INDEPENDENCE ALGEBRAS, BASIS ALGEBRAS AND THE
DISTRIBUTIVITY CONDITION
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ABSTRACT. Stable basis algebras were introduced by Fountain and Gould and developed in
a series of articles. They form a class of universal algebras, extending that of independence
algebras, and reflecting the way in which free modules over well-behaved domains generalise
vector spaces. If a stable basis algebra B satisfies the distributivity condition (a condition
satisfied by all the previously known examples), it is a reduct of an independence algebra
A. Our first aim is to give an example of an independence algebra not satisfying the
distributivity condition.

Gould showed that if a stable basis algebra B with the distributivity condition has finite
rank, then so does the independence algebra A of which it is a reduct, and in this case the
endomorphism monoid End(B) of B is a left order in the endomorphism monoid End(A) of
A. We complete the picture by determining when End(B) is a right, and hence a two-sided,
order in End(A). In fact (for rank at least 2), this happens precisely when every element of
End(A) can be written as of3 where o, 3 € End(B), of is the inverse of o in a subgroup
of End(A) and a and § have the same kernel. This is equivalent to End(B) being a special
kind of left order in End(A) known as straight.

1. INTRODUCTION AND PRELIMINARIES

The second author introduced the study of the endomorphism monoids of universal al-
gebras called v*-algebras, which she named independence algebras. These algebras appear
first in an article of Narkiewicz [25] and were inspired by Marczewski’s study of notions of
independence, initiated in [23] (see [16] and the survey article [28]). Such algebras may be
defined via properties of the closure operator (—) which takes a subset of an algebra to the
subalgebra it generates. In an independence algebra, (—) must satisfy the exchange property,
which guarantees that we have a well behaved notion of rank for subalgebras and hence for
endomorphisms, generalising that of the dimension of a vector space. Further, independence
algebras are relatively free. Precise definitions and further details may be found in [13]. We
remark that sets, vector spaces and free acts over any group are examples of independence
algebras. A full classification, which we will draw upon for this article, is given by Urbanik
in [28].

We denote the monoid of endomorphisms of an algebra A by End(A). The study of End(A)
for an independence algebra A has flourished over the last twenty years [1, 2, 10, 11, 19],
providing the framework for understanding the common behaviours of several fundamental
examples of monoids, including full transformation monoids and the multiplicative monoids
of matrix rings over division rings. For example, if A is an independence algebra of finite rank
n, then the set Sing(A) of endomorphisms of rank strictly less than n forms an idempotent
generated ideal [10]. We remark that idempotent generated semigroups are ubiquitous,

Date: August 26, 2019.

2010 Mathematics Subject Classification. 08A05 20M20, 20M25.

Key words and phrases. Independence algebras, basis algebras, v*-algebras, reduct, order.
1



2 WOLFRAM BENTZ AND VICTORIA GOULD

since every (finite) semigroup embeds into a (finite) idempotent generated semigroup [18].
The study of idempotent generated semigroups has acquired significant momentum, due to
recent advances (see, for example, [17]) building upon Nambooripad’s classical theory of free
idempotent generated semigroups over biordered sets [26].

The endomorphism monoid of an independence algebra A is regular. Surprisingly, regu-
larity of End(A) is not necessary for the above results concerning idempotent generation.
For example, the results of Laffey [21] show that if A is a free module of finite rank n over
a Euclidean domain, then the set of non-identity idempotents of End(A) generates the sub-
semigroup of endomorphisms of rank strictly less than n. Fountain and the second author
introduced in [7] a class of algebras called stable basis algebras that generalise free modules
over Euclidean domains, in an attempt to put the results of Laffey, and later work of Foun-
tain [5] and Ruitenberg [27], into a more general setting, an aim achieved in [9]. Stable basis
algebras are in particular relatively free algebras in which the closure operator PC (pure
closure) satisfies the exchange property. Certainly independence algebras are stable basis
algebras. Finitely generated free left modules over left Ore Bezout domains and finitely gen-
erated free left T-acts over any cancellative monoid T such that finitely generated left ideals
of T are principal, are examples of stable basis algebras. We recall that a Bezout domain
is an integral domain (not necessarily commutative) in which all finitely generated left and
right ideals are principal; clearly any Euclidean domain is a (left) Ore Bezout domain. As
for independence algebras, rank is well defined for subalgebras and endomorphisms of basis
algebras, where now the rank is defined via the operator PC'. We give requisite definitions
as we proceed through this article.

If A and B are algebras such that the universe (that is, the underlying set) B of B is
contained in the universe of A of A, then B is a reduct of A if every basic operation of B is
the restriction to B of a basic operation of A. Theorem 4.14 of [15] shows that if B is a stable
basis algebra satisfying the distributivity condition, then B is a reduct of an independence
algebra A, having the same rank as B. The distributivity condition is stated precisely in
Section 2: essentially it says that unary operations distribute over basic n-ary operations,
for n > 2. All previously mentioned examples of basis algebras and independence algebras
satisfy the distributivity condition. The main aim of Section 2 is to prove:

Result 1. Not all independence algebras satisfy the distributivity condition.

We achieve the above by giving a particular example of an S-homogeneous independence
algebra. Our argument is highly technical, for reasons that we explain in Section 2.

Classical ring theory tells us that if R is a left Ore domain with division ring of quotients
D, then for any n € N the n x n matrix ring M, (R) has ring of left quotients M, (D), that is,
M, (R) is a left order in M, (D) in the sense of ring theory. This means that every element of
M, (D) can be written as U~V where U,V € M,,(R), and every cancellable element of M, (R)
has an inverse in M, (D). The endomorphism monoid of an arbitrary algebra, indeed of an
arbitrary independence algebra A, need not be a ring. We will therefore use the following
notion of order, due originally to Fountain and Petrich [12]; here a* denotes the inverse of a
in a (any) subgroup.

Definition 1.1. Let S be a subsemigroup of a semigroup Q. Then S is a left (right) order in
Q and Q is a semigroup of left (right) quotients of S if every ¢ € Q can be written as ¢ = a*b

n earlier articles, rank in a basis algebra was referred to as PC-rank but, as there is no ambiguity, we
simply use the term rank here.
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(q = ba*) where a,b € S, and every square-cancellable element of S lies in a subgroup of Q.
We say that S is an order in Q and Q is a semigroup of quotients of S if S is both a left and
a right order in Q.

In case S is a left order in Q and a,b can be chosen above such that a and b generate
the same principal right ideals in Q, then we say that S is a straight left order in QQ, with
corresponding definitions for straight right order and straight order.

We do not need here the precise definition of being square-cancellable, referring the reader
to [6] - it is a strong necessary condition for an element to lie in a subgroup of an over-
semigroup. From Theorems 3.4 and 3.11 of [6], if R is a subring of a ring Q with identity,
and provided Q satisfies some weak conditions, certainly held by matrix rings over division
rings, then R is a left order in Q in the sense of ring theory if and only if it is a left order in
the sense of Definition 1.1. Theorem 5.3 of [15] states that if B is a finite rank stable basis
algebra satisfying the distributivity condition and A is the independence algebra constructed
of which it is a reduct, then End(B) is a left order in End(A). Moreover, End(B) is a straight
left order in End(A) if and only if the monoid T of non-constant unary term operations of B
acts by bijections on the constant subalgebra and (in the case rank B is at least 2) is both
left and right Ore. The second aim of this paper, achieved in Section 3, is to complete the
picture by proving a series of results which give the following:

Result 2. Let B be a stable basis algebra of finite rank n > 2 satisfying the distributivity
condition and let A be the independence algebra from [15] of which it is a reduct, so that
End(B) is a left order in End(A). Then End(B) is an order in End(A) if and only if it is a
straight left order in End(A).

We remark that, on the surface, being a straight left order has nothing to do with being a
(two-sided) order. For example, any left Ore cancellative monoid S is a straight left order in
a group G, but will not be a right order unless S is also right Ore. We make some remarks
on particular examples, including free modules over domains, at the end of Section 3.

With B and A as in the above theorem, End(B) sits inside End(A) in a particularly nice
way, known as being fully stratified (see Section 3). In Section 4 we briefly address the
question of an infinite rank stable basis algebra B. Fountain and the second author showed,
by directly checking a list of criteria from [14], that the semigroup of endomorphisms End¢(B)
of finite rank was a fully stratified straight left order (without specifying the semigroup of
left quotients). However, they were assuming that End(B) is idempotent connected, which
followed from the incorrect Proposition IT 2.6 of [22]. Without assuming that End(B) is
idempotent connected, we have a longer list of conditions to check. We restrict ourselves to
a special case in order to do so, proving:

Result 3. Let B be a stable basis algebra that satisfies the distributivity condition, has no
constants, and is such that T is commutative. Then End;(B) is a fully stratified straight left
order.

We conclude the paper in Section 5 with a number of open questions.

We presume a passing familiarity with the notation of Universal Algebra but, other than
this, we give all necessary background for both Universal Algebra and Semigroup Theory as
we proceed through the paper; further specialist details may be found in [7, 8, 9, 13, 15, 28].
For standard notions from semigroup theory, we refer the reader to [3] and [20] and for
universal algebra to [24].
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2. THE DISTRIBUTIVITY CONDITION FOR INDEPENDENCE ALGEBRAS

If B is a stable basis algebra, then the monoid of non-constant unary term operations will
be denoted by T. It was shown in [8] that T is left Ore (also known as right reversible),
which means that for any a,b € T there exist u,v € T such that ua = vb.

We quickly repeat some definitions from clone theory. An (abstract) clone on a set A
is a set of non-nullary operations on A that contains all projections and is closed under
composition. Given a set W of non-nullary operations on A, the clone generated by W is the
smallest clone containing W. The clone of an algebra A with underlying set A is the clone
generated by all non-nullary basic operations of A. An (abstract or algebraic) extended clone
is defined correspondingly by removing the restriction on nullary operations.

Definition 2.1. A basis algebra B satisfies the distributivity condition if the clone of B
contains a generating set W of operations such that for all a € T and n-ary operations
t € W, where n > 2, we have

a(t(zy,...,x,)) = tla(zy), ..., a(xy,)).

Note that Definition 2.1 is stated here more precisely than in [15], since to show B does not
satisfy the distributivity condition, we wish to show it is impossible to choose any generating
set for the clone that witnesses this. Indeed, we see in Subsection 2.2 an example where the
most natural choice of generating set does not witness the condition in Definition 2.1, but
we can easily find another that does.

Certainly free modules over rings, and acts over monoids, hence our canonical examples
of stable basis algebras, satisfy this condition. We have observed that all independence
algebras are stable basis algebras. Independence algebras are essentially v*-algebras, which
were completely determined (up to clone equivalence) in the 1960’s; we refer the reader to
the survey article of Urbanik [28] for the details.

In the beginning of Section 4 of [15], it is claimed all independence algebras can be shown
to satisfy the distributivity condition, with the possible exceptions of the S-homogeneous
algebras or Q-homogeneous algebras, where S is a monoid and Q a quasifield. In the following,
we will prove this claim, and address the remaining two types of independence algebras.
In particular, we show that the distributivity condition does not necessarily hold for S-
homogeneous independence algebras, thereby establishing Result 1.

The following subsections consider the various classification types from [28], giving full
definitions of the various types. We will first address a technical difference between inde-
pendence algebras and v*-algebras, and how it affects this classification. The reader might
want to note that the next paragraphs deal only with this technicality, and can be skipped
without affecting the understanding of our results.

The issue at hand originates in the way that (()), the subuniverse generated by the empty
set, is defined. In [28], this is the set of all elements that are images of constant clone
operations, while in the now prevailing definition, this is the subuniverse generated by the
images of nullary operations (in both cases, if the algebra has no operations of the relevant
type, we set (0) = 0).

A consequence of the definition from [28] is that nullary operation can effectively be
ignored for classification purposes. Hence the results in [28] amount to a classification up
to the clone of the algebra. If an (abstract) clone C' on a set has constant functions, then
there are algebras with and without nullary operations whose (algebraic) clone is C, and
their status as a v*-algebra is not be effected by this difference.
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For an independence algebra A with at least two elements one can show that ((}) is exactly
the subalgebra [()] consisting of the images on non-nullary constant clone operations, so that
A is a v*-algebra. On the other hand, for a (non-trivial) v*-algebra B to be an independence
algebra the extended clone needs to includes nullary operations for the elements of [#]. The
classification of [28] will be used with this understanding. For simplicity, we will not explicitly
list any additional nullary operations below.

2.1. All independence algebras of rank 0 have the distributivity property. Here all
elements are images of constant clone functions. It follows that T only contains the identity.
The distribution property now follows trivially.

2.2. All linear independence algebras have the distributivity property. Let D be
a division ring, A the underlying set of a linear space over D, and Ay C A the underlying
set of a subspace. The linear independence algebra A given by (D, A, Ag) has underlying set
A and its basic operations are all operations of the form

f(xh"‘uxn) :Z Aixi—i_a?
=1

for each 1 < n, \; € D,a € Ay. Clearly, every clone function of A is basic.
For A € D,a € Ao, let fr, be given by fr.(x) = Ax + a. Clearly, all f,, are unary
operations in A, and in fact the monoid T contains exactly the functions f), with A # 0.
Moreover let g(xi,x9,x3) = 1 — T3 + x3, which is also a basic operation of A. We
claim that W = {g, fi. : A € D,a € Ay} witnesses the distribution condition. Note that
r+y =g, foo(z),y). As + and the f,, clearly generate the clone of A, so does W.
Finally, for all A # 0 and a € A,

fA,a(g(l“b 932>$3)) =Ax1 — Ax2 + Ax3 +a

= Ar1+a— Ava — a+ Az + a = g(faa(21), fra(2), fra(zs)),
and the distributivity condition holds.

We remark that, if Ay # {0}, then a (natural) set of generators involving + does not
witness the distributivity condition. For if a € Ag \ {0}, then

fra(+(0,0)) = a # a+a = +(f14(0), f1a(0)).

2.3. All affine independence algebras have the distributivity property. Let D be a
division ring, A the underlying set of a linear space over D, and Ay C A the underlying set
of a subspace. The affine independence algebra A given by (D, A, Ag) has underlying set A
and its basic operations are all operations of the form

f(xla"'axn> :Z Ail‘i‘i_a,
=1

for each 1 < n, a € Ap,\; € D, such that 3;\; = 1. Clearly, every clone function of A is
basic, and T consists of the functions f, with f,(z) = x + b, for all b € A,.

We can use the set of all clone functions as a generating set W. It witnesses the distribu-
tivity property, as, for all : < 2, a,b € Ay, \; € D,
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2.4. The exceptional independence algebra has the distributivity property. The
exceptional independence algebra A can be described as the algebra on a 4-element set A
with a unary operation ¢ and a ternary operation ¢q. Here i is a product of two disjoint
transpositions, and q(z1, x2, x3) is either the unique element not among its arguments (if all
are different), or the argument that appears at least twice. It is straightforward to check
that T = {i,14}, where 14 is the identity map on A, and that W = {i, ¢} witnesses the
distributivity property.

2.5. All group action independence algebras have the distributivity property. Let
Ao C A be sets, and G a group acting on A, such that, for all non-identity g € G, the fixed
points of g all lie in Ay, and g(Ap) C Ay.

The group action independence algebra A corresponding to (A, Ap, g) has underlying set
A and operations

foni(x1,...,xn) = g(x;), faon(x1, .. 2) = a,
forall1<n,1<i<mn,g€ G, ae A.
Clearly, all clone operations are essentially unary. It follows that we may generate the
clone with unary operations alone. Hence the distributivity condition holds trivially.

2.6. All Q-homogeneous independence algebras have the distributivity property.
A quasifield Q is a set () with at least two elements, together with two binary operations
denoted by juxtaposition, and —, such that the multiplicative operation has a zero 0, the
non-zero elements form a group under multiplication, and four further axioms hold (see 4.3
of [28]). In a Q-homogeneous independence algebra A over a quasifield Q, all basic k-ary
operations f satisfy

fla—=bay,...,a—bay) =a—>bf(ay,...,ax),

for all a,by,...,b, € @, where subtraction and multiplication are the operations from Q.
Setting b = 0 and a; = a for 1 < ¢ < k, we obtain that f(a,...,a) = a. An inductive
argument gives that the identity is the only unary clone operation of A. The distributivity
property now follows trivially.

2.7. Not all S-homogeneous independence algebras have the distributivity con-
dition. Let S be a monoid such that all the non-invertible elements are left zeros. A good
example is a group, which is exactly what we will take below. An n-ary operation on S is
said to be S-homogeneous if for all s, sq,...,s, € S we have

f(s15-2y80)8 = f(s18,...,8,5).
Since S is a monoid, the operations f(z) = sx (s € S) are the only 1-homogeneous operations.
A S-homogeneous independence algebra has underlying set S and the basic operations form
a set V' of n-homogeneous operations on S containing all the 1-homogeneous operations.
The aim of this subsection is to show that with a careful choice of S and V', the resulting
independence algebra A does not satisfy the distributivity condition.

Let Z = {z1, 22, ... } be a countably infinite set and let E = {23, 24, ... }. Let FG = FG(Z)
be the free group over Z with identity 1 and underlying set FG(Z), which we denote for
brevity by F'. In the following, concatenation will always refer to the group operation of FG.

Let F, C F be the set of all non-identity elements of F' whose normal form does not
include any negative exponents, so that F'. is the underlying set of the copy of the free
semigroup FS on Z sitting inside FG.
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Since F' and E are both countably infinite we may choose a function h : F' — E, where
w +— hy,, satisfying the following conditions:

(h1) h, = z (h2) h

2125 Z32;1 = Z8

(h3) h, .1 = =z (h4) h is injective.

212y

Now let A = (F; {v2} cr, g*) where:
(1) for each ¢ € F, v* is the unary operation given by v#(w) = cw (i.e. v2 acts as left
translation by the element ¢ in the group FG);

(2) ¢g* is the binary operation given by g*(wy,ws) = h 1Ws.

WiWy
Lemma 2.2. The algebra A is a monoid independence algebra with underlying monoid FG.

Proof. We first remark that as FG is a group, it has no non-invertible elements, and so is
a suitable monoid from which to build a monoid independence algebra. We have remarked
that F-homogeneous unary operations are left translations and by construction, all left
translations v, ¢ € F are basic in A.

Finally, for all wy,ws,w" € F, we have

A / / / / A /
g (1w, Waw") = Ry, (wawry-1wW2w" = h W2 =g (wy, wo)w',

w

so that ¢* is F-homogeneous and hence A is a monoid independence algebra. 0

In order to show that A does not have the distributivity property, we need to examine the
clone of A. We let L = {{v.}cer, g}, be the language of A, X = {1, x9,...,} a countably
infinite set of variables (which we may think of as being linearly ordered according to their
subscripts), and T the set of terms in the language L over X. The elements of the clone
are obtained from the interpretation in A of elements in 7' (and their compositions with
projections).

For i,j € N with i < j let 7/ : F/ — F' be given by (wy,...,w;) — (wy,...,w;), i.e. 7
is the projection to the first ¢ coordinates.

For each term ¢ € T, let a(t) be the largest n such that the variable z,, occurs in t. We
define a function ¢ : F*®) — F by structural induction, as we now describe. We remark that
t will essentially be the term function associated with ¢ and usually denoted by t*. However,
our definition of ¢ is needed due to some minor technicalities involving the arities of term
functions.

For each i € Nset z;(wy, ..., w;) = w;. If t = v.(s) for some s, then noting that a(t) = a(s),
let £ = 2 0 5. Finally, for t = g(t;,t), we set

which is well-defined, as a(t) > a(t1), a(tz). With some abuse of terminology, we will refer
to all functions of the form ¢ as term functions.

Given a term t € T', let v(t) to be the set of ¢ € F such that v, appears in t. We define
the content of t, denoted C}, by

C, = U {z; € Z : z; appears in the normal form of c}.
cev(t)
Note that C; C Z and is finite.
For each t € T, we define t* € N by structural induction as follows: if ¢ = x; for some 1,
then t* =4, if t = v.(t;) for some t; € T, then t* = ¢, and if t = g(t1, t2) for some t1,t5 € T,
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we set t* = t5. It is easy to see that t* is the index of the variable that appears syntactically
in the “right-most” position of ¢ and clearly, t* < a(t).

The following lemma characterizes behaviour of the functions of the form ¢, by connecting
them to the group structure on the underlying set F' of A. This will be essential to our later
arguments.

Lemma 2.3. Lett € T such that a(t) = n. Then one of the following holds:
(1) there exist a w € FG(E U Cy) such that for all j € F™,

t(y) = wye;
(2) there exists a function f: F" — FG(E UCy) such that for all y € F™,
L) = f( )y

In addition, there are sequences zj,, 2j,, ... on Z, and [i1, fiz, ... on (F1)" such that

(8) ji # ji fori i, and

(b) z;, appears in the normal form of f(ii;) with a positive exponent.
(

Proof. We remark that if f is as in Condition (2), then, in particular, the image of f is
infinite, indeed, the image of f restricted to (F, )" is infinite.

We prove the lemma by induction over the structure of t. If ¢ = x; for some 7, then
n=a(t) =t =iand t(y) = Z;(y1,...,¥i) = ¥i = lyp and the result holds with w = 1 in
Condition (1).

Assume for induction that the result holds for any proper subterm of ¢.

Case (i) Suppose first that t = v, (t;) for some term ¢y, so that t* = ¢}. Thenn = a(t) = a(t;)
and by induction, ¢; satisfies the conditions of the lemma.

Case (i)(a) If t1(§) = wyy: for some w € FG(EU Cy)), then £() = ot1(9) = owye: = owys-.
Moreover, cow C FG(EUCY), as Cy = Cy, UC,, where C, is the set of generators that appear
in the normal form of o. Hence #(y) satisfies Condition (1).

Case (i)(b) Now suppose that Condition (2) holds for ¢;, so there exists f : F* — FG(E U
Cy,) and sequences (zj,)ien and (f;)ien as in (2), such that (%) = f1()ye:. Then

t(y) = oti(y) = o fr(§)yer = o f1(§)ye--

For each i € N let w; = f1(fi;) and put ow; =: 7;. The normal form of w; contains z;, with
a positive exponent, so the normal form of 7; will do so as well, unless z;, cancels against a
z; ! But, considering o, there are only finitely many indices ¢ for which zj_l_l appears in the
normal form of o. It follows that for infinitely many values ¢, the element 7; € F' contains
zj, in its normal form with a positive exponent.

Define f : F* — F by f = v2 o f;. By the assumption on fi, and as C; = Cy, U C,, we
have f: F" — FG(E U C}).

We obtain that ¢(§) = f(¢)y=. It is easy to see that ¢ satisfies Condition (2), with the
sequences (2;,)ien and (fi;);en obtained from the corresponding sequences for ¢; by removing
finitely many elements.

Case (ii) We now consider the case that t = g(t1,t2) for some terms ¢, t;. By induction the
lemma holds for ¢; and t5. Let ny = a(t1),n2 = a(tz), so that n is the maximum of n; and
ng, and t* = t5. Notice that C; = Cy, U CY,.

Case (ii)(a) Assume first that Condition (2) holds for 5, so that

by (m, (7)) = f2 (70, (@) ves
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for some fy : F"* — FG(E U Cy,), such that there are sequences (z;,)ien and (fi;)ien as in

2).

Since t* = t5 we have
H0) = Py (e, ) ity )12 T2 D) = Py (39 ey )~ P2 (T () e
Define f : F™* — F by
f(g) = hfl (ﬂ.ﬁl (ﬂ))(fQ(TrQQ(g’)))ilfQ (W:ng (?j)) :

We have that t(¢) = f(¥)ys+, as required. Moreover, f : F" — FG(EUC}), by the conditions
on f, and since the image of h lies in E. Let [i; € F7} be obtained by extending ji; to arity n
with n — ny arbitrary elements from F,. By Condition (2) for 5, we have that z;, appears
in the normal form of f5(ji;) = w; with a positive exponent. Now

FUR) = oy (g, )ty
By definition of A, the first factor is just an element of E, so in particular an element of F, .
It follows that the generator z; in w; cannot cancel, and hence appears in the normal form
of ().
Thus ¢ satisfies Condition (2) with f and the sequences ({7});en and (z;,)ien-

Case (ii)(b) For our final case we assume that &5 (77, (7)) = way;, for some wy € FG(EUC,).
We make four further case distinctions.

(1) ¢, satisfies Condition (1) and ¢} = ¢5. We have for @ € F™ that t,(d) = wiuy for

some wy, and then for § € F™ we see that #; (Wﬁl(g)) = w1y, and

f@) = ht_l (ﬂgl (g]‘))(fg (W%(g»_lt} (T‘-ZQ (37)) = h’wlyq (wzny)_1w2yt§ = h’w1w2_1w2yt*

as t; = t3. Thus ¢ also satisfies Condition (1), as ppwyiwe € FG(E U Gy).
(2) ¢; satisfies Condition (2) with respect to fi : F™ — FG(E UCy,) and ¢ = t3.
In this case
t(y) = hfl (ﬂ-ﬁl (g))w;1w2yt*'
We claim that ¢ satisfies Condition (2). Let f be given by

F§) = hy, (w2, @))wg t 2

Then f : F* — FG(EUC;) by the same argument as above, so it remains to construct
appropriate sequences (ji;);en and (2;,)ien.

By the remark at the beginning of this proof, f; (Wﬁl (Ff)) is infinite and hence so
is f1 (77"1 (Fﬁ)) w; . The function h is injective and maps into E, so it follows that
hy, (rn, @)z ! takes on infinitely many values z;, in £/ as @ runs over F}'. Only finitely
many of these values can cancel against a generator in the normal form of w,. The
existence of (fi;);eny and (z;,);en follows.

(3) t1 satisfies Condition (1) and ¢} # ¢3. In this case we have that #,(y) = wiy for
some wy € FG(EUCY,), for all ¥ € F™ | and thus

t(y) = hwlyq(yz;)‘lwglwwt*‘

Consider the set P C Z? of pairs (uy,us) for which u; # us, and neither wu;, us nor
their inverses appear in the normal forms of w; or ws; clearly P is infinite. For
any (u1,us) € P, the normal form of wyju uy 'w;* contains the subexpression uyu; ',
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and these are the only occurrences of u; and uy in the normal form. It follows that
wiuguy fw, ' takes on only distinct and hence infinitely many elements of F as (uy, us)
runs through P. As h is injective, hwluluglw;l also takes on infinitely many values
from E as (uy,us2) runs through P. Only finitely many of those values can cancel
against generators from the normal form of ws. Removing the corresponding pairs
from P we see that ¢ satisfies Condition (2) with respect to f : F* — FG(E U C}),

where
f<g> = hwlyqy;lwglw27
2
with the fi; € F! being chosen so that /i;(t]) = ugi), ii(ts) = ugi) and with arbitrary

elements of F; in all other coordinates, where (u(li), u(;)) runs over a cofinite subset

of P and (Zji)ieN - (hwlugi)(ugi))*lwgl)iEN’
(4) t; satisfies Condition (2) with respect to f; : F™ — FG(EUCy,), and tf # t3.
This case is similar to the previous one. We have that

ty) = hfl(ﬂil (Z?‘))yqy;élw;leyt*'

Let P C Z? be the set of pairs (uy,us) for which uy, uy ¢ EUC}, uy # uy and neither

U1, us nor their inverses appear in the normal form of ws; clearly P is infinite. If

7€ F! and (u,uz) € P, then in the expression
fi (w3, (2)) wug

u; and u; ! cannot cancel against any generators from the normal forms of w; ' and

fi (ﬂ,’;‘l(z_')), in the latter case because f; maps into F'(EUC;). Arguing as previously

we see that ¢ satisfies Condition 2.

By structural induction, the lemma holds for all terms ¢t € T'. O
We are ready show our main result.
Theorem 2.4. The independence algebra A does not satisfy the distributivity property.

Proof. By way of contradiction, assume that W is set of functions that generate the clone of A
and witness the distributivity property. The clone of A contains the function ¢*. By the first
three conditions of our choice of h, calculation shows that g(z1,22) = 2622, g(23, 22) = 2829,
and g(z1, z4) = z1024. Combined, these results show that g depends on both of its arguments.

It follows that W must contain an operation v that depends on more than one argument,
for otherwise the entire clone of A would consist of functions that are essentially unary. As
v is in the clone of A, it is a composition of A-operations and projections, and it is easy to
see that such v must have the form ¢ o 7, for some t € T'. Moreover, W \ {v} U {t} also
generates the clone of A and witnesses the distributivity property. Thus, we may assume
that v =t for a term ¢ € T'; since v depends on at least two variables, so does t.

Such a ¢ must satisfy one of the two conditions from Lemma 2.3. As the first condition
implies that ¢ only depends on one variable, we must have instead that ¢() = f(¢)ys+, where
f is as in Condition (2) of Lemma 2.3. Let (fi;);en and (z;,)ien be the sequences associated
to f satisfying (a) and (b) of Lemma 2.3, and set wy = f(fiy).

We have that () = f(fi1) s} - where pi is the t*-th entry of ji;. Choose a € Z\ (EUC}).
As we assume that A satisfies the distributivity property, and W is a witness of it, we have
that v,(t(fi1)) = t(ve(fi1)), where, with abuse of notation, v,(fi1) = aji; is the element of F™
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obtained by multiplying every coordinate of ji; by a on the left. Hence af(fi1)uf = f(ajir)au]
and so af(ii1) = f(aji1)a. Now, f(afi;) is in the image of f which is contained in FG(EUC})
by Lemma 2.3. As a ¢ FG(E U Cy), the normal form of f(afi;)a, and hence the normal
form of af(iiy), will end with a. However, f(ii;) is also an element of FG(E U Cy), and so
its normal form does not contain a. It follows that f(fi;) = 1. However, by Lemma 2.3, the
normal form of f(fi;) contains the generator z;,, a contradiction. O

3. CONDITIONS FOR EndB TO BE A RIGHT ORDER IN End A

Throughout this section, let B be a stable basis algebra of finite rank n satisfying the
distributivity condition. Thus far we have not been explicit about the properties satisfied by
B, but for the convenience of the reader we give some brief details. All of these, and further
information, can be found in [7]. The relation < is defined by

a<W&ae D)por ({a})p N {(W)p # (0)p
for a € B and W C B. We say that W is pure closed if
a<W&wael.

Any subset of V of B is contained in smallest pure closed subset PC(V); indeed, PC(V) is
a subalgebra with a basis that can be extended to a basis of B. To say X is a basis of a
subalgebra C' means that C' = (X)g, every map from X to B lifts to a (unique) morphism
from C to B, and # £ X \ {z}, for any x € X. The rank of a subalgebra U is the cardinality
of a basis of its pure closure PC(U). Moreover, since B has finite rank n, any subalgebra with
rank m < n itself has a basis of m elements. However, it is only the pure closed subalgebras
that have bases that are extendable to bases of B. Since B has rank n, we choose and fix a
basis {b,...,b,}.

As pointed out at the beginning of Section 2, the monoid T of non-constant unary term
operations is cancellative and left Ore. It therefore has a group of left quotients G by [3,
Theorem 1.24]. Further, the elements of T are injective (as maps from B to B). Another
fact of which we make use is that if u(x) is a unary term operation of B, and u(b) € (0)p for
some b & (P)g, then u(x) is a constant map with image u(b) € ().

Finally, for any @ € End B, the rank of « is defined to be the rank of the subalgebra Im «;
this always exists.

In [15] Gould constructs an independence algebra A such that B is a reduct of A, and
such that End(B) is a left order (in the sense of Definition 1.1) in End(A). For convenience
we gather here some essential information concerning the construction of A from B. Further
details may be found in [15].

Let X =T x B and define a relation ~ on ¥ by the rule that

(a,c) ~ (b,d) < za = yb and x(c) = y(d) for some z,y € T’

for clarity, here xa,yb are products in the monoid T and x(c),y(d) are the values of x,y
acting on ¢,d € B, respectively. Then ~ is an equivalence relation and A = ¥/ ~ is the
underlying set of an independence algebra A. Further, B is a reduct of A, where B embeds
in A under b — [1,b] := [(1,D)].

Proposition 3.1. [15] Let B and A be as above. Then
{[1,b1], ..., [1,b,]}
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is a basis for A so that A and B have the same rank. The map 6 — 6 from End(B) to End(A)
embeds End(B) as a left order in End(A), where for any [a,b] € A we have [a, b0 = [a, b0].
Further, 0 and 6 have the same rank.

Before addressing the main question of this section, we first confirm the way in which
End(B) sits inside End(A) in the general case. Recall from [14] that a left order S in Q is
fully stratified if for any a,b € S we have

a<p+bin S if and only if a <z b in Q
and
a<r+«bin S if and only if a <,/ b in Q.

The relations < and <, above are the pre-orders associated with Green’s relations R and
L; <~ and </« above are the pre-orders associated with the larger relations R* and L*. We
give further details as and when we use them; the reader may consult [14]. These relations
are important for the study of End(B) due to the following result.

Proposition 3.2. [8, 13] Let C be an independence algebra and D a basis algebra, let o, 5 €
End(C) and v, € End(D). Then

a<gr B if and only if Ker3 C Kera;
a<g B if and only if Ima C Im f3;
v <g+ 0 if and only if Kerd C Ker~y
and

v <c+ 6 if and only if PC(Im~) C PC(ImJd).

Theorem 3.3. Let B be a stable basis algebra of finite rank n > 1 such that B satisfies the
distributivity condition. The monoid End(B) is a fully stratified left order in End(A).

Proof. We are required to show that for any «, € End(B) we have that a <.« # in End(B) if
and only if @ < 3 in End(A) and dually, o <z~ 3 in End(B) if and only if @ <g § in End(A).

The proof of the first statement is inherent in the proof of [13, Proposition 5.2 (ii)],
although not explicitly stated. We concentrate on the second; according to Proposition 3.2
it is sufficient to show that if Ker 8 C Ker «, then Ker § C Ker@.

Suppose therefore that Ker 3 C Ker o, and consider [a, ul, [b,v] € A with [a,u]s = [b,v]B.
By Proposition 3.1 we have that [a,uf] = [b,v] so that by the definition of ~, there exist
¢,d € T with ca = db and c(uf) = d(vf) so that (c(u))p = (d(v))s. Since Ker f§ C Kera
we have c(ua) = (c(u))a = (d(v))a = d(va) and then [a, u]a = [a, ua] = [b, va] = [b, v]@, as
required. 0

We have remarked that any a € T is one-one as a map, and certainly
alwys : (D)p — (D).
Definition 3.4. The algebra B satisfies the Constant Isomorphism Property (CI) if:
aly, + (O)e — (D)8

is onto, hence an isomorphism of the constant subalgebra (#)p of B.

We introduced (CI) for the following purpose.
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Theorem 3.5. [15, Theorem 6.2] Let B be a stable basis algebra of finite rank satisfying
the distributivity condition. Then End(B) is a straight left order in End(A) if and only if B
satisfies the (CI) and (if n > 2), T is right Ore.

From [3, Theorem 1.24], if T is right Ore, then it has a group of right quotients and it is
easy to see in this case that G is a group of (two-sided) quotients of T. The paper [15] leaves
open the question of whether the fact that G is a group of quotients of T forces End(B) to
be a right and hence (two-sided) order in End(A). The aim of this section is to determine
the conditions under which End(B) is a right order in End(A), thus answering the question
posed in the positive for n > 2 and establishing Result 2.

If the rank n of B is 0, then A = B = (()) and so End(A) = {I,} = End(B) is a one
element group, and our results hold trivially. We will therefore restrict to B with positive
rank. Via a series of lemmas we now prove:

Theorem 3.6. Let B be a stable basis algebra of finite rank n > 1 such that B satisfies the
distributivity condition. The monoid End(B) is a right order in End(A) if and only if T is
right Ore and B satisfies (CI).

In fact, we will show slightly more, demonstrating that in the right quotient decomposition
a = YB%, B can be chosen as an automorphism of A. Notice that the conditions given in
Theorem 3.6 imply those of Theorem 3.5, and coincide if n > 2.

Lemma 3.7. Suppose T is right Ore and satisfies (CI). Let {sy, ..., s} be a finite non-empty
set of terms in the language of B over the variables set {x1,...,x,} and let a € T. Then
there exists an endomorphism 0, of B such that s (b, ...,b,)0, € Ima for 1 <i <k, where
we interpret all s; as n-ary operations. Moreover, 0, satisfies b0, = a(r(by)) for 1 <€ <mn
and somer € T.

Proof. We have remarked that under these hypotheses G is the group of quotients of T.
Let m be the number of basic, non-nullary term operations appearing in the terms
S1,...,8k, counted with multiplicity. We prove the lemma by induction on m.
If m = 0 then all s; are either variables or nullary operation symbols. By reordering the
s; as necessary we may assume that for some 1 <t < k + 1 we have
s2(by b):{bj" lsu<t
L e; t<i<k+1,

for some constants e;. By (CI), a acts as an isomorphism on (()p, and so e; = a(f;), for
some f; € (0)p.
Define 6, by b;0, = a(b;), then
S?(bl, Ce ,bn)Ha = bjﬁa = Cl(bji)
for 1 <i¢ <t and
S]iB(bla s >bn)0a =eifl, = €; = a(fz)

for t < i < k. Thus 6, satisfies the conditions of the lemma with r being the identity.
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Now suppose that 0 < m, and that the result holds for all m’ with 0 < m’ < m. We may
reorder the s; such that for some integers 1 < ky < ky < k3 < ky < k+ 1 we have

(i) for 1 <1< ]{31
"Ui(hil, e h;(l)) for k’l <i< k’g

S; = uz(hz> for ky <1 < k‘g
Cl(h,) for ]{33 <i< k’4
d; for ky <1< k+1,

where 1 < j(i) < n, the v; are basic [(i)-ary operation symbols where (i) > 2, the u;, ¢; are
unary function symbols with u¥ = a; € T and ¢ ¢ T, the d; are nullary operation symbols,
and the h; and h; are arbitrary terms. Our convention is that if, for example, 1 = ky = ko,
then there are no instances of s; of the first two kinds.

For k3 < i < k we have that, as ¢f ¢ T, sB(by,...,b,) = g; € (D), so that by the same
argument used for m = 0, (CI) gives that g; € Ima.

If k1 = ko = k3, then let b0, = a(by) for 1 < ¢ < n, so that the conditions of the lemma
hold with r the identity. Otherwise, since T is right Ore, we proceed as follows. First,
by applying the common denominator theorem in the group G to the elements a~'a; for
ki <i < ko, we may find p;,w € T, such that in G, a ta; = p;u~!, and hence in T, we have
a;u = ap;. If ky = ko, let u € T be chosen arbitrarily. Again from T being right Ore, there
are p,v € T for which up = av.

We now apply our induction hypothesis to all the terms, x; h and h; with av in place of

(note that we must have at least one such term). It follows that there exists ¢4, € End(B)

and 2/, z i»#zi € B, for which

(ac (b1, ..., b n)) Gav = av(z]),
(R (b1, ..., bn)) baw = av(2}),

(h,iBg bl, Ce. ) Qbav = CL’U(ZZ)
and that, moreover, bypy, = av(r’(by)) for 1 <{¢<mnandsomer €T.
For 1 <1 < kq,

by, ... )b = ( 22, (bl,...,bn)> o
= av(z),
For k; <1< ]{?27

B, b)) baw = (ﬂg? (hzfﬂf(bl, b B B bn)>> Bao
= (av(zi), . ,av(;f(i)))
= avy(v(z}),. .. 7U(le(i)))7
where the last equality follows from the distributivity condition.
For ko <1 < k3 we have

(57 (01, b0) Gaw = (W} (h7 (b1 - -, 00))) aw = (ai (B (b, -+, bp))) b

= a;(av(z)) = ai(up(z)) = apip(z).
Since ¢q(be) = avr'(by) for some 7 € T and 1 < ¢ < n, the result holds with 6, = ¢,, and
r=uor. 0
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Theorem 3.8. If T is right Ore and (CI) holds, then End(B) is a right order in End(A).
Moreover every a € End(A) may be written in the form a = 357" for some 7, 3 € End(B)
with f € Aut A.

Proof. From [15], End(B) is a left order in End(A), so that certainly every square-cancellable
element of End(B) lies in a subgroup of End(A). Let a € End(A). It remains to find
3,7 € End(B) such that a = y5%.

By Proposition 3.1 we have that

{[L,61], ..., [1,b,]) }

is a basis for A. Choose p; € T, d; € B such that [1,b;]a = [u;, d;] for 1 <i <mn.

Consider the elements y;' € G. By the common denominator theorem, there exists
p,v; € T such that p; ' = p~'y; in G for 1 < i < n. It follows that y = v, and thus from
the definition of ~, we have [u;, d;] = [vips, vi(d;)] = [, vi(d;)]. Putting ¢; := v;(d;) € B for
1 <1 < n we have that [1,b;]a = [u, ¢

Now let ty,...,t, be n-ary terms such that ¢; = t¥(by,...,b,) for 1 <i < n. By Lemma
3.7, there exists an endomorphism 6, of B, z; € B and r € T such that ;' (by, ..., b,)0, = p(z:)
and b0, = pu(r(by)) for 1 < ¢ < n. Define 8,7 € End(B) by 8 = 0, and b,y = 2. Using
Proposition 3.1, we have that for all 4,

[L,0i]ap = [u,cilB = (1, ciB] = [w, b, = [, p(z)] = [1, 2] = [1,b:9] = [1, 5]
It follows that a3 = 4. From the fact {b;,...,b,} is a basis for B, we see that

plr (i) A {p(r(01)), - p(r(bia)), p(r(biga)), - -5 pu(r(bn) }

for any 1 < ¢ < n. It follows that 3 has rank n, and hence by Proposition 3.1, so does
f. But then Im 3 = A, which means that /3 is a unit of A by [13, Proposition 3.2]. Hence
a =71 =7pB¢, as required. 0

We now tackle the converse to Theorem 3.8.
Lemma 3.9. Suppose that End(B) is a right order in End(A). Then (CI) holds in B.

Proof. Let a € T and ¢ € (). We need to show that ¢ is in the image of a.
As [1,by] is in a basis of A there exists an a € End(A) such that [1,bi]a = [a,c]. As
End(B) is a right order in End(A), there are 3, € End(B) such that a = ¥3%. Note that

_ = B4 _=\ /33 _—\ [(2\ T
o =73% =7 (36*5%) = (38) (88)" = (7B) ()
By potentially replacing v and g with v/ andﬁﬁ2, respectively, we may assume that 5 = 7/3%3

and, with this assumption, we obtain 7 = af.
From [1,b1]a = [a, ¢] we have that
[]‘7 bl]’7 = [17 bl]QB - [CL, C]B
giving
[Lbl’y] = [a,cﬁ] = [(Z, C]'

Hence there exists u,v € T such that ua = vl and u(c) = v(by7y). Then u(c) = ua(byy) and
as u is injective, we have that ¢ = a(b;7y). By comments at the beginning of this section, we
have that b1y € (0)p. Thus (CI) holds in B. O

Theorem 3.10. Suppose that End(B) is a right order in End(A). Then T is right Ore.
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Proof. Let p,q € T. Define € End(A) by [1,b;]a = [p, q(b1)] for 1 <i < n.

By [15, Lemma 4.10] the rank of « is 1. Since End(B) is a right order in End(A), there
are 7, 8 € End(B) such that o = 3%. As in the proof of Lemma 3.9, we may assume that
aff =74. Hence for i =1,...,n,

[1,6:7] = [1,b,]7 = [1, bi]aB = [p, q(b:1)]3 = [p, (q(b1)) B8] = [p, q(b13)].

Hence there exist a, b € T such that ap = b and aq(b,3) = b(b;7y), giving aq(b18) = ap(b;).
By injectivity of a, we obtain ¢(b15) = p(b;y).

Let u = b3, v; = byy. It follows that ¢(u) = p(v;) and so PC({u}) = PC({v;}) = W
(say) for 1 < i < n. As it is an element of a basis, we have that [1,b,] ¢ (0)4. By [15,
Lemma 4.10], [p, gb1] ¢ (B)4. From o = 5% we have that a = a3# and so 3% acts as the
identity on Tm (a) = ((p, gbi))a, giving [p, a(bif)] = [p,a(b1)]B ¢ (B)a. Once again by [15,
Lemma 4.10], we obtain that ¢(b;8) ¢ (0)p and hence by [15, Proposition 2.4] we also have
b1 ¢ (D)g. Thus W has rank 1. It follows that W has a one-element basis, so W = (w)p
for some w; € B where {wy,...,w,} is a basis of B. Hence there are h,k € T, such that
h(wy) = u, k(wy) = vy, and so gh(w;) = pk(w;). Note that {w;} can be extended to a basis
of B. It follows that for any & € B, there is an endomorphism 7 with wy7 = ¢/. Clearly
then gh = pk and the result follows. O

Theorem 3.6 now follows directly from Theorem 3.8, Lemma 3.9, and Theorem 3.10.

Example 3.11. Let R be an integral domain and M an n-generated (n € N) free left module
over R such that M is a stable basis algebra; certainly we must have that R is left Ore, since
the non-zero elements of R form a monoid isomorphic to Ty. For example, R could be a
left OreBezout domain. Then End(M) (which is isomorphic to M,,(R)) is a left order (in the
sense of either ring or semigroup theory), in End(A). The construction of [15] in this case
yields that A is the n-dimensional vector space D ® M, where D is the division ring of left
quotients of R), so that End(A) is isomorphic to the monoid M, (D). Our results now yield
(for n > 2) that M, (R) is straight in M, (D) if and only if M, (R) is a two-sided order in
M, (D) if and only if R is also right Ore if and only if R is also a right order in D.

Example 3.12. As explained in [8, Section 2|, any free left T-act B of rank n € N over a
cancellative monoid T such that every finitely generated left ideal is principal is a stable basis
algebra. Certainly T is left Ore, and if G is its group of left quotients, then A is isomorphic
to the free left G-act on n generators. Our results show that (for n > 2), End(B) is a straight
left order in End(A) if and only if it is a two-sided order, if and only if T is also right Ore.

4. FULLY STRATIFIED STRAIGHT LEFT ORDERS

In [8, Theorem 6.2], it was claimed that for any stable basis algebra B, End;(B) is a fully
stratified straight left order in some regular semigroup. However, the proof of this result
depends on the invalid Proposition 11.2.6 in [22]. In this section, we show that we can still
obtain that End;(B) a fully stratified straight left order under certain conditions, closely
related to those in Section 3. We remark first that if B has finite rank and satisfies the
distributivity condition, then Ends(B) = End(B) and from Theorems 3.6 and 3.5, End(B)
is a fully stratified straight left order in End(A) (where A is constructed as in Section 3)
if and only if B satisfies (CI) and if rank B > 2, then the monoid T is both left and right
reversible. In the general case of arbitrary rank, where we have no construction of A to hand,
we assume rather stronger conditions on B in order to find sufficient conditions for End;(B)
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to be a fully stratified straight left order. Our approach is to check the list of conditions for
a semigroup to be a fully stratified straight left order given in [14, Proposition 3.2]. In fact,
we are left with just two conditions to check, and for the first, we need make no additional
assumptions.

Lemma 4.1. Let B be a stable basis algebra and let o, f € Endy(B) be such that o <« 5.
Then there ezist v € Endg(B), such that o L*vp.

Proof. Let B have basis {b; : i € I} so that B = (b; : i € I), and for any ¢ € I, b; A (b, :
j eI\ A{i}).

By Proposition 3.2, a <« (8 if and only if PC(Im «) C PC(Im f3). Let {xy,..., 2} be a
basis for PC(Im «). First, if m = 0, then Ima = (D), so that @« = o and so the lemma
holds with v = a. We suppose therefore that m € N.

Set v; = b;8, 1 € I so that Im 8 = (v; : i € I). There exists ap € N and, for j =1,...,m,
p-ary term functions ¢; and u; € T with u;(z;) = t;(v1,...,v,) (where we allow ourselves
the freedom to relabel the b; and hence v;, as convenient).

Define v € EndB by bjy = t;(b1,...,b,) for j = 1,...,m, and bjy = b1y else. Then
v € Endf(B) and

bjyB = tj(bi,-...0,)8
- tj(blﬁ,...,bpﬁ)

= tj(Ul, PN ,Up)

= uy(z;)
for 1 < j < m. Moreover, for j ¢ {1,...,m} we have b;v8 = byy83 = us(z1). We deduce
1) 108 = (tr(@1), . ().

so that clearly PC(Im~3) C PC(Im «). Further, as z; € PC(Im~f) for 1 < i <m, we have
PC(Ima) = (z1,...,2,) C PC(Im~p).

Hence PC(Im ) = PC(Im~f3) so that from Proposition 3.2, we have o L* (3, as required.
[

Lemma 4.2. Let B be a stable basis algebra that satisfies the distributivity condition and
has no constants. Assume that T is commutative. Let o, 5 € Endg(B), such that a <g- B.
Then there exist v € Endg(B), such that a R* Br.

Proof. As in Lemma 4.1, let B have basis {b; : ¢ € I}. Let {uy,...,u,} be a basis for
PC(Im ). Set ¢; = b; 5, so that Im 5 = (¢; : i € I), and choose m-ary term functions ¢; such
that ¢; = t;(uy,...,uy) for i € I. As the u; are in PC(Im /), we may find p; € T such that
pi(u;)) € Imp for 1 <i < m. Let p = p;...p, so that, as T is commutative, p(u;) € Im 3
for 1 <4 < m. Since m is finite, we may find n € N and n-ary term functions s;, such that
p(u;) = si(ca, ..., c,) for 1 < i < m (with, as earlier, some relabelling).

We put b= (by,...,b,) and @ = (uy, ..., up). BExtend {ur, ..., un} to a basis {u; : i € I}
of B, and define v € End(B) by

w7y = sj(bia, ..., bya) = sj(ga)

for 1 < j <m, and u;y = uyy where j ¢ {1,...,m}. Clearly v € End(B).
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Let w be an arbitrary k-ary term function, where without loss of generality we assume
k> n. Let x = w(b) where b = (by,...,b;). Then

zfy = w(b)By
= w(bib,...,068)y
= w(cr, ..., Ck)Y
= w(ti(a@),... t,(1))y
= w(ti(51(0), ..., 5m(ba)), ... tr(s1(ba), ..., sm(ba)))

Moreover,

(pw(®) 8 = pwbif,... 0p)

(w(t1(S1y -y Sm)s s ti(S1,- -y 8m))) (€1, .., Cn)
- (w(tl(sl,...,sm),...,tk(sl,...,sm)))(5))B
= ((wti(s1,- -+ Sm), .o ti(s1,. .-, 5m))) (b)) B.

Here the fourth equation follows inductively from the distributivity condition, the fact that
T is commutative, and that B has no constants.
This means that

(pw(b), (w(ti(s1,. .., Sm)y - tu(s1,. ., 5m))) (b)) € Ker 3
and so

(pw(b), (w(ti(s1, ..., Sm), .-, tals1,...,5m))) (b)) € Kera,
as a <p- (.
Let v, v’ be arbitrary k-ary term functions. Applying the above to y = v(b) and y' = v'(b),
and using the fact that p is one-one, we get that

yBy =y'By
= ((v(tl(sl, ceySm)y s tn(S1, 000y Sm))) (_)) a
= ((V'(ti(s1,-- - Sm)s- s tals1, ..o 8m))) (b))
< ((p)(0), (p)(D) € Kera
& pv(bia, ... bpa) = pv' (o, ... bra)
& v(bia, ... bpa) =V (0, ..., bya)
s (W)a=wHo
& ya =y«

It follows that a R* 5. O
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Before stating and proving the main result of this section, establishing Result 3, we
remind the reader that the relations R* and L£* are the equivalence relations associated,
respectively, with the pre-orders <. and </« of Proposition 3.2.

Theorem 4.3. Let B be a stable basis algebra that satisfies the distributivity condition and
has no constants. Assume that T is commutative. Then End;(B) is a fully stratified straight
left order in a reqular semigroup.

Proof. From [14, Proposition 3.2] the semigroup End;(B)is a fully stratified straight left order

precisely when the following conditions, together with the left-right duals (Eii)(r),(Eiii)(r),

(Evi)(r), of (Eii)(1), (Eiii)(1), (Evi)(1), respectively, are satisfied:

(Ei) £* o R* = R* o L.

(Eii)(1) For all av, 8 € Endf(B), o <g» f if and only if oo L* v for some v € End(B).

(Eiii)(1) Every L*-class contains a square-cancellable endomorphism.

(Evi)(1) For all square-cancellable o € End;(B), and all 8,7 € End;(B), if 8,7 <, a and
Ba = vya, then f = 7.

(Evii)(r) For all square-cancellable a € Ends(B), and all 8,7 € End;(B), if 8,7 <g- a and
afR*ary, then FR*~.

(Gii) If o € End;(B) is square-cancellable, then H} is left Ore.

From [8, Corollary 6.3], Ends(B) is abundant. As pointed out at the beginning of [14,
Section 4], (Eiii)(1) and (r) hold in any abundant semigroup. In [8], it is shown that (Ei),
(Evi)(1), (Evi)(r), (Evii)(r), and (Gii) hold in End;(B), namely in Corollary 6.3, Lemma 6.9,
Lemma 6.10, Lemma 6.11, and Corollary 6.6, respectively. These results do not depend on
the incorrect [22, Proposition I1.2.6], although note that another statement in Corollary 6.3
does.

[t remains to establish the two version of (Eii). It follow from Proposition 3.2 that if
aR* py for any «, 3,7 € Endy(B), then Ker 3 C Kera, so that o <g- §, with a dual
statement for £*. We then use Lemma 4.1 for condition (Eii)(l) and in Lemma 4.2 for
Condition (Eii)(r). The result follows. O

5. OPEN QUESTIONS

The main aim of this article was to show that not all stable basis algebras satisfy the
distributivity condition, achieved in Section 2, and to complete the investigation of the left
order End(B) in End(A) constructed in [13]. However, achieving our objectives here, and
the discovery of the knock-on effects of the error in [22], has prompted a number of further
questions which we would like to pose.

Open Question 5.1. Is every stable basis algebra B a reduct of an independence algebra?

It would make sense to consider first the special case where B has finite rank. Question 5.1
is closed tied to:

Open Question 5.2. If a stable basis algebra B is a reduct of an independence algebra A,
then does B satisfy the distributivity condition if and only if A does?

It may be that in the above, one would want only to consider the case where B contains
all the non-unary basic operations of A.
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Open Question 5.3. Let B be a stable basis algebra. Is End(B) is a left order in a regular
semigroup if and only if B is a reduct of an independence algebra A such that End(B) is a
left order in End(A)?

Finally, following from Theorem 4.3 we ask:

Open Question 5.4. Let B be a stable basis algebra satisfying the distributivity condition.
Is End;(B) a fully stratified straight left order if and only if B satisfies (CI) and (if rank B > 2)
the monoid T is both left and right reversible? In this case, is B a reduct of an independence
algebra A such that End(B) is a fully stratified straight left order in End(A)?
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