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Dimensional Analysis

Overview of Course

@ Model construction — dimensional analysis
°
o
o

A First Course in Mathematical Modeling by Giordano, Weir &
Fox, pub. Brooks/Cole. Today we're in chapter 8.

Phil Hasnip Mathematical Modelling



Dimensional Analysis

@ To identify the relevant parameters and relationships for
real-world problems and hence guide experimental design
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Dimensional Analysis

Functions of several variables

Suppose we have a function of x, y and z and we know that it is
linear in x, y and z —i.e. if we fix y and z, and plot f against x we
get a straight line; and the same if we fix x and z and vary y etc.
How many different terms are there?
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Dimensional Analysis

Functions of several variables

Suppose we have a function of x, y and z and we know that it is
linear in x, y and z —i.e. if we fix y and z, and plot f against x we
get a straight line; and the same if we fix x and z and vary y etc.
How many different terms are there?

f(x)=mx+c

A straight line has 2 parameters (slope and intercept), and we
have 3 variables (x,y,z). Does this means we have 2 x 3 = 6
parameters in total?
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Dimensional Analysis

Functions of several variables

f(X,y,2) = a1 + @X + asy + asz + asXxy + asxz + a;yz + agxyz
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Dimensional Analysis

Functions of several variables

f(X,y,2) = a1 + @X + asy + asz + asXxy + asxz + a;yz + agxyz
We have 23 = 8.

This gets worse very quickly if it isn’t linear, but quadratic
(8% = 27), cubic (4% = 64) or even higher order.

To get these parameters from experiment, we need at least one
experimental measurement per parameter.
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Dimensional Analysis

You are feeling very sleepy...

What affects the period = of the pendulum?

Phil Hasnip Mathematical Modelling



Dimensional Analysis

You are feeling very sleepy...

Perhaps 7 = f(I,m, g,6). What is f?
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Dimensional Analysis

Pendula

Phil Hasnip

T=1Ff(,m,g,0)

Could use experiments to deter-
mine f. How many measure-
ments do we need?

@ Quadratic = 3 parameters
@ 4 independent variables

e = 3% =81 total
parameters

@ = 81 expt measurements!
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Dimensional Analysis

Dimensional analysis

P parameters per variable, V variables = PY total parameters.

But what if we can reduce the number of variables that need to
be studied? Then we have a big saving!

Dimensional analysis does this by considering dimensionless
products.

NB Dimensions are not the same as units!
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Dimensional Analysis

Dimensional analysis

Dimensions M, L, T (and K, C, etc)

Product (includes quotients) e.g. [area]=L2,
[energy]=ML2T—2, etc.

Dimensionless product = combination s.t. dimensions are
MOLOTO
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Dimensional Analysis

Dimensional compatibility

When adding terms in an equation they must all have the same
dimension.

s=ut+ 1azt2
o 2

@ uisavelocity, LT ', tisatime T
= utis LT-'.T =L, i.e. alength

@ ais acceleration, LT 2
= af? is also a length

You cannot add apples and oranges! Terms must be
dimensionally compatible.
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Dimensional Analysis

Dimensional homogeneity

The equation should be true regardless of units. This is
achieved if the left- and right-hand sides have the same
dimensions.

° s=Jgt?
g is an acceleration LT~2, so 1gt?is L
— dimensionally homogeneous
@ s=46¢
Dimensionally inhomogeneous — different answer if
measure time in seconds, minutes, hours...
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Dimensional Analysis

Dimensionless products

Products of variables which are dimensionless are always
dimensionally homogeneous.

If a real world problem can be modelled by a dimensionally
homogeneous equation (and no logarithms) then we can find
the form of that equation using dimensional analysis.
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Dimensional Analysis

Pendulum Analysis

] Variable \ Dimension \

m M
g LT—2
T T
[ L
0 MOLOTO

What are the dimensions of a general product m®g®+7/1°6¢?

Me Lﬁ+6 T'nyB

Phil Hasnip Mathematical Modelling



Dimensional Analysis

Pendulum analysis

Me [ 5+ T7=28 is dimensionless iff

which gives an infinite set of solutions — not enough equations!

@ a = 0 = mcannot appear in the model
@ 0 has no units = value is arbitrary
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Dimensional Analysis

Dimensionless products

There are three basic rules when forming dimensionless
products:

@ Choose the dependent variable to appear once

@ Choose any variable that always appears in each
dimensional equation

© Choose any variable that always has zero exponent (e.g. 6)
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Dimensional Analysis

Pendulum — dimensionless product 1

@ Our dependent variable is 7, so choose v = 1
@ Buty-28=p3=1

°e5=-p3=-%

@ cis arbitrary, so choose e =0

Thus our first dimensionless product is

My = mog%T/_%Qo =T %
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Dimensional Analysis

Pendulum — dimensionless product 2

@ Already have 7 in first product

@ For second product choose v =0

e —= (=0

0 —=6=0

@ ¢ arbitrary — choose ¢ = 1 (already used ¢ = 0)

Thus our second dimensionless product is

My = mPg®721%" = ¢
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Dimensional Analysis

Pendulum analysis

Our dimensionless pendulum equation will relate the dps in

some way
Ny = f(My)
=7 = 1)
/
T = —f (6
g (0)
Quick check:

@ LHS has dimension T
® RHS has dimension \/ 55 = T
@ Equation is dimensionally homogeneous
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Dimensional Analysis

Pendulum analysis

/
T= \/;f(ﬁ)

@ 7 does not depend on m = ‘only’ 5% = 125 experiments

@ changing units of time cannot change the actual period 7 —
there’s a corresponding change in ‘g’ = equation is
dimensionally homogeneous.

What have we learned?

We shall make this a bit more rigorous in a moment.

But for now...
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Dimensional Analysis

Pendulum analysis

/
T = \/;.h(ﬁ)

If we keep 6 = 6y = constant and vary / then
n_ Jh
 \lk

e 7 « /I regardless of h.
@ = graph of 7 against v// should be linear
@ = simple test requiring only 5 points!

i.e.

If test fails, we go back and check our assumptions...
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Dimensional Analysis

Pendulum analysis

What about h(6)? Fix | = Iy and vary 6:
m _ h(61)

h(62)

@ = plot a graph of 7 vs. 6 (or better, T\@ vs. 6)
@ Can get h(#)directly! Another insight gained ...

NB Whilst can do SHO analytically, cannot do the general case
for arbitrary 6 as it is non-linear ...
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Dimensional Analysis

A pendulum

t(e/H /2
A

/ non—linear

-
L
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Dimensional Analysis

Dimensional analysis

@ Original problem had 1 dependent and 4 independent
variables

@ We had 3 dimensional constraints
@ Hence need 5 — 3 = 2 dimensionless products

@ Result was an equation determined up to an unknown
function of 1 dimensionless product
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Buckingham’s M-Theorem

Buckingham’s -Theorem

@ A problem with n variables and m independent dimensional
constraints can be written in dimensionally homogeneous
form using (n — m) dimensionless products (dps) as

f(|_|1,|_|2,|_|n_m):0
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Buckingham’s M-Theorem

Example 1

n=4m=3

@ = need 1 product including the dependent variable
@ = f(INy) = 0 so can solve to get Ny = constant

@ = can get dependent variable = (unknown constant) x
(other variables)
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Buckingham’s M-Theorem

Example 2

n=5m=3

@ = need 2 products
o :>f(|_|1,|_|2):0
@ can solve to get My = h(My)

@ = can get equation up to an unknown function of a single
dimensionless product, as with the pendulum
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Buckingham’s M-Theorem

Example 3

n=6,m=3

@ = need 3 products
@ = f(My,Mz,MN3) =0
@ s0 can solve to get My = h(IMy, M3)

@ = can get equation up to an unknown function of two
dimensionless products, etc.

We always need to construct (n-m) independent dps, with the
dependent variable only appearing once, e.g. in 4.

NB Good to put the most sensitive variables into the dp with the
independent variable (e.g. M) to minimise the amount of
unknown behaviour and simplify experiments,
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Buckingham’s M-Theorem Example

Buckingham’s -Theorem Example

@ Predict the period of 2 masses (my & my) orbiting each
other at a distance R apart, in vacuum

| Variable | Dimensions |

T T
. . . my M
Identif bles:
entify variables e M
R L
G | BM T2

So we have 5 variables and 3 dimensions = need 2 dps
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Buckingham’s M-Theorem Example

Buckingham’s -Theorem Example

General form of dp:

M r“mf m) R° G¢
TOMOM L5 [3M~ T2

— Mﬁ+7—eL36+5 Ta—Ze

i.e. coefficients:
T: a—2¢ =0
M: B+v—¢ =0
L: 60+3 =0
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Buckingham’s M-Theorem Example

Buckingham’s -Theorem Example

My:include ronce = a=1=¢e=t=0=-3=p3+y=1
so free choice, e.g. 6 =1/2andy =0

=TI = Tm:/zn‘?_:a/zGV2 =T\ —5
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Buckingham’s M-Theorem Example

Buckingham’s -Theorem Example

MNo:seta=0=€¢=0=9§=0= g+~ =0 so free choice
except must not choose same as before, e.g. 5 =1and v = —1

m
:>|_|2:71
mo
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Buckingham’s M-Theorem Example

Buckingham’s -Theorem Example

Hence f(M4,M2) =0

RS

Exact analytic answer: 7 = 27 / gy

my V1+my/my
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Summary of Methodology

Summary of Methodology

@ Decide your n variables, hence m dimensional constraints
© Form complete set of (n — m) dimensionless products
(dps):
e dependent variable only appears once (e.g. in 4)

@ put most sensitive variables into same dp
e check each dp found has no dimensions!

© Apply Buckingham’s M-Theorem and hence solve for
dependent variable
@ Test assumptions made (e.g. 7 « v/ for pendulum)

@ Conduct further experiments necessary to find any
unknown functions, or further computations based upon
the dps found.
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