2)d(3.4)
5(1,2)0 (1,3)

/ 6% (1, 2)

m(r (4,6)G (7.5)1'(6,7.3)d (4.5,6,7)

« Exact closed equations for G, X eftc.

THE UNIVERSITY W N\ % GW-type approaches to electronic structure - FPMM York 19

ETSF



Hedin’s Equations

M. Gatti
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The GW Approximation

* |terate Hedin’s equations once starting
with =0
! / w (17.3) G/ (1,4) L2737 d (3. 4)

- / G (2,3) G (4,2) TL3417d (3, 4)

v(1,2)+ / WH(1,3)P(3,4)v(4,2)d(3.4)

/ rf{—j(r (4.06) G+
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The GW Approximation

-

I 0w’
2(x,x"w) =— X, x;0")G(x,X ;0 +w)e' " do'
( ) Y 7 ( )G( )

where x =(r,&) is space+spin

In the time domain
Z(x,x';t-t") =iW(x,x";t- t'")G(x,x';t- ')

W is the dynamically screened Coulomb interaction between electrons
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Local-density-approximation
calculation of one-electron
wavefunctions and eigenvalues,
using ab initio pseudopotentials

Compute screened
Coulomb
interaction W

Compute Green's
function G

Compute self-energy
2(r,r',w)

Solve Dyson equation to obtain
updated Green's function
G(r,r',w)

: Charge density +
Spectral function
Total energy

GW-type approaches to electronic structure - FPMM York

Updated

self-energy

QP
energies
E

Space-time method:

H.N. Rojas, RWG and
R.J. Needs, Phys. Rev. Lett. 74
1827 (1995)
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Spectral Properties



G,W, Band Structures
of Insulators

Energy gap (eV)
4

LDA

GWA

Expt., indirect gap
Expt., direct gap

From "Quasiparticle calculations
in solids", W.G. Aulbur, L. Jonsson
and J.W. Wilkins, Solid State
Physics 54 1 (2000)

[also available in preprint form at
http://www.physics.ohio-
state.edu/~wilkins/vita/publications.htm
[#reviews]
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Si;

Ge;
diamaond;
3AC SiC;
LiCl:
B-C.N_;

BN

Figure 3: Comparison of characteristic direct and indirect LDA, GWA, and experimental
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Self-Consistenc

Fully self-consistent
>=iGW: Conserving

Partially self-consistent
>=iGW),: Conserving

Non-self-consistent
>=iGoW)y: Non-conserving

FIG. 1. Diagrammatic representation of the self-energy
¥(z1,2x2) and the corresponding two-particle Green function
Go(z1, T3;T2,74) in (a) the fully self-consistent GW approx-
imation, (b) the partially self-consistent GWy approximation,

Arno Schindimayr, Pablo Garcia-Gonzalez and RWG and (c¢) the non-self-consistent GoWy approximation.
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Summary: The Status of GW

* Routine spectral properties
» Total energy
 GW + vertex corrections

* GW-level approaches to optical
absorption; qguantum conductance;
gquantum transport; time-dependent
problems

* DFT insight from GW:-
DDFT / orbital functionals
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Further Reading

 “Interacting Electrons”, Richard M. Martin,
Lucia Reining and David M. Ceperley,
Cambridge University Press (2016)

Amazon In UoY Library

» “Quasiparticle calculations in solids”,
W.G. Aulbur, L. Jonsson and J.W. Wilkins,
Solid State Physics 4 1 (2000)

http://www.physics.ohio-state.edu/~wilkins/vita/gw_review.ps

rex.godby@york.ac.uk
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https://www.amazon.co.uk/Interacting-Electrons-Theory-Computational-Approaches/dp/0521871506
http://www.physics.ohio-state.edu/~wilkins/vita/gw_review.ps
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