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Question 8

Part (i)

Part (ii)

Playground

(P → Q) ⊢ ((P ∧ R) → ((P ∧ Q) ∧ R))

P �� Q :PR
    P & R :AS
    P :&E 2
    Q :��E 1 3
    P & Q :&I 3 4
    R :&E 2
    (P & Q) & R :&I 5 6
(P & R) �� ((P & Q) & R) :��I 2-7
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PR

∧E 1

AS

∧I 2, 3

∨I 4

AS

∧I 2, 7

∨I 8

∧E 1

∨E 10, 3-5, 7-9

(P ∧ (Q ∨ R))

P
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(P ∧ Q)

((P ∧ Q) ∨ (P ∧ R))
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((P ∧ Q) ∨ (P ∧ R))
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Part (iii)

Playground

(P ∧ (Q ∨ R)) ⊢ ((P ∧ Q) ∨ (P ∧ R))

P & (Q | R) :PR
P :&E 1
    Q :AS
    P & Q :&I 2 3
    (P & Q) | (P & R) :|I 4
--
    R :AS
    P & R :&I 2 7
    (P & Q) | (P & R) :|I 8
Q | R :&E 1
(P & Q) | (P & R) :|E 10 3-5 7-9
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PR

PR

∀E 1

∀E 2

AS

→E 3, 5

→E 4, 6

→I 5-7

∀I 8

∀x(P(x) → Q(x))

∀x(Q(x) → R(x))

P(a) → Q(a) 

Q(a) → R(a) 

P(a)

Q(a)

R(a)

P(a) → R(a) 

∀x(P(x) → R(x))

1.

2.

3.

4.

5.

6.

7.

8.

9.

Question 9

Part (i)

Playground

∀x(Q(x) → R(x)), ∀x(P(x) → Q(x)) ⊢ ∀x(P(x) → R(x))

Ax(P(x) �� Q(x)) :PR
Ax(Q(x) �� R(x)) :PR
P(a) �� Q(a) :AE 1
Q(a) �� R(a) :AE 2
    P(a) :AS
    Q(a) :��E 3 5
    R(a) :��E 4 6
P(a) �� R(a) :��I 5-7
Ax(P(x) �� R(x)) :AI 8
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PR

PR

AS

↔E 2, 3

∧E 4

¬E 3, 5

¬I 3-6

↔E 1, 7

∧I 7, 8

(A ↔ ¬B)

(B ↔ (¬A ∧ ¬B))

B

(¬A ∧ ¬B)

¬B

⊥

¬B

A

(A ∧ ¬B)

1.

2.

3.

4.

5.

6.

7.

8.

9.

Part (ii)

Playground

(A ↔ ¬B), (B ↔ (¬A ∧ ¬B)) ⊢ (A ∧ ¬B)

A ��� ~B :PR
B ��� (~A & ~B) :PR
    B :AS
    ~A & ~B :���E 2 3
    ~B :&E 4
    !? :~E 3 5
~B :~I 3-6
A :���E 1 7
A & ~B :&I 7 8
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   4.
   5.
   6.
   7.
   8.
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PR

PR

AS

↔E 1, 3

↔E 3, 4

↔E 2, 5

¬E 3, 6

¬I 3-7

↔E 2, 8

∧I 8, 9

(E ↔ (E ↔ F))

(F ↔ ¬E)

E

(E ↔ F)

F

¬E

⊥

¬E

F

(¬E ∧ F)

1.

2.

3.

4.

5.

6.

7.

8.

9.

10.

Part (iii)

Playground

(F ↔ ¬E), (E ↔ (E ↔ F)) ⊢ (¬E ∧ F)

E ��� (E ��� F) :PR
F ��� ~E :PR
    E :AS
    E ��� F :���E 1 3
    F :���E 3 4
    ~E :���E 2 5
    !? :~E 3 6
~E :~I 3-7
F :���E 2 8
~E & F :&I 8 9
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PR

AS

↔E 1, 2

AS

¬E 2, 4

⊥E 5

AS

R 8

∨E 3, 4-6, 8-9

∧I 2, 10

AS

BMT 1, 13

DeM 14

∧E 15

DNE 16

¬E 13, 17

⊥E 18

LEM 2-11, 13-19

(C ↔ (¬D ∨ ¬C))

C

(¬D ∨ ¬C)

¬C

⊥

¬D

¬D

¬D

¬D

(C ∧ ¬D)

¬C

¬(¬D ∨ ¬C)

(¬¬D ∧ ¬¬C)

¬¬C

C

⊥

(C ∧ ¬D)

(C ∧ ¬D)
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20.

Playground

(C ↔ (¬D ∨ ¬C)) ⊢ (C ∧ ¬D)

C ��� (~D | ~C) :PR
    C :AS
    ~D | ~C :���E 1 2
        ~C :AS
        !? :~E 2 4
        ~D :X 5
    --
        ~D :AS
        ~D :R 8
    ~D :|E 3 4-6 8-9
    C & ~D :&I 2 10
--
    ~C :AS
    ~(~D | ~C) :BMT 1 13
    ~~D & ~~C :DeM 14
    ~~C :&E 15
    C :~~E 16
    !? :~E 13 17
    C & ~D :X 18
C & ~D :LEM 2-11 13-19
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