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As part of our longer term research objective of using the com-
plex structure and dynamics of matter to perform non classical
in materio computation, we show how to use NMR to perform
classical computation. We describe three different approaches of
using NMR to implement a single universal logic gate, and a cir-
cuit of these gates combined in parallel and in sequence that im-
plement other logic gates, including various optimisations, and,
in one case, a half-adder circuit. We then show how the three ap-
proaches are just specific instances of a more general approach
set in a rich parameter space, and discuss how this parameter
space might be exploited for more sophisticated computations.
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1 INTRODUCTION

Nuclear Magnetic Resonance (NMR) is used as an implementation technol-
ogy for quantum computation. Here we instead use NMR to perform classi-
cal computation. This is part of a longer term research objective of using the
complex structure and dynamics of matter to perform non classical in mate-
rio computation [1, 23]. Our long term aim is to discover the potential and
context of NMR as non-standard computing substrate; we are starting with a
classical approach in order to understand the capabilities and performance of
the medium and the technology.



The paper is structured as follows. First, we provide the necessary back-
ground to the NMR physics and technology needed for the rest of the paper,
and we explain how our approach differs from the traditional use of NMR for
quantum computation. Then we describe the NMR parameter space, and fo-
cus on the very small portion of it used so far. Next we describe three different
approaches of using solution-state NMR to implement a single universal logic
gate, and a circuit of these gates combined in parallel and in sequence that im-
plement other logic gates, including various optimisations. We round this off
by showing how one of these approaches scales, in the implementation of a
half-adder circuit. Then we show how the three approaches are just specific
instances of a more general approach set in a rich parameter space, provide an
initial classification of this space, uniquely defined outputs, etc, and discuss
how this parameter space might be exploited for more sophisticated compu-
tations. We conclude with a few suggestions on how this approach might be
extended to non-classical in materio computation. Full experimental details
are provided in Appendix B.

2 SOME BASIC PRINCIPLES OF NMR

2.1 Nuclear spins

NMR relies on the intrinsic property spin S of microscopic particles such as
protons or electrons. In quantum mechanics, spin is associated with a mag-
netic moment; for atomic nuclei the proportionality factor v is the gyromag-
netic ratio. -y is a specific quantity for a given isotope, and the vast majority
of elements in the periodic table are made up of at least one isotope with a
non-vanishing nuclear spin [13]. Here we consider only nuclei with S = 1/2.

When placed in a homogeneous magnetic field By, precession around the
main direction of the magnetic field results from the interaction of these
magnetic moments with the field (the Zeeman interaction), at a frequency
wo = —vBy (the Larmor frequency).

In this picture any, say, ‘H nuclei would have the same precession fre-
quency, regardless of the chemical nature of the compound in which they
reside. There are additional, smaller, effects that determine the final out-
come of NMR experiments and which are responsible for the huge success
of solution-state NMR as an analytical method over the past several decades.
Atomic nuclei are embedded in molecules and are in contact with the elec-
trons forming chemical bonds. The electronic environment varies slightly in
different, inequivalent parts of molecular structures, and nuclear spins resid-
ing in different such molecular sites experience slightly different local mag-



netic fields, because the surrounding electrons tend to shield the nuclei from
the effects of the external magnetic field in a site-specific manner. This effect
was discovered in the early days of NMR when physicists, aiming to deter-
mine the gyromagnetic ratio for some isotopes, noticed that they obtained
slightly different results, depending on the chemicals used for the measure-
ment [6, 19, 20]. This NMR effect is known as chemical shielding (CS), and
it represents an interaction between the nuclear spins, the surrounding elec-
trons, and the magnetic field B.

In addition, there are interactions between nuclear spins, especially when
in close proximity to each other. A nuclear spin senses the presence of an-
other nuclear spin nearby in the form of dipolar coupling. Dipolar coupling
can take the form of a direct through-space interaction (D) and as such is pro-
portional to the inverse cube of the internuclear distance, 3. Dipolar cou-
pling can also be mediated by bonding electrons, that is, by electrons shared
between nuclei. In this form it is an indirect interaction (J) and its value is a
complicated function of molecular structure.

All NMR interactions A = CS, D, J are anisotropic, having a magnitude
and a direction, and can be described by second rank tensors A*. The follow-
ing conventions apply to the uniform treatment of all these anisotropic NMR
interactions [10]. The isotropic part A2, , the anisotropy §*, and the asym-
metry parameter i relate to the principal elements of the interaction tensor
A according to A}, = (A}, + A, + A2,)/3: 6" = A}, — A},,; and
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M= (A, — Az,)/0% with | A2, — G |2 A3, — A, [2] A, — A, |-
n* can assume values between 0 and 1. Assignment of the principal axes is
always such that the direction of its z-axis corresponds to the principal value,
A?2,, furthest away from A, whereas its y-axis corresponds to the principal

value, A;), . closest to A7y, Together, the anisotropy 6* and the asymmetry
parameter ) describe the shape of the interaction tensor A*. It is commonly
in solid matter that fully anisotropic NMR interactions are displayed.

Here we take the greatly simplifying step in restricting our discussion to
the NMR of small molecules dissolved in non-viscous liquids at ambient con-
ditions. Under these conditions, rapid and isotropic molecular tumbling in so-
lution reduces the NMR interactions to their isotropic averages. Direct dipo-
lar coupling is not directly observable as its isotropic average is zero; only
€5 and wy., remain directly observable. Figure 1 sketches a hypothetical
example of the effect of J coupling.
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FIGURE 1

A sketch of a hypothetical solution-state 'H NMR spectrum of a small molecule with
three different hydrogen sites (a) in the absence of J coupling; (b) in the presence of J
coupling between two of the 'H nuclei in the molecule, leading to a splitting | Wi, |
of two of the three resonances into doublets.

2.2 NMR and quantum computing
J-coupled networks of spin-1/2 isotopes form the basis of quantum computing
implementations in solution-state NMR by manipulating and exploiting the
entangled states represented by the network of mutually coupled spins [4, 5,
9, 15].

Here, however, we take another simplifying step and drop J coupling from
the agenda: we consider spin systems where w<? is the only NMR interaction

180
present.

2.3 Manipulating spins
Basic experiment
The first step in any NMR experiment is the establishment of net nuclear spin
magnetisation by placing the sample in a homogeneous magnetic field By,
reaching thermal equilibrium according to the Boltzmann distribution of the,
loosely speaking, ‘spin up’ and ‘spin down’ states. This net magnetisation is
conveniently described in a rotating frame of reference, where the frame ro-
tates around the main By direction at the same angular velocity as the Larmor
precession of the nuclear spins, wg. In this rotating frame the net magnetisa-
tion appears static and, in our case, may be represented by a vector S along
the B direction, symbolising the equilibrium magnetisation (see figure 2).
Application of a radiofrequency (rf) pulse at the appropriate frequency and
perpendicular to By tips the magnetisation vector S away from the z-direction
toward the xy-plane. The flip angle depends on the amplitude and duration
of the pulse; it is common to refer to, for example, /2 (90°) or 7 (180°)



FID

detection
coil

time
Fourier
Transform

Spectrum I

x r.f. pulse

C)

[Hz]

FIGURE 2
Manipulating spins and observing results: (a) the magnetic field and magnetisation
vectors; (b) the observed free induction decay; (c) the Fourier-transformed spectrum.

pulses. After the pulse, the xy-magnetisation starts to dephase; the decay is
monitored in the receiver coil as a free induction decay (FID).

Finally, after Fourier transformation of this time-domain data, the NMR
spectrum is obtained in the frequency domain. The decay of the signal in
the time domain occurs with a characteristic time constant (relaxation time
Ty) and equilibrium magnetisation is restored with another characteristic time
constant (relaxation time T7). T; = T in our scenario of small molecules in
non-viscous solvents at ambient conditions.

Spin echo

Rf pulses may be applied not only to equilibrium magnetisation. Consider
the magnetisation vector S tipped to the xy-plane and aligned with, say the
y-direction. If we apply a 180° 1f pulse with phase ¢, S will be flipped
to the —y-direction (see figure 3). In short: by combining 180° rf pulses
applied to xy-magnetisation with suitable delays, one can create echoes of
the NMR signal at specific points in time. These concepts of 7 rotations are a
fundamental building block in numerous NMR experiments, usually referred
to as ‘spin echo’ or ‘Hahn echo’ [11, 13].

Pulse profile
Consider the excitation profiles associated with rf pulses of different shapes
and amplitudes [8, 17], figure 4. Note that we can obviously choose between



FIGURE 3

Spin-echo experiment employing intervals 74 of free evolution of spin vectors S and
a m, pulse applied to xy-magnetisation. During the first 74 interval the spin vectors
S evolve (rotate) according to their frequency offset from the transmitter frequency
(rotating resonance frame): on resonant is static (light grey); slightly off resonant is
slow (dark grey); further off resonant is faster (black). The 7, -pulse inverts the y-
components of the S vectors, inverting their order, causing a complete refocusing of
the spin vectors after a second interval 74, and a spin-echo is formed.

exciting a narrow frequency band with, for example, a Gaussian-shaped pulse
(“selective” excitation) and exciting a wider frequency range by applying hard
pulses (“non-selective” excitation).

Magnetic field gradient

Consider the effects of an additional magnetic field gradient along the z-
direction of By. This is symbolised in figure 5. Without the z-gradient, in
a homogeneous sample in a homogeneous field B, the Larmor frequencies /
resonance conditions for identical particles/spins are identical throughout the
sample volume. In the presence of the z-gradient, the resonance conditions
vary as a function of space and according to the gradient strength, adding B,
and By.

B, could be either a static gradient or a pulsed gradient (switched on and
off). In either case, a magnetic field gradient allows the molecular mobility in
solution to be monitored (different molecules diffusing through the sample at
different rates) by carrying out experiments which label the NMR response of
a molecule with its dynamic history. This is usually achieved by using pulsed
gradients at specific times in a NMR pulse sequence.

Otherwise, field gradients enable us to define spatial regions in the sam-
ple (the basis of magnetic resonance imaging, for example in medical ap-
plications). This is achieved by using gradients both during the NMR pulse
sequence and the following data acquisition.
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FIGURE 4
Excitation profile (a) of a high amplitude, rectangular pulse (a “hard pulse”); (b) of a
low-amplitude, Gaussian-shaped pulse
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FIGURE 5

A magnetic field in the absence (left) and presence (right) of a magnetic field gradient.
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3 THE NMR PARAMETER SPACE

Having introduced the basic NMR concepts, we recast these in the context
of a NMR parameter space for the construction of logic gates. Even having
restricted our NMR operational base to the simplest of possible NMR cases,
we have a rich parameter space to work with. In solution-state NMR options
for defining input exist in the NMR experiment itself, in external experimental
conditions, and in the set of chemical and physical properties of the samples
chosen.

The NMR experiment itself includes rf pulses, delays, and data acquisi-
tion. Data acquisition is characterised by its duration 7,, the phase of the
receiver ¢,, the observation frequency w,, and options for coherence selec-
tion by phase cycling [7, 14]. Various different delays of different durations
T4 can be implemented in a pulse sequence (for example, in a spin echo ex-
periments). A versatile selection is provided by the rf pulses which are char-
acterised by their amplitude x,,, duration 7, frequency w,,, and phase ¢,. In
addition, the shape of rf pulses can be varied, as can the number of pulses
applied in a sequence.

Experimental conditions primarily concern the magnetic field(s) involved:
the homogeneity 0By /0r and stability 9 By /0t of the external magnetic field,
as well as the properties of pulsed (or static) additional magnetic field gradi-
ents 02 B, /Orot.

Choice of sample is another rich field of potential choices to define in-
put parameters. In terms of NMR properties, we can work with single- or
multiple-component samples, yielding spectra with single or multiple NMR
resonances, depending on the chemical shielding values wS5. In addition,
selective, full, or random isotope-labelling broadens this choice. Different
chemical compounds and sample preparations, as well as the use of different
isotopes, lead to different values of the T; and T, relaxation times. Physical
properties of samples such as self-diffusion d¢(r, t) /0t in solution make bulk
properties of samples available for the choice of input parameters.

Output parameters occupy a similarly rich space. The orientation of the
magnetisation after a rf pulse sequence (x,y, z, —x, —y, —2; ax + by + cz2),
the FID itself, integrated signal intensities, the number of resonances detected
and/or their relative intensities, all offer a flexible basis for defining suitable
output parameters.



4 SOLUTION-STATE NMR IMPLEMENTATIONS OF LOGIC GATES

We have briefly introduced all necessary ingredients for the implementation
of logic gates by NMR. The options include the construction of extended
gates and circuits, where the wiring of a more complicated circuit is imple-
mented by a script in the spectrometer software which carries forward output
from one experiment as input to the next. Here we discuss three specific im-
plementations of logic gates and more extended circuits that take advantage
of various different choices of input and output parameters from the NMR
parameter space. Figure 6 shows the pulse sequences used in these exam-
ples; figure 7 summarises the logic input and output parameter assignments
for each of the implementations. Specific experimental details are given in
Appendix B.

Output. In all the approaches considered below, we chose the integrated
spectral intensity as the output parameter. The value of this integral depends
on whether the detected signal is “absorptive”, “dispersive”, or has zero am-
plitude, which in turn depends on the relative phases of rf pulses, receiver and
starting magnetisation.

Dispersive and zero-amplitude signals yield a zero integral; absorptive sig-
nals a non-zero integral (see figure 8). Because of noise, “zero” means below
and “non-zero” above a certain threshold value; see Appendix B for details of
the threshold used in the experiments.

A zero integral is interpreted as bit value 0, a non-zero integral as 1.

5 APPROACH 1: DIFFUSION ORDERED SPECTROSCOPY (DOSY)
RELATED EXPERIMENTS

By exploiting diffusion properties of different chemical compounds in solu-
tion, this implementation rests on a bulk property of the sample (Diffusion
Ordered SpectroscopY: DOSY [12]).

We chose a pulsed gradient spin echo (PGSE) sequence [2] for this ap-
proach to the implementation of logic gates (figure 6a). The implementation
of a two-input universal logic gate was carried out with a two-component
sample. These two components, chloroform and polymethyl siloxane, dis-
solved in deuterated chloroform, produce two single, well separated signals
in the "H NMR spectrum of the sample (figure 9).

The two components greatly differ in their diffusion properties: chloro-
form has a much higher diffusion coefficient than polymethyl siloxane and,
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FIGURE 6

Basic pulse sequences used on the different approaches to the implementation of logic
gates: (a) a pulsed-gradient spin echo (PGSE) sequence; (b) a double pulsed-field-
gradient echo (DPFGE) sequence; (c) a spin-echo-based slice selection sequence.
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Approach 1: DOSY-related implementation
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Input 2
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Approach 2: Selective excitation implementation
2.a. Single signal implementation
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Approach 2: Selective excitation implementation
2.b. Parallel implementation
in multi-component sample
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Approach 3: Slice selection implementation
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FIGURE 7

Summary of the logic input and output parameter assignment for each of the logic
gates implemented within this section. Approaches 1 and 3 implement a NAND gate;
approach 2 implements a NOR gate.
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NMR frequency spectra obtained when detecting the signal along the the +x-axis and
the magnetisation pointing along (a) -z-axis: absorption; (b) £y-axis: dispersion; (c)
+z-axis: zero

accordingly, we expect strongly differing responses of the two components
to the presence of pulsed gradients. This is because the trajectories of the
faster-diffusing compound spread over a wider range of space, and therefore
of resonant frequencies in the magnetic field gradient. The 'H NMR signal of
chloroform is expected to be much more strongly attenuated by diffusion than
the 'H NMR signal of the polymer molecule polymethyl siloxane [3, 12].

Input parameter one: gradient strength. Gradient strength (x,4) and du-
ration (74), as well as the duration of the pre-acquisition delay (74) in the
PGSE experiment are all parameters that can be modified experimentally to
alter the extent of the effect of diffusion on the intensity of an echo signal
(figure 6a).

Here we chose to fix both 74 and 74 and to modify the gradient strength
kg. With a low gradient strength, the effect of diffusion on both echo signal
intensities is minimal as only a very small space-dependent phase shift is then
introduced. High gradient strength causes more extensive space-dependent
dephasing. With bulk diffusion randomly altering the position of the spins in
the sample, for a more rapidly diffusing compound, this results in incomplete

12
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FIGURE 9

'H-NMR spectrum of a mixture of chloroform and polymethyl siloxane, where the
rotating frame frequency is that of the chloroform signal. The magnetization aris-
ing from chloroform is therefore static in the rotating frame whereas the polymethyl
siloxane magnetization rotates with a AwS5 frequency.
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refocusing of the magnetisation and a strong attenuation of the resulting echo
signal.

So gradient strength represents our first input. A strong gradient (strong
enough to dephase the chloroform 'H signal, but not strongly affecting the
'H signal of polymethyl siloxane) represents first input bit value 1; a weak
gradient (leaving both 'H resonances largely undisturbed) represents bit value
0.

Input parameter two: delay. As the second input, we chose an experi-
mental parameter which affects only the 'H NMR signal of the slower dif-
fusing component. In order to achieve this, the transmitter frequency of the
tf pulses was set on resonance for the chloroform 'H resonance. This res-
onance, therefore, always appears static in the rotating frame and only the
'H magnetisation of the polymethyl siloxane evolves in this frame in the xy-
plane. This off-resonance signal develops a phase shift in the rotating frame,
depending on the difference in resonance frequency Aw(> between the two
components. We exploited this phase shift between on- and off-resonance
signals as our second input by delaying the start of the data acquisition by 74
(figure 6a). If we choose the point in time when a 90° phase shift has devel-
oped to start the data acquisition, the off-resonance signal will be dispersive
if the on-resonance signal is absorptive (see figures 8, 10b). The dispersive
signal has a zero integrated intensity.

So data acquisition delay represents our second input. The presence of
the delay 74 in the PGSE experiment represents second input bit value 1; its

absence represents bit value 0.

Output. We chose the total integrated spectral intensity as the output pa-
rameter. A zero total integral is interpreted as bit value 0, a non-zero total
integral as 1.

Results. Figure 10 shows our experimental spectra of 'H NMR PGSE ex-
periments, acquired with the four possible combinations of the input parame-
ters k4 and 74.. The corresponding truth table is that of the NAND gate.

Possibilities for parallelism

In this implementation, each PGSE experiment corresponds to one logic gate.
Therefore, in order to construct more complicated logic gates, based on com-
binations of several NAND gates, as many PGSE experiments as NAND gates

14
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FIGURE 10

Truth table of the NAND logic gate, as implementated by a DOSY-related experi-
ment. Spectra are shown for experiments acquired with each of the four possible input
combinations: (a) 00; (b) 0 1;(c) 10;(d) 1 1.
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need to be executed. We did implement such gates in this manner (for in-
stance, XOR and AND; data not shown) but there is little prospect for paral-
lelism with the DOSY-based approach. If one wanted to carry out simultane-
ous gates in DOSY experiments, one would have to opt for multi-component
samples. While it is perfectly possible to fully control absence/presence and
relative phases of the 'H NMR signals of just two components with vastly dif-
ferent diffusion coefficients, this is not a realistic option for multi-component
samples made up from compounds covering a range of diffusion rates. It
would probably be necessary to use sequential parameter control, and not
much would be gained over multiple experiments. It is for this reason that we
now abandon the DOSY approach and explore further options.

6 APPROACH 2: SELECTIVE EXCITATION

6.1 Selective excitation experiments: first steps with single-component
samples

This implementation uses the absence or presence of an on-resonance 90°

pulse as an input controlling the presence or absence of a signal in the NMR

spectrum. Applying an off-resonance rf pulse and introducing an appropriate

delay 74 the phase of the resulting signal can be varied between absorptive

and dispersive (figure 11).

Input parameter one: pulse on/off resonance. A 90° pulse applied on res-
onance represents the first input bit value 0; no 90° pulse (that is, rf amplitude

wp > w5 represents bit value 1.

Input parameter two: delay. A delay 7; = 0 represents the second input
bit value 0; a delay 74 causing a 90° phase shift represents bit value 1.

Output. We again chose the total integrated area as the output parameter
for this implementation. A zero total integral is interpreted as bit value 0, a
non-zero total integral as 1.

Results. Figure 12 shows NMR spectra obtained for the four possible com-
binations of inputs. It can be seen that only one signal is now needed to
implement a logic gate. The truth table is that of the NOR gate. It is ob-
vious that in a single-signal situation it does not matter if the pulse applied
is hard or soft (i.e. selective), as the same result will be achieved with both

16
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The phase of an off-resonance signal can be controlled by varying the starting point
of the acquisition time after a 90°pulse is applied to the equilibrium magnetisation. If
the signal is phased so that an absorptive peak is obtained for 74 = 0, an appropriate
duration of 74 can be introduced so that the off-resonant magnetisation acquires a
90°phase shift, producing a dispersive peak.

types of rf pulses. With this single-component implementation, possibilities
for parallelism are limited but now we have room for improvements by using
multi-component samples in conjunction with selective pulses.

6.2 Selective excitation experiments: multi-component samples
Selective pulses can be independently applied at different transmitter frequen-
cies for independent control of the presence or absence of different signals.
The phase of the selective pulses can also be modified, resulting in differ-
ent phases of the signals produced. For example, exciting the equilibrium
magnetisation with a (90°), pulse will produce a signal that is 90° out of
phase with respect to that obtained with a (90°),, pulse. Using pulse phases
enables independent signal-phase control, which allows us to abandon phase
control using delays which we used in the previous approaches, but which
is not practical for multi-component systems. Using the rf pulse off-set and
phase parameters, two-input logic gates can now be implemented in parallel
by using a multi-component sample and assigning each gate to a signal.
When it is desired to select more than one signal within one pulse se-
quence, a double pulsed-field-gradient echo (DPFGE) [18] sequence can be
used (figure 6b). In this experiment, equilibrium magnetisation is initially
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FIGURE 12

Truth table of the NOR gate, as implemented by selective excitation and delay-based
signal phase control in a single component sample. Spectra for the four possible input
combinations are shown: (a)00;(b)01;(c)10;(d) 11
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brought to the xy-plane by a non-selective 90° pulse, followed by two gradi-
ent spin echoes. Normally hard 180° pulses would be used for refocussing,
but now are replaced by trains of selective 180° pulses, composed of as many
pulses as signals are necessary to be selected. The first gradient spin echo
refocuses the signals at the chosen frequency (or frequencies) while gradients
dephase the magnetisation that is not inverted. The second echo refocuses the
chemical shielding evolution that occurs during the experiment and eventu-
ally produces a spectrum of in-phase signals.

Input parameter one: offset. The offset of the selective pulses w), repre-
sents one of the inputs for this approach to the implementation of logic gates.
If the offset is such that the selective pulse is applied on resonance for the fre-
quency of a given component, then a signal is obtained. A large offset causes
the selective pulse to be applied outside the NMR spectral range and does not
excite any magnetisation, therefore not producing a signal.

A selective pulse applied on-resonance represents the first input bit value
0; a selective pulse with a sufficiently large offset represents bit value 1.

Input parameter two: phase. The second input parameter is the phase
of the selective pulse, ¢,, which, as we have seen, affects the phase of the
resulting signal. If in the DPFGE experiment, the selective 7 pulses in the
first half of the pulse sequence are shifted by ¢, = 45°, this results in a 90°
out-of-phase signal. Not applying the phase shift ¢,, to the selective 7 pulses
yields an absorptive signal.

A non-phase-shifted selective 7 pulse represents the second input bit value
0; a phase-shifted selective 7 pulse represents bit value 1.

Output. The output is the integrated spectral intensity at the chosen res-
onance frequency. A zero integral is interpreted as bit value 0, a non-zero
integral as 1.

Scaling up and achieving parallelism

Unlike in the DOSY-based approach where each experiment implemented a
single logic gate, now several logic gates can be implemented in a single
DPFGE pulse sequence. All we need is a sample giving rise to as many
reasonably well resolved resonances as are needed for the simultaneous im-
plementation of logic gates. In addition, the pulse sequence needs to be set
up such that it includes the necessary number of selective pulses.
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FIGURE 13

(a) 'H-NMR spectrum of mixture of (A) chloroform, (B) dichloromethane, (C) ace-
tone and (D) polymethyl siloxane in deuterated chloroform; (b) a DPFGE experiment
recorded with the same sample where each of the four possible input combinations
assigned for the implementation of a logic gate have been implemented on a differ-
ent signal : chloroform (0 0), dichloromethane (0 1), acetone (1 0) and polymethyl
siloxane (1 1). The implemented truth table is that of the NOR logic gate.

20



Figure 13a shows the conventional 'H NMR spectrum of a mixture of four
compounds (chloroform, dichloromethane, acetone and polymethyl siloxane).
The 'H NMR DPFGE experiment now requires four selective pulses for the
handling of four independent components in the 'H NMR spectrum in order
to implement four logic gates simultaneously. This is shown in figure 13b
where four NOR logic gates, one for each of the four possible input combi-
nations, are implemented, one with each of the spectral components.

As shown in figure 13b, each gate is associated with a signal with specific
inputs (offset and phase) of the shaped pulse that selects it. It is therefore
straightforward to scale up this implementation to execute a large number
of logic gates in a single experiment, as the control of the presence/absence
and/or phase of each signal is completely independent. (In the DOSY Ap-
proach 1, multicomponents are a problem because their diffusion properties
are being used; here multicomponents are usable because their resonance
properties are being used.)

As the NOR logic gate is universal and can be used to construct all other
basic logic gates, the ease with which parallelism is achieved in this approach
can be used to reduce execution times in NOR-based logic gates and other
complex circuits. The limits to the extent of parallelism achievable are given
by the availability of suitable multicomponent samples, by spectral resolu-
tion and by the duration of the trains of selective pulses in the DPFGE ex-
periments. T; and Ty relaxation limit the useful duration of any selective
excitation pulse sequences. In fact, long relaxation times in NMR are ben-
eficial in this circumstance, unlike the case when using NMR in its role as
analytical tool.

Example: an AND gate built from three NOR gates

Figure 14 shows how an AND gate can be constructed from three NOR gates.
It also shows a step-by-step description of the implementation of the gate.
The first two gates can be run in parallel, which is possible with the selective
excitation approach described above. The last NOR gate needs to be run in
a different experiment, as its inputs depend on the outputs of the previous
two NOR logic gates. Therefore, two experiments are needed to complete the
AND logic gate. The sample used for this implementation needs to give rise
to a minimum of two signals for the desired parallelism to be achievable.

It can also be noted that in this circuit the two first logic gates can have
only 0 0 or 1 1 input values. In practice, the two inputs for each gate can be
set manually for the initial experiment. Another possibility is to write a script
for the spectrometer software so that given one of the inputs (for example, the
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FIGURE 14

The construction of an AND logic gate based on NOR universal logic gates (top) and
step-by step description of the spectra obtained for the two experiments needed to
complete the implementation for each of the four possible input combinations (bot-
tom).
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pulse offset), the other input (for example, pulse phase) is changed accord-
ingly to establish either a 1 1 or 0 O situation. This would reduce set-up time,
and can be considered to be a “compiler optimisation” step.

A script is also needed so that integration is carried out on each of the
selected frequency ranges at the end of the first experiment and their value
is translated into the inputs for the final acquisition. In this sense, the script
acts as the “wires” of the circuit (performing a fixed signal transduction oper-
ation), and is not performing any actual computation (again, it is a compile-
time function).

The integrated area of the spectrum obtained in the last experiment indi-
cates the output of the completed AND gate.

7 APPROACH 3: SLICE SELECTION EXPERIMENTS

To achieve parallelism, the implementation of logic gates based on selec-
tive pulses that we have described in the previous section relies on having a
sample made of a mixture of components that produce signals with adequate
spectral resolution. This can be difficult to obtain when many signals are
needed to achieve a high degree of parallelism. It may be useful to devise
implementations of logic gates that would also allow some degree of paral-
lelism but could be carried out on a single-component sample. In that sense,
slice-selection NMR experiments are a good starting point.

Figure 6¢ shows a basic 1D spin-echo-based slice selection experiment
[2, 16] which we use on a single component sample (chloroform in deuter-
ated chloroform). Initially a non-selective 90° pulse is applied to the equi-
librium magnetisation. This brings the magnetisation to the xy-plane where
it rotates with its characteristic frequency wS,5. A magnetic field z-gradient
g1 is then switched on, causing the rotating frequency to acquire a phase shift
dependent on the position along the z-axis of the sample during a delay 7.
This creates a frequency profile of the sample as w5 now depends on posi-
tion by sampling the combined effects of By and B (see figure 5). Slices of
such a distribution of resonance frequencies can be extracted with selective
180° pulses. The magnetisation inverted with such selective pulses will be
refocused (spin echo) whereas the rest of the magnetisation, outside the exci-
tation profile of the selective pulse, will continue to dephase, not giving rise
to any detectable NMR signal.

As the experiment is performed on a single-component sample, if no gra-
dient was present during the acquisition time, the refocused magnetisation

would appear as a single signal at frequency wgos in the resulting spectrum.
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In that case, the intensity of the signal would be related to the total width of
the selected slices. The presence of another magnetic field gradient g, during
acquisition allows the separation of signal contributions arising from different
slices in the sample (g2 and g; may or may not be equal). The shape, ampli-
tude and duration of g; are critical to define the frequency range over which
slices can be selected. Wider frequency ranges, caused by stronger gradients,
will obviously result in less intense signals for equal slice widths.

NMR spectra obtained with this type of experiment are the Fourier trans-
form of an echo signal and hence display oscillating phase behaviour. If ab-
sorptive signals are desired, spectra need to be displayed in magnitude mode
(absolute intensity mode). This means that any phase information is lost.
Therefore, in this implementation, instead of controlling the absence/presence
and the phase of a single NMR signal (as in approach 2), we now control the
absence/presence of two NMR signals for the construction of a two-input
logic gate.

Input parameters: selective pulse offsets. For the implementation of a
single two-input logic gate, the pulse sequence (figure 6¢) includes two selec-
tive pulses, wy, , each of them associated with a different sample slice, and
the selective pulse offsets are chosen as the two inputs parameters.

A selective pulse that excites the 'H magnetisation in a sample slice (the
location of which is a function of g;) represents first/second input bit value
0; a selective pulse applied outside the 'H resonance frequency range of the
sample represents bit value 1.

Output. The output is defined as the integrated area of the spectrum. A
zero integral is interpreted as bit value 0, a non-zero integral as 1.

Results. Figure 15 shows spectra for the four possible combinations of
these logic inputs. The truth table obtained is that of the NAND logic gate.
Being universal, it is possible to construct all other basic logic gates with this
approach.

Scaling up and achieving parallelism

Parallelism can be achieved by increasing the number of selective pulses ap-
plied within the pulse sequence. Each pair of addressed sample slices would
be a NAND logic gate, and several could be implemented within a single
pulse sequence. However, scaling up is not as straightforward as when using
selective excitation in a multicomponent sample, as every time a new selective
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FIGURE 15

Truth table of the NAND gate, as implemented by a spin-echo-based slice selection ex-
periment in a single component sample (chloroform in deuterated chloroform). Spec-
tra for the four possible combination of inputs are shown: (a) 0 0; (b) 0 1; (c) 1 0; (d)
11.
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pulse is introduced in the pulse sequence careful optimisation of experimen-
tal parameters (e.g. delay 74, starting point and duration of acquisition) is
needed. The number of gates that can be run in parallel is restricted, among
other factors, by the duration of the selective pulses. To select a larger num-
ber of slices from a certain sample profile, pulses need to be made longer to
excite narrower frequency ranges. As in the previous approach, T; and T re-
laxation limit the useful duration of the selective experiment. Increasing the
gradient strength g; increases the width of the resonance-frequency profile
over the sample and can make it possible to increase the number of slices se-
lected. However, the intensity of the resulting signals will be less for identical
slice thicknesses. The compromise between these factors (gradient strength
k4 and pulse duration 7,,) is what ultimately dictates the extent of parallelism
that can be achieved with this implementation.

8 A HALF-ADDER CIRCUIT

Here we show how approach 2b, selective excitation with multi-component
samples, can be used to implement a complex circuit: a half adder circuit
implemented from NOR gates.

All the implementations described above can be used to implement a cir-
cuit such as the half-adder. Approaches 2 and 3, which allow parallelism,
reduce the execution time with respect to approach 1. Selective excitation
in a multi-component sample is chosen for this example, as it is the most
straightforward of the two implementations for the level of parallelism and
sample complexity needed when implementing a single half-adder circuit.

The half-adder circuit is slightly more complicated than a basic logic gate.
It performs the addition of two one-bit binary numbers, producing a sum and
carry values. Figure 16a shows the half-adder circuit, which is formed by
connecting XOR and AND logic gates. This circuit can be constructed solely
from universal NOR gates if the XOR and AND gates are substituted by their
NOR-based equivalents. The resulting circuit is shown in figure 16b.

Note that part of the NOR-based circuits for the XOR and AND gates are
identical, and even have the same inputs in the half-adder circuit. Making use
of this fact the half-adder circuit can be simplified (figure 17, top) to a NOR-
based circuit that is similar to a NOR-based implementation of an XOR logic
gate. The only difference is that the carry value is read out directly from the
output of one of the intermediate NOR logic gates, as shown in figure 17, and
the sum corresponds to the XOR gate output.

A sample that gives rise to a minimum of two 'H NMR signals is needed
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FIGURE 16
Half-adder circuit (a) constructed from an XOR and an AND gate; (b) constructed
from only NOR gates.

for the DPFGE-based [18] implementation of a half-adder with the NOR-
based circuit. This is because gates 1 and 2 can be run in parallel, and so
can be gates 3 and 4. Three separate experiments are needed to complete the
implementation. The first experiment is identical to the first acquisition for
the NOR-based AND gate (described above). The inputs correspond to the
two one-bit binary numbers that are to be summed. In the second experiment,
one of the NOR gates (4) is run with its two inputs corresponding to the inputs
of gates 1 and 2. The inputs for gate 3 are given by the integrated area of the
signals produced by gates 1 and 2 in the first experiment. The output of gate
3 is read as the carry of the sum. The third and final experiment contains
only one NOR logic gate whose inputs are given by the integrated area of the
signals produced by gates 3 and 4 in the second experiment. The output of
gate 5 is the sum of the two one-bit binary numbers.

9 TIMINGS

An NMR experiment can be segmented into the following parts:

1. pulse sequence: the time during which rf pulses and delays are applied
to the spin system in order to create the spin state

2. acquisition time: the time during which the NMR signal FID is detected
until it has completely decayed
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Simplified NOR-based half-adder circuit (top) and a step-by step diagram of the inputs

and outputs for each of the three DPFGE experiments needed to complete it (bottom).
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approach | pulse sequence acquisition recovery | total

1 802.1 ms 2.8s 1s 465
2a 93.7 ms 15s 1s 26s
2b 163.4 ms 25s Is 3.7s
3 20.4 ms 23.0 ms 1s 1.0s

TABLE 1

Experiment times for the individual gates in the various approaches.

3. recovery time: the time during which the system is relaxing to thermal
equilibrium (necessary to continue with the next experiment)

The overall time it takes to run a single sequential gate is the sum of these
three times. (We include the recovery time even for single gates, for unifor-
mity of comparison, since it is the critical component in multiple sequential
experiments used to implement circuits.)

The results for our experiments are shown in table 1. The half adder takes
7.3 s in total to execute.

10 DISCUSSION AND OUTLOOK

10.1 Constructing gates

We have demonstrated how to use NMR to execute logic gates. Three method-
ologically distinct, but very basic, NMR experiments have been explained to-
gether with their interpretation in the field of logical operations. In a more
general picture we now discuss the peculiarities of using NMR to implement
logic gates. A logic gate in its general form can be seen as consisting of
three parts: input — gate operation — output. The operational flow chart of
a general NMR logic gate is shown in figure 18.

A typical gate has one, two, or more inputs. Without loss of generality
we restrict ourselves to gates with two inputs; the important universal gates
are of this kind. For the NMR version of a logic gate the input to the NMR
experiment is generally all of the NMR parameters introduced (see earlier) at
their default values. These values are defined by the actual NMR implemen-
tation (for example, the three implementations discussed above). In order to
control the gate operation it is necessary to choose a pair from these param-
eters as the actual two inputs and map values of these to a two-state logic. It
is generally permitted to pick any suitable pair of parameters to construct a
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Schematic of the operation of a general NMR logic gate.
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gate; it would even be possible to construct the two members of the input pair
from a group of parameters changing simultaneously. In an abstract view the
gate is dependent on the total NMR parameter space, but is driven only by
the parameters from a small subspace. The huge size of the NMR parameter
space and the enormous scope for combinations of parameters allows for a
plethora of possible input pairs. Here we examine which kind of gates can be
implemented using which kinds of input parameters, giving a classification
of the parameters and their mapping to logic input.

The actual gate operation is conducted by the NMR experiment, which
consists of a spectrometer executing an rf pulse program on a chosen sample
by interpreting the input parameters. As demonstrated above, there is a large
number of possible NMR experiments, achievable by changing the rf pulse
sequence, the sample, or the spectrometer hardware. All this adds to the
possibilities of implementing various gate operations.

The output of the NMR experiment, and therefore the gate, is basically the
trajectory of the magnetisation vector as detected by the magnetic induction
in the receiver coil, typically recorded as an oscillating electric time signal.
This output is mapped onto a logic two-state set according to variations of the
time signal for various inputs. Changes in oscillation frequency, amplitude,
phase, and duration are typical effects. It is common in NMR to analyse the
oscillatory and phase behaviour of the time signal by a frequency analysis
using Fourier transformation. This yields frequency-domain spectra display-
ing resonance lines. Therefore, a typical mapping onto a logic output is the
appearance or disappearance of a resonance line, a change in its phase, etc.

10.2 Classification of parameter space

In the following we analyse the possibility of constructing any of the possible
16 two-input logic gates by a chosen pair of input parameters and a suitable
output parameter. We analyse and characterise the difference in physical na-
ture of the various input parameters (amplitude, frequency, duration, phase,
etc.) and their influence on possible gate implementations.

One of the simplest NMR experiments is a 7r/2-pulse sequence (see figure
19) applied to a sample consisting of a single spin species, displaying only
a single value wgf . In this kind of experiment the magnetisation vector is
tipped from its equilibrium position along By by an angle of 7/2 into the xy-
plane resulting in a spectrum with a single Lorentzian shaped resonance line.
A /2 pulse is the basic building block of all NMR pulse experiments. The
7 /2-pulse sequence can be parametrised by 5 parameters. All other parame-

ters take default values. Four parameters control the 7 /2 rf pulse Kps Wps Tps
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FIGURE 19
7 /2-pulse sequence with the relevant experimental parameters

¢p, and one parameter controls the phase of the acquisition ¢,. They take the
values ), = k3%, wy, = w5, 7, = 77/, ¢, = x and ¢4 = —y. The flip

angle of the pulse is given by

w/2,_m/2 ™
B = kr/?rr/ =5 (1)

Mapping logic states to input and output parameters: 7/2-pulse experi-
ment applied to z-magnetisation. Picking &, 7, as the two NMR param-
eters to control the logic gate inputs, a possible mapping of these parameters
to the logic states 0 and 1 is

0 :kp=0

Input 1 := Y (2
D Rp = Kp
0 :7,=0

Input 2 := 1 mo—/? 3
Ty =Tp

The experimental effect of altering these parameters is only to flip the
magnetisation vector to the xy-plane if both inputs are 1, and hence a signal
is detectable. If any of the inputs is zero no signal can be detected.

A possibility is to map the integrated area of the obtained spectrum S (w)
toOand 1 as
0 : f;j S(w)dw =0
Lo [0 S(w)dw #0

The resulting truth table of this configuration reveals a logic AND gate.

Output := { “4)
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The mapping of the input parameters x,,, 7, to the logic states 0 and 1
shown in equations (2) and (3) is not unique but allows for a total of 2 x 2
permutations. Analysis of these four mappings reveals the four logic gates
AND, >, <,* and NOR. Applying the same reasoning to the mapping in
equation (4) for the output parameter provides additional configurations for
OR, >, < and NAND gates. These are logic gates that have precisely one 1
(or precisely one 0) as output in their truth table.

Note that identical gate operations can be obtained by starting with —y-
magnetisation instead of remapping the output from working with z-magnetisation
(see Appendix A).

A different logic behaviour can be achieved when the parameters ¢, ¢,
are chosen as input and all the other parameters take values typical for a 7/2-
pulse experiment. The logic gate input can then be mapped like

0 :pp=2
Input 1 := 5)
{1 P =y
0 ==
Input 2 := (6)
{1 : ¢a =Y

The experimental effect of altering input 1 is to rotate the magnetisation vec-
tor about either the x- or y-axis hence placing the magnetisation vector along
—y- or x-axis respectively after the 7 /2-pulse. Input 2 controls along which
axis the magnetisation is detected. Choosing an output mapping identical to
the one given in equation (4), the respective truth-table is describing a XOR
gate. Applying the permutations to the input mapping as described before,
there are again 2 x 2 permutations possible; however, the four resulting truth
tables describe only doubles of XOR and XNOR gates. These are the “bal-
anced” logic gates that have two 1s and two Os as output in their truth table.

Classification of input parameters. The origin of the different kind of
gates constructible from different pairs of experimental input parameters has
its origin in the different physical nature of, for example, ¢,, ¢, on one side
and k,, 7, on the other. Comparing the different experimental effects of the
two parameter pairs, the following two rules can be formed:

1. if the effect of the first parameter cannot be compensated by a setting

*(A<B)=(A = B),(A>B)=-(A< B)=-(A = B); similarly
(A>B)=(B = A),(A<B)=-(B = A).
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of the second parameter, then AND, >, <, NOR, OR, >, < and NAND
gates can be constructed

2. if the effect of the first parameter can be compensated by a setting of
the second parameter, then XOR and XNOR gates can be constructed

Applying these rules to the parameters of the 7/2-pulse sequence the fol-
lowing can be said: the parameters «,, w, and 7, are of type amplitude, fre-
quency and duration. Any one of them can control if a pulse is present and,
therefore, if magnetisation is tipped into the xy-plane, which afterwards can
be detected. These parameters imply rule 1) and therefore we call them strong
parameters. Switching any one of these parameters off makes the value of all
other parameters redundant since the output will be zero in any case. The pa-
rameters of type phase ¢,, ¢, behave differently. Changing the phase of the
pulse can be compensated for by also changing the phase of the receiver for
data acquisition. This type of parameters we therefore call weak parameters.

This classification into strong and weak parameters is not as clear cut as
it might seem from the analysis of this simple 7/2-pulse experiment. For
example, assuming a pulse sequence consisting of two 7 /2-pulses I and II,
and choosing the amplitude of the first pulse KII) and the duration of the second
pulse T[{ ! for gate input, allows for a parameter mapping like

0 :/111):0
Input 1 := LT T/ (7
DRy = Kp
Iput2:— 10 7o =0 (8)
nput 2 := ”
1 7'151—7'1,/2

The results are XOR and XNOR gates. This is despite the previous find-
ing that s, and 7, are classified as strong parameters in a single-pulse NMR
experiment. It is not possible to generalise in terms of strong and weak pa-
rameters based on single-pulse experiments when considering multi-pulse ex-
periments. In multi-pulse experiments applied to non-coupled spin systems,
any rf pulse can always be compensated by a suitable second pulse. Hence,
in multi-pulse experiments x, and 7, may now qualify as a pair of weak pa-
rameters. It is not generally the case that all two-pulse experiments provide
weak parameter pairs as can be seen when analysing the following mapping
of gbé and Té 1
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0 :¢l=0°
Input1 := {1 % 9)

RV A o
L gL =90
Input2 = 4 7y =0 (10)
nput2 :=
1 :7'1{127'1?/2

which now is a strong parameter pair. However the set gf)]I,I and TI{ provides
a weak parameter pair. We tentatively conclude at this point that in general
commutation properties, common bases and combinations of these determine
the property “weak” or “strong” for a pair of input parameters in multi-pulse
NMR experiments. We are currently analysing all the pulse operators and
their commutation properties to provide a full mathematical classification of
these cases [22].

10.3 Combining gates

The implementation of gates is only the first step in the implementation of a
paradigm to accomplish actually useful computation. The rules how a com-
bination of logic gates forming a circuit is able to execute mathematical op-
erations like addition, multiplication or division are well understood. An im-
plementation of logic gates by NMR therefore mirrors the functionality of in
silico computers.

Contrary to electronically implemented logic gates where the input and
output is of the same type (voltage), this restriction does not apply to logic
gates employing NMR experiments. Next we analyse which possibilities exist
to connect (“wire”) gates implemented by NMR experiments to form logic
circuits. We distinguish two kinds of configurations by the type of input and
output parameters used.

Input type different from output type. As demonstrated in the three ex-
perimental approaches above, there exists a wide range of possible NMR ex-
periments that can be used to construct logic gates. In addition, every NMR
experiment provides several parameters as potential input for a logic gate.
The common characteristic of these implementations is the fact that gate in-
puts are experimental NMR parameters while the output is chosen to be the
result of the experiment. Obviously this makes it conceptually impossible to
feed the output of one gate directly to the input of another. The signal trans-
duction between gates, therefore, is a more complex procedure, but does not
represent a computation in its own right. A typical signal transduction in this
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NMR configuration would consist of the integrated amplitude of a spectral
peak controlling e.g. the amplitude of a rf pulse of the following gate.

The advantage of this kind of wiring is that the gate output (e.g. inte-
grated signal intensity) can in principle connect to every NMR parameter in
the experiment and is providing a great deal of flexibility. However, this also
requires that a complete NMR experiment has to be conducted for every gate
operation. Typical durations of NMR-experiment are in the order of seconds
and therefore cause a huge performance penalty. This statement neglects the
demonstrated possibility of parallel execution of NMR gates as shown above.

Conceptually it would also be possible to confine the detection of the NMR
time-domain signal (typically 16k points) to recording of only the first point in
the FID whose ordinate is proportional to the integrated spectral area. Signal
detection of this kind would reduce the amount of time needed to record the
NMR information from the order of seconds to approximately 10 us.

Unfortunately, the repetition rate for multiple such single-point NMR ex-
periments is still governed by slow T; relaxation, of the order of seconds.
This problem could only be circumvented if we could accommodate multiple
single-point detections and analyses into a single multi-pulse sequence. Con-
temporary NMR hard- and software permits multiple single-point detection
in a single experiment but does not permit the crucial step of analysing the
data points and forwarding the result as input for the next step in real time.
A fundamental difference would be that subsequent gates would now not be
starting from equilibrium magnetisation any more.

Input type equal to output type. Alternatively, we could use the orienta-
tion of the spin-magnetisation vector as the input and output of a logic gate.
This would make it possible to feed the output of one gate directly to the in-
put of subsequent gates, since now the types of input and output are identical.
The actual gate experiment would be conducted using the same experimental
parameters for a given type of gate throughout, and only the orientation of
the input magnetisation would change between gates. The initial input to a
circuit of gates would have to be set by using a suitable pulse. This would
also make it unnecessary to record the NMR signal after every gate, since the
complicated signal transduction and remapping of output to input is avoided.

Since logic gates typically take two inputs it is necessary to have two in-
dependent spin vectors S; and S, and at least two resonances per spectrum.
Since the magnetisation vectors can have every possible orientation in space,
a subset of these has to be chosen to represent the input states of a logic gate.
A possible choice is to consider only magnetisation in the xy-plane with the
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Input # Output NOR NAND
Inl In2 | Outl Out2 | >0 > 1

0 0 1 1 1 1
0 1 1 0 1 0
1 0 0 1 1 0
1 1 0 0 0 0

TABLE 2
Truth table for S, S2 using the mapping of logic input and output according to equa-
tions (11)—(13).

orientation angle ¢g, of spin S; mapping to the binary states as

0 : =

Input 1 := { 95, = Fx (11)
1 :¢s, =~y
0 : =

Input 2 = { fs, = +x (12)
1 : ¢Sz =Y

A gate operation which alters the magnetisation vector while keeping it in
the xy-plane would consist of an NMR experiment employing a 7 pulse with
a phase ¢, = 135°. The effect of this ()4, pulse is to rotate the +z-
magnetisation vector to —y. To analyse the gate operation a full NMR FID
has to be recorded to separate the resonances of the two magnetisation vectors
S1 and S5 in the spectrum. A suitable mapping of the output to logic states
has to be a combination of the signals of the two resonances. One possibility
to achieve this is to first assign a binary state to every single spin ¢ resonance
as

0 :[5"Si(w)dw =0; along +

Outputi := o (13)
12 [0S (w)dw # 0; along —y

and to combine the single spin output state to a combined output by adding
the binary states. Obviously this leaves one with three possible outcomes 0,
1 and 2 for the four possible permutations of the two sets of binary states.
By choice of a suitable cut-off amplitude the two universal gates NAND and
NOR can be constructed (see table 2)

In this way it is possible to execute gate operations by executing one NMR
experiment per gate operation. The problem that remains to be solved here is
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how to connect the output of one gate to form the input of a subsequent gate
in a circuit. This is not entirely straightforward since the output in this imple-
mentation consists of actually two spin-vector orientations and it remains to
be demonstrated experimentally how to construct a suitable single input [21].

10.4 Conclusions

We have experimental implementations of single and multiple logic gates in
solution-state NMR. This demonstrates that NMR can perform classical com-
putation.

The experience that we have gained from these experiments has allowed
us to appreciate how the enormous richness of the parameter space might be
applied to enable computation. Our next steps are to explore this parameter
space more thoroughly, in order (a) to define a rigorous correspondence be-
tween parameter choice and the corresponding gates and computations that
are implemented; (b) to determine parameters that allow classical circuits to
have their “wiring” more naturally implemented by the structure of the ex-
periment; (c) ultimately, to perform non-classical in materio computation in
NMR, by exploiting its natural properties, as a far-from-equilibrium continu-
ous dynamical system.
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A  MAPPING LOGIC STATES TO INPUT AND OUTPUT PARAME-
TERS: v /2-PULSE EXPERIMENT APPLIED TO —Y -MAGNETISATION

Here we demonstrate how gate operations would operate when initial mag-
netisation is oriented along the —y-axis.

Using a 7/2-pulse experiment applied to —y-magnetisation and a param-
eter set k,, 7, the mapping of the parameters to the binary states 0 and 1

is
)0 k=0
Input 1 := /2 (14)
1 kp=~kyp
0 =
Input 2 := K /2 (15)
1 tmpy=1p
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A starting —y-magnetisation enables the logic gates OR, >, < and NAND.
Instead of remapping the output in the rather unintuitive way as

[0S (w)dw=0

16
:f::bS(w)dw#O (10

1
Output :=
{0

the input magnetisation can be replaced by —y to achieve the same gate be-
haviour as before when starting with z-magnetisation.

B EXPERIMENTAL DETAILS

All NMR spectra were recorded at room temperature on a Bruker Avance
NMR spectrometer, operating at a Larmor frequency wo/27 = —500.13
MHz (*H) and fitted with a 5mm TXI 'H-'3C/!®N probe containing a z-
gradient. Bruker Topspin was used as the spectrometer software. Gradi-
ent strength percentages are relative to a 100% gradient field strength x, =
5 mTcem~!. All field gradients are sine-bell shaped and have a duration
of 1 ms, with a recovery delay of 0.2 ms unless otherwise stated. Shaped
pulses are derived from a 1000-point, 1%-truncated Gaussian shape. Sam-
ples were prepared in Smm thin-walled glass NMR tubes. The chemical com-
pounds used were chloroform (Aldrich), dichloromethane (Aldrich), acetone
(Aldrich) and high vacuum grease (Dow Corning) which is mainly composed
of polymethyl siloxane. Their 'H NMR isotropic chemical shielding values

are w$,Y = —7.29 ppm (chloroform), w$5 = —5.30 ppm (dichloromethane),
wfS = —2.16 ppm (acetone) and w5 = —0.01 ppm (polymethyl siloxane);
w&S [ppm] is given relative to wf,5 (*H) = 0 ppm for an external sample of

tetramethyl silane. Allowing for the presence of noise in our experimental
NMR spectra, for purposes of integration and assigning bit values of 1 and
0 we set an uncertainty threshold for integration of 15 percent of the noise
amplitude.

The solvent was always deuterated chloroform (Aldrich), the deuterium
NMR resonance of the solvent serving for shimming the probe, to provide
field/frequency lock as well as an internal reference frequency.

B.1 Approach 1: NAND-based logic gates implemented with DOSY-
related experiments

Sample. A sample of chloroform and high vacuum grease in deuterated
chloroform.
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Pulse sequence parameters. The modified PGSE sequence depicted in fig-
ure 6a was used with the following parameter values: 74 = 0.40105 s, 7, = 1
ms. Input parameters were set as either 1% or 95% of the gradient strength
kg; Taw = 0, or 7 = 69.1 us (for a 90° dephasing of the polymethyl siloxane
'H NMR signal). The latter value is calculated from AwSS = 3598.4 Hz.

180
The transmitter frequency was set on-resonance at w<,> of chloroform.

180
B.2 Approach 2a: NOR-based logic gates implemented with selective
excitation on a single signal

Sample. A sample of chloroform in deuterated chloroform.

Pulse sequence parameters. The pulse sequence used is depicted at the
bottom of figure 11a. The selective pulse had a duration 7, = 80 ms for a
90° flip angle. The centre of the spectrum was slightly off-set (at —7.25 ppm)
from w5 of chloroform, with an offset of the selective pulse of either —18.2
Hz (on resonance) or 6000 Hz (off resonance); and 74 = 0, or 74 = 13.7 ms
(for a 90° dephasing of the 'H signal, calculated for an offset of —18.2 Hz).

B.3 Approach 2b: NOR-based logic gates implemented with multisite
selective excitation

Sample. A mixture of high vacuum grease, acetone, dichloromethane and
chloroform in deuterated chloroform.

The half-adder implementation used a sample of chloroform and high vac-
uum grease in deuterated chloroform.

Pulse sequence parameters. A double pulsed-field-gradient echo sequence
was used (figure 6b), where selective pulses had a duration 7, = 20ms for a
180° flip angle. As the first input, selective pulses were applied either off-
resonance (6000 Hz) or on-resonance for each signal (polymethyl siloxane:
1811.6 Hz, acetone: 762.0 Hz, dichloromethane: —806.7 Hz, chloroform:
—1797.7 Hz for a spectrum centred at —3.69 ppm). As the second input, the
phase of the first set of selective pulses was either ¢, = 0° or ¢, = 45° phase
shift, whereas the phase of the second set always remained constant. Gradient
strengths were k4, = 15% for the first gradient echo and kg4, = 10% for the
second.

Identical experimental parameters were used for the implementation of the
half-adder circuit.
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B.4 Approach 3: NAND-based logic gates implemented with slice-selection
experiments.

Sample. A sample of chloroform in deuterated chloroform.

Pulse sequence parameters. The implementation was carried out with a
pulse sequence for multiple slice selection (figure 6¢). Pulse duration was
Tp = 5 ms for a 180° flip angle. For the two inputs, pulse offsets were set
to 700 Hz and —700 Hz, to achieve two peaks separated at the baseline, or
to 15000 Hz when no signals were desired. Gradient strengths kg, = Kg, =
3% with a rectangular shape. The delay between the activation of the first
gradient and application of the 180° selective pulses (74) was set to 0.01s,
and the duration of data acquisition was 7, = 0.023s.
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