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Entangled states are considered to be an important resource
for quantum computation and quantum information
processes. Various authors have developed theories of
entanglement including entanglement measures and
robustness but this work is somewhat different. Our work is
inspired by a paper of Paul Busch:

The role of entanglement in
quantum measurement and information processing,

[Int. J. Theor. Phys. 42: 937-941 (2003).]

The theme of Paul’s paper is that one cannot transfer
information without entanglement. Our present work
involves measuring the amount of entanglement.



1 Classical Entanglement

It is frequently stated that entanglement is a strictly
quantum phenomenon that is not present in classical theory.
We do not believe this is actually true and begin with a
classical theory of entangled measures. This theory is quite
simple and does not have the depth and complexity of its
quantum counterpart. However, we believe that it can be
instructive and give insights into the quantum theory:.

Let M be the set of probability measures on N. We view
u € M as a probability vector u = {u;: i € N}, u; > 0,
S u; = 1 and write [|u||” = 3" u2. The support of u is
supp(u) = {i: u; # 0}. The entanglement index of u is the
cardinality of supp(u) and is denoted by n(w). The
entanglement number of u is

e(w) = [t [lul] = | S

| 1]

S 1/2 1/
= [Z w;i(1 — uz)]

We see that e(u)? is the average deviation of u from 1. We
say that u is a point (or Dirac) measure if u; = 1 for some
i € N. We say u is uniform it u; = u; whenever, u;, u; # 0.
If w is uniform, then n(u) < oo and w; = 1/n(u) whenever
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Theorem 1.1. (a) e(u) = 0 iff u is a point measure.
(b) If n(u) < oo, then e(u) < |(n(w) —1) /n(u)| and

equality is achzeved off u 1s uniform.

If w is uniform and n(w) # 1, we say that u is mazimally
entangled with index n(u). There is precisely one
maximally entangled u for every finite support in N. Also,

0<e(u) <1

Example 1. (a) If u; = up = 1/2, then e(u) = 1/4/2 and
u is maximally entangled with index 2. (b) If

Uy = up = ug = 1/3 then e(u) = 1/2/3 and wu is maximally
entangled with index 3. (¢) If uy =1/2, us = 1/3, ug = 1/6,

then e(u) = \/11/18. (d) If uy =1/9, up = 1/9, ug = 7/9,
then e(u) = v/30/9. We have

30<1< 11<\f
9 V2 \/ 18 3

so (d) < (a) < (c) < (b). (]
If u,v € M and A € [0,1], then Au+ (1 = ANv € M is a

mixture of u and v. It is easy to check that n is concave,
that is

nAu+ (1 =Xy > An(u) + (1 — A)n(v)



Theorem 1.2. If u,v € M, X € |0,1] we have
e Au+ (1 — Mol > de(u) + (1 — Ne(v)
and if X € (0,1) we have equality iff u = v.

Let M x M be the set of probability measures on N x N.
Thenu € M x M if u={u;;: 4,7 € N}, u;; >0,
> u;; = 1. As before

w= [~ (- 54)"

Also, e(u) = 0 iff u is a point measure. If v,w € M we
defineu =v x w € M x M by w;; = v;w;. We say

u € M x M is factorized, if u = v X w for some v, w € M.
If u is not factorized, then u is entangled. Notice that if
e(u) = 0 then u is factorized. The converse does not hold
because there are factorized w € M x M that are not point
measures. This does not hold in quantum mechanics and
gives an important difference between quantum mechanics
and the classical theory.

Example 2. (a) Let u € M x M be u1; = up = 1/2.
Then e(u) = 1/4/2 but u is factorized. (b) Let u € M x M
be w11 = u1s = uge = 1/3. Then e(u) = \/% and w 1s
entangled. ]



2 Quantum Statistics

Let H be a complex, finite-dimensional Hilbert space. A
pure state is a one-dimensional projection Py = |¢)(¢| on
H. A unit vector ¢ € H is a vector state. A context is a set
of mutually orthogonal pure states P¢; such that
> P = I. Equivalently, a context is an orthonormal basis
{@;} of vector states. A context is a complete set of minimal
nonzero sharp events. There are uncountably many contexts
for a quantum system. For a classical system described by
N, the minimal nonzero sharp events are the points of N so
the only context is N itself.

Let L(H) be the set of linear operators on H. For
A€ L(H) define |A] = (A*A)Y2 > 0. A state is a
p € L(H) such that p > 0, tr(p) = 1. Denote the set of
states by S(H). If p € S(H) and A € L(H) the
p-expectation of Ais E,(A) = tr(pA) and the p-variance of
A is

Vy(A) = B, [|A = E(A)I

In particular, for a pure state P

Ey(A) = Ep,(A) = (¢, A¢)
Vi(A) = Vi, (4) = (6,14 = (&, A | 6)



The complex vector space L(H) becomes a Hilbert space
under the H-S inner product (A, B) = tr(A*B). The H-S
norm becomes

1/2

1A]| = [er(A* A = [e(|AP)

Theorem 2.1. (a) Vp(A) =F, (|A\2) B |Ep(A)|2
() 1EA) < B, (|A]%) and V,(4) = 0 iff Ap'"* = cp'?

for some c € C.

Corollary 2.2. Vi (A) = <(/§, |A|2gb> — ¢, AD)|* and
Vis(A) =0 iff Ap = co for some c € C; that is ¢ is an

eigenvector of A with eigenvalue c.

For a context A ={¢;}, A € L(H) is measurable with
respect to A if AP, = Py A for all i. Then A¢; = Ey.(A)d;
for all 2. The only operators accurately described by A are
operators measurable with respect to A. We define the
context coefficient of A with respect to A by

eald) =[S ()]

By Corollary 2.2, c4(A) = 0 if A is measurable with respect
to A. We consider c4(A) as an indicator of how close A is to

being measurable with respect to A. Notice that A is
normal (AA* = A*A) iff c4(A) = 0 for some context A.



For A € L(H) and context A = {¢;} we can write

A= (b, Ad)|di) (bl + ) (i Ay o) ()]
j ]
We define the linear maps Ly, Ryq: L(H) — L(H) by

La(A) = (i, Ap:)|¢i) (il

(4

Ra(A) =) (i, Adj)lei) (4]
i)
Then A = L4(A) + R4(A) and we call L4 the context map
and R 4 the residual map. Notice that L 4 preserves
self-adjointness, positivity and states. In fact, L 4 is a

completely positive map and is a special case of a quantum
channel. Also L 4(A) is measurable with respect to A iff

L4(A) = A or equivalently R4(A) = 0.

Theorem 2.3. For any A € L(H) and context A,
[BA(A)[| = calA).

Thus, c4(A) = ||A — La(A)|| so c4(A) is a measure of
the closeness of A to L4(A).



3 Quantum Entanglement

We incorporate Section 1 and Section 2 to develop a general
theory of quantum entanglement. We restrict attention to
bipartite systems. Let Hy, Hs be finite-dimensional complex

Hilbert spaces and let H = Hy ® Hy. A state p € S(H) is
factorized if there exist p; € S(H1), p2 € S(Hz) with
p=pLQpy p€S(H)is separable if p=>Y_ N\ip; ® oy,

A >0, Z)‘Z =1, p; € S(H1>, g; € S(HQ) pr < S(H) 1S
not separable, p is entangled. A vector state ¢ € H is
factorized if there exist vectors ¢ € Hy, ¢9 € Hy with

YV = @1 ® ¢o. If 1 is not factorized, ¢ is entangled.

Lemma 3.1. If |¢)(¢| € S(H) is a pure state, the
following statements are equivalent (a) ) (1| is

factorized. (b) |) (1| is separable. (¢) v is factorized.

Let A ={¢:}, B = {1} be contexts for Hy, Hy with
dim Hy = dim Hs = n and let
M, = {A e M: supp(d) € {L.2,....n})

If A € M, we call (A, A, B) an entanglement and
(M,, A, B) an entanglement system.
Corresponding to E = (), A, B) we have a vector state

wE:Z\/Xi¢i®¢iEHl®H2

a pure state Pp = Py, a separable state
pE =D AiPosu, = ) NPy @ Py,
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and an entanglement operator

Bp =) V/AAj i) {65 @ |i)
i#]
From Section 1, since A € M we have defined e()). We use
this to define the entanglement numbers

e(Yp) = e(Pp) = e(d)

Conversely, if 1 € Hy ® H, is a vector state, then there
exists a Schmidt decomposition (A, A, B) where A € M,, is

unique and ¥ = > /A; ¢; ® ;. Thus, ¢ determines an
entanglement F = (A, A, B) such that ) = ¢ although A,
B are not unique. We then have

Pp = |YE)(VE| = pe + Bk

We consider pg as the separable part and By as describing
the entangled part of Pg. Letting

D=A®B={¢; @1}
be the corresponding context for H = H; ® Hy we have that
Pr = LD(PE) + Rp(PE)

Where Lp and Rp are the context and residual maps of
Section 2. Then ||Bg|| = ||Pe — prl| gives a measure of the
entanglement of Pg. The next theorem shows that our three
entanglement measures coincide.

Theorem 3.2. Cp(Bg) = ||Bg|| = e(¥r)



Let E = (a, A, B), F' = (8, A, B) be entanglements
belonging to the entanglement system (M,,, A, B). We have
the corresponding vector states ¥p = ) \/a; ¢; ® Y,

Yrp => VB¢ 1. For A € (0,1) we have the

entanglement
G=(Aa+(1—)\B, A, B)
and the vector state

Yo=Y VAai+ (1= XN @,
By Theorem 1.2 we have

e(tha) = e [Ada+ (1= N)B] > Xe(a) + (1 — Ne(B)
= Ae(YE) + (1 — Ne(Yr)

Example 3. Let (M3, A, B) be an entanglement system
with A = {¢;}, B = {¢;}. Define the vector states

@=%¢1®¢1+%¢2®¢2
5:%¢1®¢1+%¢2®¢2+%¢3®¢3
7:%¢1®¢1+%¢2®¢2+%¢3®¢3
5:%¢1®¢1+%¢2®¢2+\/g¢3®¢3
As in Example 1, e(a) = 1/v/2, e(B) = 1/2/3,
e(y) = +/11/81, e(d) = v/30/9 and we have
e(0) < e(a) <e(y) <e(p) m
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Until now we considered the entanglement number for a
pure state Py. We next discussed mixed states. If p is not
pure, then p has an uncountable number of decompositions
p=>_ NP, \i >0, > X\ =1 where P, are pure states.
Also p has a spectral decomposition in which the P; are
mutually orthogonal pure states.

Example 4. Let H = C* ® C?, {¢1, ¢»} a context for C*
and define ¢ = % (@1 + ¢2). Consider the separable state

p=735 (|0 ® @)@ |+ |61 ® d1) (01 ® 1)

The nonzero eigenvalues of p are 1/4 and 3/4 with
elgenvectors

1 = 5 (361 + d2) @ 1 + (61 + da) @ @)
g = 5[(d2 — 61) @ B1 + (D1 + P2) ® o]

The unique spectral decomposition of p is

w

1 3
P=1 Py, + 4 Py,
It is easy to check that 1, and 1)y are entangled. ]

Example 4 shows that a spectral decomposition cannot be
used to determine an entanglement number for a mixed
state. Indeed, since p is separable, its entanglement number
should be zero, yet e(Py,), e(Py,) > 0.
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We now define the entanglement number for a mixed
state p. Suppose p = > NP, A\ >0, > N =1, P, # Pj,
1 # 7 1s a decomposition of p into pure states P;. Let
A ={P,;} and define e4(p) = >_ Nie(P;). We define the
entanglement number e(p) by

e(p) = nflea(p)] (1)

Since a pure state has the unique decomposition P = P, (1)
reduces to the usual definition of entanglement number for
pure states. We say that the infimum in (1) is attained if
there exists an A such that e(p) = e4(p).

Theorem 3.3. The infimum e(p) is attained for some A.
Theorem 3.4. A state p is separable iff e(p) = 0.

Theorem 3.5. ¢(v)) is continuous in the norm topology
of H.

[t is an open problem whether e(p) is continuous in the
operator topology of H. We conjecture that this is true.
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