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In this document we present inner approximations to the causal structures mentioned in Section IV of the
main text, which are listed as structures 4, 5 and 6 in [1] (see Figure . We provide these in terms of one
vector on each extremal ray of the corresponding marginal entropy cone and we give strategies for recovering
these vectors in each case, proving that our extremal rays define an inner approximation. (Note that the
inner approximations to causal structures 1, 2 and 3 have been analysed in the main text).
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Figure 1: Structures 4, 5 and 6 with observed variables W, X, Y and Z and unobserved A and B.




1 Causal Structure 4

We provide the vertex description of an inner approximation to the marginal entropy cone of Causal Struc-
ture 4 in terms of one vector on each extremal ray, with components ordered as

(H(W), H(X), HYY), H(Z), HWX), HWY), HWZ), HXY), HXZ),
H(YZ), HWXY), HWXZ), HWYZ), HXYZ), HWXYZ)) .

(1) 223244444554555 21) 111122222232333
(2) 222144343354545 22) 111122222233323
(3) 122233333443444 23) 111122222222222
(4) 212233333443444 24) 111122221232323
(5) 212233433344434 25) 111122122222222
(6) 112223333444444 26) 111122212222222
(7) 211233423344444 27) 111122221222222
(8) 212133332343434 28) 111122222122222
(9) 111322323333333 29) 101112211222222
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Below, we list strategies to recover an entropy vector on each of the extremal rays listed above. C7, Cs,
Cs, Cy and Cj are uniformly random bits, & denotes addition modulus 2.

(1) A= Cy, B = (B, By) = (Cy, C3), W = (Wi, Wa) = (B1, A® Ba), X = (X1, Xp) = (C4, Cs),
Y =M, Y, Y5)=(B1, X1, By @Xz) and Z=We @Yo, AWy ®Y; ®Y3).

(2) A= Clv B = (Bla B2) = (027 03)7 W = (W17 WQ) = (B17 AG;BQ)? X = (X17 X2> = (047 05)7

Y = (Yh Yg) = (Bl @XQ, BQ@Xl) and Z = (AEBWl @WQ@)@)

(3) A = Cl; B = CQ, W = AG9B7 X = ()(17 XQ) = (03, 04), Y = (Yl, ng) == (Xl, B@XQ) and
Z=(AaWaY, Wal).

(4) A= C1, B = (B, By) = (Ca, C3), W = (Wi, Wa) = (B, AD Bs), X = Cy, Y = (Y1, Ya) =
(Bl, BQEBX) and Z = (Wg, AW, @WQEB}/Q)

(5) A = C1, B = (B, Bz) = (Cg, C3), W = (Wi, Wa) = (B, A® Ba), X = Cy, Y = (Y1, Y2) =

(By, Bo@ X) and Z = (Yo, AW, & Wo & Ya).

(6) A = Cy, B = (Bl, BQ) = (CQ, 03), W = A@Bl, X =0,Y = (Yl, Y2) = (B1 & X, Bg) and
Z=(A®Ys, ASW).

(7) A= Cl, B = (Bl, BQ) = (CQ, Cg), W = (Wl, WQ) = (A@Bl,BQ), X = C4, Y = Bl EBX and
Z=WyaY, AGY).



(8) A = Cl7 B = (Bl> B2) = (027 03); W = (Wl7 WQ) = (A®Bl7 AEBBZ); X = 047 Y = (Y17 Y2) =
(B]_ @X, BQEBX) and Z:AEBWQ@Yl

(9) A=C,,B=Co, W=A®B,X=C3,Y =Ba&Xand Z=(AaW, Y, A).
A=C;,B=Cy, W=A®B, X=C5,Y=BoXand Z=(AaY, WaY).
=0,B=(By, By)=(C1, Co), W=DB1, X =C3,Y =(Y}, Y2) =(B1® X, By)and Z =W & Ya.
=0,B=(By, By)=(C1, Co), W= (W, Wa) = (By, Ba), X=C5,Y =B @ X and Z=Wo Y.
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13) A=C,,B=Co, W=A®B, X=C3,Y =B@® X and Z= (A® W, A).
14) A=C,,B=Co, W=A®B,X=C3,Y=B@X and Z= (WaY, A).
15) A=C,, B=Co, W=A®B, X=C3,Y =B@ X and Z= (ADY, A).
(W, AeWaY).

A=C,B=Cy, W=A0B, X=C5,Y=BaXand Z=(Y, AeWaY).
=0,B=C,,W=B,X=Cy,Y=B®X and Z= (W, Y).
=0,B=C,,W=B,X=0C5Y =(Y}, Yo)=(B,X) and Z = (W @ Y>).

A=C,B=Cy, W=A®B, X=C5,Y =B® X and Z = A.

A=C,B=Cy, W=A®B, X=C5,Y=BdXand Z=ADY.

A=C,B=Cy, W=A®B, X=C5,Y=B®Xand Z=AaW.

- 07 B = (Blv BQ) = (Clv 02); W = (W17 WQ) = (Bla BQ)v X = (X17 X2) = (037 04)7 Y =
(Y1, Y2) = (B2 @ X1 ® X3, Bi® X1) and Z = (Wi @ Wo ® Y1, Wa & Y2).[]

(2) A=C;,B=Co, W=A&B,X=C;,Y=Ba&XandZ=AaWaY.
(25) A=0,B=C;,W=B,X=C,Y=B®Xand Z=W.

(26) A=0,B=0,W=0C,, X=Cs,Y=Xand Z=WaY.

(27) A=0,B=C;,W=B,X=C,Y=B&Xand Z=WaY.

(28) A=0,B=C;,W=DB,X=Cy,Y=B®Xand Z=Y.

(20) A=0,B=0,W=C1, X=0,Y=Chand Z=WaY.

(30) A=0,B=C1,W=DB,X=Cs,Y=B&X and Z = 0.

(31) A=0,B=0,W =0,X=0,Y =0and Z = C.

(32) A=0,B=0,W=0,X=0,Y =C and Z =0.
(33) A
(34) A
(35) A
(36) A
(37) A
(38) A
(39) A
(40) A
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)
)
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)
)
16) A=C;,B=Cy, W=A®B,X=C3,Y =B®X and Z =
)
) A
) A
)
)
22)
) A
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33) A=0,B=0,W=0,X=0C1,Y =0and Z = 0.

34) A=0,B=0,W=0Cy, X=0,Y =0and Z = 0.
35) A=0,B=0,W=0,X=0,Y=Cand Z=Y.
36) A=0,B=0,W=0,X=0C1,Y =X and Z = 0.
=0,B=0,W=0C;,X=0,Y=0and Z=W.
=0,B=C,W=B,X=0,Y=Band Z=0.
=0,B=0,W=0,X=C,Y=Xand Z=Y.

=0,B=C;,,W=B,X=0,Y=Band Z=Y.

INote that this strategy recovers double the entropy vector listed above.
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2 Causal Structure 5

We provide the vertex description of an inner approximation to the marginal entropy cone of Causal Struc-
ture 5 in terms of one vector on each extremal ray, with components ordered as

(H(W), H(X), HY), H(Z), HWX), HWY), HWZ), HXY), H(XZ),
H(YZ), HWXY), HWXZ), HWYZ), HXYZ), HWXYZ)) .

(1) 222334444555555 (22) 111212222222222
(2) 222334433444444 (23) 111222212222222
(3) 222234433444444 (24) 121122122222222
(4) 221343434455555 (25) 111122122232233
(5) 221243334355455 (26) 111112222222222
(6) 221233333344444 (27) 111122212222222
(7) 112223333444444 (28) 011111122222222
(8) 112223322333333 (29) 110121212122222
(9) 121222233333333 (30) 000100101101111
(10) 121222222222222 (31) 001001010110111
(11) 111322323333333 (32) 010010011011011
(12) 111222323333333 (33) 100011100011101
(13) 111222223333333 (34) 111112121221222
(14) 111222322333333 (35) 111122112222222
(15) 112123222333333 (36) 001101111111111
(16) 111222222332333 (37) 010110111111111
(17) 111222223233233 (38) 011011011111111
(18) 121122222222222 (39) 110011111011111
(19) 111122222233333 (40) 011111111111111
(20) 222234333444444 (41) 111011111111111
(21) 111122222233233 (42) 111111111111111

In the following we list strategies to recover entropy vectors on all of the above rays. Cy, Cy, C3, C4 and
C5 are uniform bits, @ denotes addition modulus 2.

(1) A= (A1, Az) = (C1, Co), B=C3, W = (W1, W) = (C4, C5), X = (X1, Xz) = (W1, Be W),
Y:(Yh Yg):(Al@Xl, AQEBXQ) andZ:(AléBYl, B@}/—Q, A]@AQ@B)

(2) A=Cy, B=Co, W= (Wi, Wy) =(Cs, Cu), X = (X1, Xo) =(BeWy, B&W,),Y = (Y1, Ys) =
(X1, AdXs)and Z=(A@BaY,, AdYs, A® B).

(3) A=C1, B=Cy, W= Wy, Wa) = (C3, Cy), X = (X1, Xo)=(BoW1, BoWy),Y = (Y1, Ys) =
(Xl, AEBXQ) and Z = (A@B@Yl, A@Yg)

(4) A=Cy, B=(B1, By) = (Cs, C3), W = (W1, Wa) = (C4, C5), X = (X1, X2) = (B1& W1, Bo® W),
Y—AeX and Z= (A@ B ey, AGY, Aa B,).

(5) A=Ch, B=(B1, Bz) =(Cs, C3), W = (W, Wa) = (C4, C5), X = (X1, X2) =(B1& W1, Bo®Wy),
Y=AdoXjand Z=(A®B1 DY, B1®BdY).

(6) A=Cy, B=0Cy, W = (Wl, Wg) = (03, 04), X = (Xl, XQ) = (B@Wl, Wg), Y = A® X5 and
(ADY, Ao B).

Z:
(7) A = (Al, Ag) = (017 CQ), B = 03, W = 04, X = BGBVV7 Y = (}/17 }/2) = (Al @X, AQ) and
Z=(A1® Ay, Ay ® B).



) A=C,B=Cy, W=C3, X=BaoW,Y = (Y1, Ya) =(X, A)and Z= (V;, A® BaY;).

) A=Cy, B=Cy, W=0C3, X = (X1, Xa)=(W, B),Y =A@ X, ®Xoand Z=(A®@B&Y, BaY).

) A=0,B=C,, W=0Cy X = (X1, Xo)=(B, W),Y=X1®& X, and Z= (B&Y, B).

) A=C, B=Cy, W=Cs, X=BaoW,Y=A® X and Z = (B, A, A®Y).

)A=C;,B=Cy, W=C35, X=BaoW,Y =A@ X and Z = (B, A).

)A=C,B=Cy, W=Cs, X=BoW,Y =A@ X and Z= (A® BaY, A).
14) A=C;,B=Cy, W=C3, X=B&W,Y=AGXand Z=(A®Y, A®B).

) A=C,B=Cy, W=C3, X=BaW,Y = (Y1, Y2) = (4, X)and Z=A® B.

)A=C;,B=Cy,W=C5,X=BaW,Y=AcXand Z=(Ae&BaY, AaY).

)A=C,B=Cy, W=Cs, X=BoW,Y=A® X and Z= (Y, A6 BaY).

) A=0,B=C,, W=0Cy, X = (X1, Xo)=(W, B),Y =X, & X, and Z = B.

) A=C,,B=Cy, W=Cs, X=BaoW,Y =A@ X and Z=BGY.

)

A=0Ci, B=Cy,, W= (W, Wa) =(Cs, Cg), X = (X1, Xo) =(Be Wy, Wa), Y = (Y1, Ya) =
(Xl, A@XQ) and Z = (A@B@Yl, AEBYQ)

A=C,B=0Cy, W=C3, X=BoW,Y=A®0 X and Z=A0B.
A=C1,B=0,W=Cy, X =W, Y=A@pXand Z=(4,Y).
A=0,B=C,,W=0Cs, X=B&W,Y =X and Z= (B, Y).
A=0,B=C,,W=0Cs X= (X1, Xo)=(W, B),Y =X, ®Xsand Z=B @Y.
A=C1,B=0Co, W=C3, X=BoW,Y=A0Xand Z=A0BaY.
A=C,,B=0,W=Co, X =W,Y =A@ X and Z = A.
A=0,B=C;,W=C5,X=BaW,Y =X and Z = B.
A=C;,B=Cy, W=0,X=B,Y=A® X and Z = A.
A=0,B=C;,W=Cy,, X=BpW,Y=0and Z=B.
A=0,B=0,W=0,X=0,Y=0and Z =Cj.
A=0,B=0,W=0,X=0,Y=C; and Z =0.
A=0,B=0,W=0,X=C1,Y=0and Z=0.
A=0,B=0,W=C;,X=0,Y=0and Z=0.
A=C,B=0,W=C, X =W, Y=A®dX and Z=AdY.
A=0,B=C,W=C,, X=BeW,Y=Xand Z=BaY.
A=0,B=0,W=0,X=0,Y=Crand Z=Y.
A=0,B=C,W=0,X=B,Y=0and Z = B.
A=0,B=0,W=0,X=C;,Y=Xand Z=0.
A=0,B=0,W=C;, X=W,Y=0and Z=0.
A=0,B=0,W=0,X=C1,Y=Xand Z=Y.
A=0,B=0,W=0C, X=W,Y =X and Z = 0.
A=0,B=0,W=C,X=W,Y=Xand Z=Y.



3 Causal Structure 6

We provide the vertex description of an inner approximation to the marginal entropy cone of Causal Struc-
ture 6 in terms of one vector on each extremal ray, with components ordered as

(H(W), H(X), HY), H(Z), HWX), HWY), HWZ), H(XY), H(XZ),
H(YZ), HWXY), HWXZ), HWYZ), HXYZ), HWXYZ)) .

(1) 232244354455455 (28) 121122132232233
(2) 232243355455455 (29) 111122222222222
(3) 231243344355455 (30) 111222212222222
(4) 221243334355455 (31) 121122122222222
(5) 222133243343344 (32) 111122122232233
(6) 131232244344344 (33) 111121222222222
(7) 212134332344444 (34) 111122122222222
(8) 121232334344344 (35) 111122212222222
(9) 121232234344344 (36) 111122221222222
(10) 122123233333333 (37) 111122222122222
(11) 211233323233333 (38) 011111122222222
(12) 112223322333333 (39) 110121212122222
(13) 221133232233333 (40) 111022121122222
(14) 121222233233233 (41) 111122112222222
(15) 121222222222222 (42) 000100101101111
(16) 112123232333333 (43) 001001010110111
(17) 121132233233333 (44) 010010011011011
(18) 211133322233333 (45) 100011100011101
(19) 112123222333333 (46) 001101111111111
(20) 211133222233333 (47) 010110111111111
(21) 121122233233233 (48) 011011011111111
(22) 111222223233233 (49) 101011110111111
(23) 111222222222222 (50) 110011111011111
(24) 112122222222222 (51) 011111111111111
(25) 121122222222222 (52) 101111111111111
(26) 111122222233333 (53) 111011111111111
(27) 111122222233233 (54) 111111111111111

In the following we list strategies to recover entropy vectors on all of the above rays. Cy, Csy, C5, C4 and
Cj5 are uniform bits, & denotes addition modulus 2.

(1) W - (Wh WQ) - (Cla 02)7 B = (Bh BZ) - (033 C4)a A - (Alv A27 A3) = (W17 W27 05)7
X = (Xl, Xo, X3) = (Al, AL D A3D By, A3@Bl), Y = (Yl, Yz) = (A3€9X1 ® X3, Aq @AQ@A;;@XQ)
andZ:(31 @Yi, BQ)

(2) W = (Wi, Wa) = (C1, C2), B = (B1, B2) = (Cs, Ca), A = (A1, Az, A3) = (W1, Wa, C5),
X = (Xl, Xo, Xg) = (Ah AQ@AgEBBl, A2®A3@Bz), Y = (Yh Yé) = (A1 @AQ, A1 DA D As @XQ)
and Z = (Bl EBY& @Y27 Bg)

3) W = (W1, Wa) = (Ch, C2), B = (By, Ba) = (C3, Cy), A = (A1, Ay, A3) = (W1, Wo, Cs),
X =(X1, Xo, X3)=(A1® Ay, Ao® A3 By, A30 B3), Y =A30 X1 ®Xzand Z = (B, @Y, By).

4 W = (Wi, Wa) = (C1, C2), B = (B1, B2) = (C3, Cu), A = (A1, Aa, A3) = (W1, Wa, Cj),
X:(Xl, XQ):(Al@Ag@Bl, AQ@BQ),Y:Ag@Xl andZ:(Bl®Y, Bl@Bg)



(5) W = (W17 WQ) = (017 02); B = 037 A = (A17 A27 A3) = (W17 W27 04)7 X = (X17 X2) =
(Al, A2 @Ag @B), Y = (Yl, Yg) = (A]_ @AQ, A3 EBX2> and Z = Y2 EBB

(6) W =C1, B=(B1, By) =(Cy, C3), A= (A1, Ay) = (W, Cy), X = (X1, Xo, X3) = (A1, Bi, A2®Bo),
Y:A1 @AQ@XQEBX3 andZ:(B1®BQ@K Bg)

(7) W = (W17 WQ) = (Cla 02)7 B = 037 A= (Ala A27 A3) = (Wla W27 04)) X = A3@B7 Y = (Y17 }/2) =
(Al@Ag@X7 A2 @X) and Z:B

(8) W = C1, B= (B, Ba) = (Co, C3), A= (A1, Ay) = (W, Cy), X = (X1, Xo) = (B1, A2 © Ba),
Y:Al@AQEBXQ andZ:(Bl®Y, BQ)

(9) W =0C1, B= (B, By) = (Cs, C3), A= (A1, Az) = (W, C4), X = (X1, Xp) = (A1 ® B1, A2 @ By),
Y:Al@AQ@XQ andZ:(BQGBY, Bl@Bg)

(10) W - Cl, B — CQ, A - (Al, AQ) e (VV, Cg), X - (Xl, X2) - (A2 @B, Al), Y = (Yl, YQ) =
(X1, A4 @Az) and Z = B.

(11) W = (Wl, WQ) = (Cl, CQ), B=0Cs3 A= (Al, AQ) = (Wh WQ), X=A®B,Y = A, ® X and
Z=(B®Y,B)

(12) W = 017 B= CQ, A= (A]_, Ag) = (VV, 03), X = Al@B7 Y = (1/17 Yg) = (X, Ag) and Z = (Yl, B@Yg)

(13) W = (Wi, Wa) = (Ch, Cy), B=Cs, A= (A, Ay) = (Wq, W), X = (X1, X») = (41,42 ® B),
Y:Al@AQ@XQ andZ:B@Y

(14) W =Cy, B=Co, A= (A1, A) = (W, C3), X = (X1, X3) = (41, A2 & B), Y = A4, & X, & X, and
Z=(B&Y, B).

(15) W=C1, B=Cy, A=W, X = (X1, X2) = (A,B),Y =X, & X, and Z = (B& Y, B).

(16) W=C1, B=Cy, A= (W, C3), X =B,Y = (X & Ay, A, ®As) and Z=Ba&Y.

(17) W=Cy1, B=Cy, A= (W, C3), X = (X1, X3) = (41 & B, Ay), Y = A, & Ay and Z = B.

(18)

18) W = (Wl, WQ) = (Cl, 02)7 B:CY37 A= (1417 Ag) = (Wl, WQ), XZAléBB, Y=A4, ® A5 ® X and
Z = B.

(19) W = Cl, B = CQ, A= (Al, AQ) = (W, C’g)7 X = Al@B, Y = (Yl, YQ) = (X, AQ) and Z = B@H@YQ
(20) W = (Wl, WQ) = (Cl, 02)7 B = 03, A= (Al, AQ) = (Wl, WQ), X=A,0¢ A, & B,Y = As @ X and

Z=Ba&Y.

(21) W =Cy, B=Ca, A= (A1, Ay) = (W, C3), X = (X1, X3) = (Ay® B, A1), Y = A; & Ay & X1 and
Z=B.

22) W=0C, B=Co, A= (A1, A))=(W, C3), X =4, @B, Y =A, 6 A, & X and Z = (BaY, B).

2) W=0C,,B=Co, A=W, X=B,Y=A®X and Z = (B®Y, B).

M) W=0C),B=Co, A=W, X=A®B, Y =V, Ya) = (4, A®X) and Z = B.

(22)
(23)
(24)
(25) W=C1, B=Cy, A=W, X = (X1, X3)=(A4, B),Y =X, & X, and Z = B.
(26)
(27)
(28)

26) W=C1,B=Cy, A=W, X=A®B,Y=X®&C;and Z=BaY.
27 W:ChB:CQ,A:(Al, AQ):(VV, Cg),X:Al@AQ@B,Y:X@AQal’le:B.
28 W:Ch B:CQ, A= (Al, AQ) = (W, 03), X:(Xl, XQ) = (Al, AQ@B), Y:Al@AQEBXQ and

Z=BaY.



(29) W = (W1, Wa) = (C1, Ca), B = (Bi1, Bs) = (Cs, Cu), A= (A1, Az) = (W1, Wa), X = (X1, Xo) =
(Al EBBl, A2 EBBQ), Y = (Yh YQ) = (A]_ @AQ @XlaAl @Xg) and Z = (Bl,BQ>. H

(30) W=Cy, B=Cy, A=W, X =A®B,Y =X and Z = (B, Y).
(31) W=0C1, B=Cy, A=W, X = (X1, Xo)=(B, A),Y=A6X,and Z=B&Y,
(32) W=0Cy1, B=Cy, A= (A, A)=(W, C3), X =A,&B,Y=A1 & A& X and Z=BaY.
(33) W=Cy, B=Cy, A=W, X =A®B,Y =Aand Z = B.
(3) W=Cy, B=Cy, A=W,X=B,Y=Ae&Xand Z=BaY.
(35) W=C,,B=Cs, A=W,X=A®B,Y =X and Z = B.
(36) W=0Cy, B=Cy, A=W, X=B,Y=A& X and Z = B.
B W=C,B=Cy, A=W, X=A®B,Y=A® X and Z =Y.
(38) W=0,B=C;,A=Cy, X=A®B,Y =Aand Z =B.
(39) W=Cy, B=Cy, A=W, X=A®B,Y =0and Z = B.
(40) W=C,,B=Cy, A=W, X=B,Y=A@® X and Z = 0.
(4) W=Cy, B=Cy, A=W, X=A®B,Y=Xand Z=BaY.
(42) W=0,B=0,A=0,X=0,Y =0and Z = Cj.

(43) W=0,B=0,A=0,X=0,Y =C; and Z = 0.

(44) W=0,B=0,A=0,X=C,,Y =0and Z =0.

(45) W=Cy, B=0,A=0,X=0,Y =0and Z = 0.

(46) W=0,B=0,A=0,X=0,Y=C,and Z=Y.

(47 W=0,B=C;,A=0,X=B,Y =0and Z = B.

(48) W=0,B=0,A=0,X=C,,Y =X and Z = 0.

(49) W=C,,B=0,A=W,X=0,Y=Aand Z = 0.

(50) W=0Cy,B=0,A=W,X =AY =0and Z=0.

(51) W=0,B=0,A=0,X=C,,Y=Xand Z=Y.

(52) W=0C,,B=0,A=W,X=0Y=Aand Z =Y.

(53) W=C,,B=0,A=W,X=A4,Y =X and Z = 0.

(54) W=C,,B=0,A=W,X=AY=Xand Z=Y.
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