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Let
@ n be a positive integer
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1. Transformation Semigroups

Let
@ n be a positive integer
en={1,...,n}
e 7, = {functions n — n} — transformation semigroup

o E(Ty) ={a € T,: a?=a} — idempotents of T,
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1. Transformation Semigroups

Let
@ n be a positive integer
n={1,...,n}

Tn = {functions n — n} — transformation semigroup

E(Th) = {a € T,: a? = a} — idempotents of T,

What are the idempotents and what can we do with them?
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1. Transformation Semigroups

@ € E('ﬁ,) iff a|im(a) = idim(a)
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1. Transformation Semigroups

@ € E('ﬁ,) iff a|im(a) = idim(a)
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1. Transformation Semigroups

@ € E('ﬁ,) iff a|im(a) = idim(a)

o lETI= (§)

k=1
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1. Transformation Semigroups

@ € E('ﬁ,) iff a|im(a) = idim(a)

o lETI= (§)

k=1

i I I - j Z T T 1.0
@ For fixed k € n, choose an image of size k — (")

k)
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1. Transformation Semigroups

@ € E('ﬁ,) iff a|im(a) = idim(a)

o lETI= (§)

AV,

@ For fixed k € n, choose an image of size k — (k)

@ Map the remaining points into the image — k" k.
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1. Transformation Semigroups

@ € E('ﬁ,) iff a|im(a) = idim(a)

o lETI= (§)

AV,

@ For fixed k € n, choose an image of size k — (k)

@ Map the remaining points into the image — k" k.
@ Sum over k.
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1. Transformation Semigroups

Theorem (Howie, 1966)

e E(7,) is not a subsemigroup of T,.
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1. Transformation Semigroups

Theorem (Howie, 1966)

e E(T,) is not a subsemigroup of 7.
o (E(Ta)) = (Ta\ Sn) U {1}.
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1. Transformation Semigroups

Theorem (Howie, 1966)

e E(T,) is not a subsemigroup of 7.
° (E(Tn)) = (Ta\ Sn) U {1}.
° Tn\Sn=(ej,ei:1<i<j<n).

1 i j n 1 i j n

o= TUATL T o=l TN ]
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1. Transformation Semigroups

Theorem (Howie, 1966)

e E(T,) is not a subsemigroup of 7.
° (E(Tn)) = (Ta \ Sn) U {1}.
° Tn\Sn=(ej,ei:1<i<j<n).

1 i j n 1 i j n

o= TUATL T o=l TN ]

Theorem (Howie, 1978)

o rank(7, \ Sp) = idrank(7,\ S,) = (5) = n(n2—1)_
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1. Transformation Semigroups

e Minimal idempotent generating sets classified (Howie, 1978).
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1. Transformation Semigroups

e Minimal idempotent generating sets classified (Howie, 1978).

o 75\ S5 # (e12, €13, €14, €15, €3, €24, €25, €34, €35, €45).
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1. Transformation Semigroups

e Minimal idempotent generating sets classified (Howie, 1978).

o 75\ S5 = (e12, €13, €14, €51, €23, €24, €25, €34, €35, €45).
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1. Transformation Semigroups

e Minimal idempotent generating sets classified (Howie, 1978).

e Minimal generating sets (Ayik, Ayik, Bugay, Kelekci, 2013).
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1. Transformation Semigroups

e Minimal idempotent generating sets classified (Howie, 1978).
e Minimal generating sets (Ayik, Ayik, Bugay, Kelekci, 2013).
@ (Idempotent) rank of all ideals (Howie and McFadden, 1990).

o rank(/,(7,)) = idrank(/,(75,)) = S(n,r) if2<r <n-—1.
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1. Transformation Semigroups

e Minimal idempotent generating sets classified (Howie, 1978).
e Minimal generating sets (Ayik, Ayik, Bugay, Kelekci, 2013).
@ (ldempotent) rank of all ideals (Howie and McFadden, 1990).
o Defining relations (E, 2010, 2013).

(El) eﬁ- = €jj = €jj€jj (E4) €ij€ik = €ik€ij = €Ejk€jj
(E2) €ij€kl = €kI€jj (E5) €ki€ij€jk = €ik€kj€ji€ik
(E3) eiejx = eix (E6) eniejjejxens = eixexieriejej
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1. Transformation Semigroups

e Minimal idempotent generating sets classified (Howie, 1978).
e Minimal generating sets (Ayik, Ayik, Bugay, Kelekci, 2013).
@ (ldempotent) rank of all ideals (Howie and McFadden, 1990).
e Defining relations (E, 2010, 2013).

e (E(7x)) for infinite X (Howie, 1966).

o (E(Tx)) = {1} U(TZ"\ S¥")
U{a € Tx : s(a) =d(a) = c(a) > Np}
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1. Transformation Semigroups

e Minimal idempotent generating sets classified (Howie, 1978).
e Minimal generating sets (Ayik, Ayik, Bugay, Kelekci, 2013).
@ (ldempotent) rank of all ideals (Howie and McFadden, 1990).

e Defining relations (E, 2010, 2013).

(E(Tx)) for infinite X (Howie, 1966).

@ Matrix semigroups (Erdos 1967).

@ Every non-invertible square matrix over a field is a product of
idempotent matrices.
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1. Transformation Semigroups

e Minimal idempotent generating sets classified (Howie, 1978).
e Minimal generating sets (Ayik, Ayik, Bugay, Kelekci, 2013).
@ (ldempotent) rank of all ideals (Howie and McFadden, 1990).
o Defining relations (E, 2010, 2013).

(E(Tx)) for infinite X (Howie, 1966).
@ Matrix semigroups (Erdos 1967).

Endomorphism monoids of independence algebras (Fountain
and Lewin, 1992, 1993).
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1. Transformation Semigroups

e Minimal idempotent generating sets classified (Howie, 1978).
e Minimal generating sets (Ayik, Ayik, Bugay, Kelekci, 2013).
@ (ldempotent) rank of all ideals (Howie and McFadden, 1990).
o Defining relations (E, 2010, 2013).

(E(Tx)) for infinite X (Howie, 1966).

@ Matrix semigroups (Erdos 1967).

Endomorphism monoids of independence algebras (Fountain
and Lewin, 1992, 1993).

Reductive linear algebraic monoids (Putcha, 2006).
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1. Transformation Semigroups

e Minimal idempotent generating sets classified (Howie, 1978).
e Minimal generating sets (Ayik, Ayik, Bugay, Kelekci, 2013).
@ (ldempotent) rank of all ideals (Howie and McFadden, 1990).
o Defining relations (E, 2010, 2013).

e (E(7x)) for infinite X (Howie, 1966).

@ Matrix semigroups (Erdos 1967).

@ Endomorphism monoids of independence algebras (Fountain
and Lewin, 1992, 1993).

@ Reductive linear algebraic monoids (Putcha, 2006).

@ Diagram semigroups. ..
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2. Partition Monoids

o letn={1,...,n}and ' ={1',... . n'}.
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2. Partition Monoids

o letn={1,...,n}and ' ={1',... . n'}.
@ The partition monoid on n is

Pn = {set partitions of nUn’}

James East Brauer Project: Enumeration of E(Pp)



2. Partition Monoids

o letn={1,...,n}and ' ={1',... . n'}.
@ The partition monoid on n is

Pn = {set partitions of nUn’}

o Eg o= {{1,3,4},{2,4},{5,6,1,6},{2,3},{5}} € P

1 2 3 4 5 6
....0.}"
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2. Partition Monoids

o letn={1,...,n}and ' ={1',... . n'}.
@ The partition monoid on n is
Pn = {set partitions of nUn’}

= {graphs on vertex set nUn’}.

o Eg o= {{1,3,4},{2,4},{5,6,1,6},{2,3},{5}} € P

1 2 3 4 5 6
....0.}"
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2. Partition Monoids

o letn={1,...,n}and ' ={1',... . n'}.
@ The partition monoid on n is
Pn = {set partitions of nUn’}

= {graphs on vertex set nUn’}.

o Eg a={{1,3,4},{2,4},{5,6,1,6},{2,3},{5}} € P

::g}n

!
e o |n
1/ 2/ 3/ 4/ 5/ 6/
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2. Partition Monoids

o letn={1,...,n}and ' ={1',... . n'}.
@ The partition monoid on n is
Pn = {set partitions of nUn’}

= {graphs on vertex set nUn’}.

o Eg: o= {{17374’},{2,4},{5,6, 1,6, {2, 3}, {5’}} € P
1 2 3 4

:g}n

/
e O o e o }n
1/ o 3/ 4 5/ 6’
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2. Partition Monoids

o letn={1,...,n}and ' ={1',... . n'}.
@ The partition monoid on n is
Pn = {set partitions of nUn’}

= {graphs on vertex set nUn’}.

o Eg a={{1,3,4},{2,4},{5.6,1,6},{2,3},{5}} € P
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2. Partition Monoids

o letn={1,...,n}and ' ={1',... . n'}.
@ The partition monoid on n is
Pn = {set partitions of nUn’}

= {graphs on vertex set nUn’}.

o Eg a= {{1,3,4’},{2,4}, (5,6,1,6'}, (2,31, {5’}} € Pe
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2. Partition Monoids

o letn={1,...,n}and ' ={1',... . n'}.
@ The partition monoid on n is
Pn = {set partitions of nUn’}

= {graphs on vertex set nUn’}.

o Eg: o= {{1,3,4’},{2,4},{576,1’,6’},{2’.3/}, } € Pe
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2. Partition Monoids

o letn={1,...,n}and ' ={1',... . n'}.
@ The partition monoid on n is
Pn = {set partitions of nUn’}

= {(equiv. classes of) graphs on vertex set nUn'}.

o Eg: o= {{1,3,4’},{2,4},{576,1’,6’},{2’.3/}, } € Pe
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o letn={1,...,n}and ' ={1',... . n'}.
@ The partition monoid on n is
Pn = {set partitions of nUn’}

= {(equiv. classes of) graphs on vertex set nUn'}.
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2. Partition Monoids — Product in P,
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2. Partition Monoids — Product in P,

Let o, 8 € P,.
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2. Partition Monoids — Product in P,

Let o, 8 € P,. To calculate af:

(1) connect bottom of « to top of f,
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2. Partition Monoids — Product in P,

Let o, 8 € P,. To calculate af:
(1) connect bottom of « to top of f,

(2) remove middle vertices and floating components,
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2. Partition Monoids — Product in P,

Let o, 8 € P,. To calculate af:
(1) connect bottom of « to top of f,
(2) remove middle vertices and floating components,

(3) smooth out resulting graph to obtain «af.

a{ .. o o o o
. L ) 3 L3 )
— — — }aﬁ
ﬁ{ & - -
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2. Partition Monoids — Product in P,

Let o, 8 € P,. To calculate af:
(1) connect bottom of « to top of f,
(2) remove middle vertices and floating components,

(3) smooth out resulting graph to obtain «af.

e - -
NG *
’ { %\ ) )
The operation is associative, so P, is a semigroup (monoid, etc).
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2. Partition Monoids — Product in P,

Let o, 8 € P,. To calculate af:
(1) connect bottom of « to top of f,
(2) remove middle vertices and floating components,

(3) smooth out resulting graph to obtain «af.

e - -
NG *
’ { %\ ) )
The operation is associative, so P, is a semigroup (monoid, etc).

e What can we say about idempotents (etc) of P,?
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2. Partition Monoids — Submonoids of P,
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2. Partition Monoids — Submonoids of P,

e B, = {a € Py : blocks of a have size 2} — Brauer monoid

« »
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2. Partition Monoids — Submonoids of P,

e B, = {a € Py : blocks of a have size 2} — Brauer monoid

« »

o J,={a € B,: ais planar} — Jones monoid

A
\ € Js
o b e
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2. Partition Monoids — Submonoids of P,

e B, = {a € Py : blocks of a have size 2} — Brauer monoid

« »

o J,={a € B,: ais planar} — Jones monoid

A
\ € Js
o b e

What can we say about idempotents (etc) of P,? B,? J,?
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2. Partition Monoids

Theorem (E, 2011)

e E(Pp) is not a subsemigroup of Pp,.
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2. Partition Monoids

Theorem (E, 2011)

e E(Pp) is not a subsemigroup of Pp,.
o (E(Pn)) = (Pn\Sn) U{1}.
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2. Partition Monoids

Theorem (E, 2011)

e E(Pp) is not a subsemigroup of Pp,.
° (E(Pn)) = (Pn\ Sn) U{1}.
@ Ppo\Sn=(tr,tj:1<r<n, 1<i<j<n).

1 r n 1 i J n

Lo el JHH ]
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2. Partition Monoids

Theorem (E, 2011)

e E(Pp) is not a subsemigroup of Pp,.
° (E(Pn)) = (Pn\ Sn) U{1}.
@ Ppo\Sn=(tr,tj:1<r<n, 1<i<j<n).

1 r n 1 i J n

o S DO A = O

o rank(P, \ S,) = idrank(P, \ S») = ("51) %
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2. Partition Monoids

e Minimal (idempotent) generating sets (E and Gray, 2014).

o Ps\ S5 = (tio, t13, t15, toa, t34, tas, ta,
ea1, fia, €23, 23, €35, 35, €52, f52).

James East Brauer Project: Enumeration of E(Pp)



2. Partition Monoids

e Minimal (idempotent) generating sets (E and Gray, 2014).

o (Idempotent) rank of all ideals (E and Gray, 2014).

n

o rank(/,(P,)) = idrank(/,(Pp)) = Z <j> S(,r)Bn—j

j=r

ifo<r<n-—1.

V.
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2. Partition Monoids

e Minimal (idempotent) generating sets (E and Gray, 2014).
o (Idempotent) rank of all ideals (E and Gray, 2014).
@ Defining relations (E, 2011).

(T0) t7 =t; (T1) & =1 (T2) titety = t;
(T3) t,'tj = tjt,' (T4) t,'jtk/ = tk/t,'j (T5) tkt,'jtk =ty
(T6) tijtik = tixtui = tuitij (T7) tjtx = ity

TS} GGyt = Gl Gl

(T9) tetititijtityt ittt = tetitytytitiit;tix ty
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2. Partition Monoids

e Minimal (idempotent) generating sets (E and Gray, 2014).
@ (ldempotent) rank of all ideals (E and Gray, 2014).

e Defining relations (E, 2011).

e (E(Px)) for infinite X (E and FitzGerald, 2012).

o (E(Px)) = {1} U (PF"\ S§")

U{a € Px : sing(a) = cosing(a)) > max(sh(a), No)}
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2. Partition Monoids

e Minimal (idempotent) generating sets (E and Gray, 2014).
@ (ldempotent) rank of all ideals (E and Gray, 2014).

e Defining relations (E, 2011).

e (E(Px)) for infinite X (E and FitzGerald, 2012).

o (E(Px)) = {1} U (PF"\ S§")

U{a € Px : sing(a) = cosing(a)) > max(sh(a), No)}

e What about E(Pp) itself??

James East Brauer Project: Enumeration of E(Pp)



2. Partition Monoids — history from JE's perspective
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2. Partition Monoids — history from JE's perspective

@ 26/04/11 — E gives talk about (E(Px)) at St Andrews.
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2. Partition Monoids — history from JE's perspective

@ 26/04/11 — E gives talk about (E(Px)) at St Andrews.

@ 28/04/11 — Email from Max Neunhoffer.

partitions=2 idempots=2

partitions=15 idempots=12
partitions=203 idempots=114
partitions=4140 idempots=1512
partitions=115975 idempots=25826
partitions=4213597 idempots=541254
partitions=190899322 idempots=13479500
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2. Partition Monoids — history from JE's perspective

@ 26/04/11 — E gives talk about (E(Px)) at St Andrews.
@ 28/04/11 — Email from Max Neunhoffer.
@ 27/07/13 — James Mitchell (OEIS).

for i in [2..8] do
Print (NrIdempotents(PartitionMonoid(i)), n);
od;!

2 12 114 1512 25826 541254 13479500 389855014
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2. Partition Monoids — history from JE's perspective

@ 26/04/11 — E gives talk about (E(Px)) at St Andrews.
@ 28/04/11 — Email from Max Neunhoffer.
@ 27/07/13 — James Mitchell (OEIS).

e Meanwhile... E and Des FitzGerald trying “easier” E(7,). ..
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@ 26/04/11 — E gives talk about (E(Px)) at St Andrews.

28/04/11 — Email from Max Neunhoffer.

27/07/13 — James Mitchell (OEIS).

@ Meanwhile... E and Des FitzGerald trying “easier” E(7,). ..

18/12/13 — E, F, Nick Ham — E(B,).
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2. Partition Monoids — history from JE's perspective

@ 26/04/11 — E gives talk about (E(Px)) at St Andrews.

28/04/11 — Email from Max Neunhoffer.

27/07/13 — James Mitchell (OEIS).

@ Meanwhile... E and Des FitzGerald trying “easier” E(7,). ..

18/12/13 — E, F, Nick Ham — E(B,).

31/01/14 — Igor Dolinka — E(B,).
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2. Partition Monoids — history from JE's perspective

@ 26/04/11 — E gives talk about (E(Px)) at St Andrews.

28/04/11 — Email from Max Neunhoffer.

27/07/13 — James Mitchell (OEIS).

@ Meanwhile... E and Des FitzGerald trying “easier” E(7,). ..

18/12/13 — E, F, Nick Ham — E(B,).

31/01/14 — Igor Dolinka — E(B,).

07/02/14 — D, E, F, H — E(P,).
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2. Partition Monoids — history from JE's perspective

@ 26/04/11 — E gives talk about (E(Px)) at St Andrews.

28/04/11 — Email from Max Neunhoffer.

27/07/13 — James Mitchell (OEIS).

@ Meanwhile... E and Des FitzGerald trying “easier” E(7,). ..

18/12/13 — E, F, Nick Ham — E(B,).

31/01/14 — Igor Dolinka — E(B,).

07/02/14 — D, E, F, H — E(P,).

19/02/14 — James Hyde and Nick Loughlin — E(P,) — old.
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2. Partition Monoids — history from JE's perspective

26/04/11 — E gives talk about (E(Px)) at St Andrews.
28/04/11 — Email from Max Neunhoffer.

27/07/13 — James Mitchell (OEIS).

Meanwhile. .. E and Des FitzGerald trying “easier” E(7,). ..
18/12/13 — E, F, Nick Ham — E(B,).

31/01/14 — Igor Dolinka — E(B,).

07/02/14 — D, E, F, H — E(P,).

19/02/14 — James Hyde and Nick Loughlin — E(P,) — old.

21/02/14 — The Brauer Project formed
— lgor, James, Athanasios, Des, Nick, James, Nick.
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Meanwhile. .. E and Des FitzGerald trying “easier” E(7,). ..
18/12/13 — E, F, Nick Ham — E(B,).

31/01/14 — Igor Dolinka — E(B,).

07/02/14 — D, E, F, H — E(P,).

19/02/14 — James Hyde and Nick Loughlin — E(P,) — old.

21/02/14 — The Brauer Project formed
— lgor, James, Athanasios, Des, Nick, James, Nick.
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3. Brauer Monoids
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3. Brauer Monoids

e B, ={a € Py : blocks of a have size 2} — Brauer monoid
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3. Brauer Monoids

e B, ={a € Py : blocks of a have size 2} — Brauer monoid

5 6 7
s

o ]
¢«

LN
o W
¢ es

o -
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3. Brauer Monoids
e B, ={a € Py : blocks of a have size 2} — Brauer monoid
1
<
o
<
&

{

5

o
~

4
B
B
R

D0 C
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3. Brauer Monoids

e B, ={a € Py : blocks of a have size 2} — Brauer monoid

1 2 3 4 5 6 7

“r e -’ 1 2 3 4 5 6 7
04{ Lo A

IO = I fa
Oé{ § o o » 'ERY

{ [ ] [ ] } n
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3. Brauer Monoids

e B, ={a € Py : blocks of a have size 2} — Brauer monoid

1 2 3 4 5 6 7

“r e -’ 1 2 3 4 5 6 7
04{ Lo A

IO = I fa
Oé{ § o o » 'ERY

{ [ ] [ ] } n
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3. Brauer Monoids

e B, ={a € Py : blocks of a have size 2} — Brauer monoid

B RS e e
a{ IEEEEERE
a{(‘.“)lo a (n»\Iﬂ}a

6 o o » é§

Py
AR TA
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3. Brauer Monoids

e B, ={a € Py : blocks of a have size 2} — Brauer monoid

ERER U 123 4 5 6 7
a{ EREEES
SXB) l <> = I }Oé
o § o o » 'ERY
{{ [ ] [ ] } n
B{.\" =7 CEREEY;
B{(‘. “ \Jd} B 'EER) l f\.}ﬁ
{ [ ] [ ] \ [ n
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3. Brauer Monoids

e B, ={a € Py : blocks of a have size 2} — Brauer monoid

ERER U 123 4 5 6 7
a{ EREEES
SXB) l <> = I }Oé
o § o o » 'ERY
{{ [ ] [ ] } n
B{o\u Py Crv sy
B{(‘. “ \Jd} B 'EER) l f\.}ﬁ
{ [ ] [ ] \ [ n
+ J/f j{n
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3. Brauer Monoids

e B, ={a € Py : blocks of a have size 2} — Brauer monoid

ERER U 123 4 5 6 7
a{ EREEES
SXB) l <> = I }Oé
o § o o » 'ERY
{{ [ ] [ ] } n
B{.\" =7 CEREEY;
B{(‘. “ \Jd} B 'EER) l f\.}ﬁ
{ [ ] [ ] \ [ n
gl
+ .
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3. Brauer Monoids

e B, ={a € Py : blocks of a have size 2} — Brauer monoid

EREERY
of IREEEERS
a{(““)lo a (n»\Iﬂ}a

6 o o » é§

/3{.\" = A REEY,
5{(\0 reefy = ') «\.lr\.}ﬁ

' EREEER)
gl
e -

'Y
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3. Brauer Monoids

e B, ={a € Py : blocks of a have size 2} — Brauer monoid

1 2 3 4 5 6 7

. iU
GO = I fa
o § o o » 'ERY
B Sy
B : a (....\lﬂ}ﬁ

2

i

oo - Ll
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3. Brauer Monoids

e B, ={a € Py : blocks of a have size 2} — Brauer monoid

1 2 3 4 5 6 7

1234 56 7
Y

7{ B ii:i:n%

¢«
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3. Brauer Monoids

e B, ={a € Py : blocks of a have size 2} — Brauer monoid

1 2 3 4 5 6 7
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3. Brauer Monoids

e B, ={a € Py : blocks of a have size 2} — Brauer monoid

1 2 3 4 5 6 7
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3. Brauer Monoids

e B, ={a € Py : blocks of a have size 2} — Brauer monoid

1 2 3 4 5 6 7
@ & 0 0 0 o o
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3. Brauer Monoids

e B, ={a € Py : blocks of a have size 2} — Brauer monoid

1 2 3 4 5 6 7

123 4 5 6 7
Y

7{ ) ti:izn}v

')
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3. Brauer Monoids

e B, ={a € Py : blocks of a have size 2} — Brauer monoid

1 2 3 4 5 6 7

1,

22
—— ——
D§E
Il
:
DE?

IS
~
o

N
SO\
I
X
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3. Brauer Monoids

Theorem (DEEFHHL)

A Brauer diagram « € B, is idempotent iff it is a “direct sum” of
“irreducible factors” of the form:

(1)U s (2)U L
¢« ¢ ¢ & "SRR
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3. Brauer Monoids

Theorem (DEEFHHL)

A Brauer diagram «a € B, is idempotent iff it is a “direct sum" of
“irreducible factors” of the form:

(1)U s (2)U L
¢« ¢ ¢ & "SRR

6 20 14 19 13 7 2 2318 1 3 17 11 5 12 16 4 9 15 22 8 21 10
L IUUUU L 0

o & v & ¢ 6 o o 6 o 6 o 66 06 o o
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3. Brauer Monoids

Theorem (DEEFHHL)

A Brauer diagram «a € B, is idempotent iff it is a “direct sum" of
“irreducible factors” of the form:

(1)U s (2)U L
¢« ¢ ¢ & "SRR

6 20 14 19 13 7 2 2318 1 3 17 11 5 12 16 4 9 15 22 8 21 10
L L P L 0

<o

o & v & ¢ ¢ o o 6 o 6 o 66 06 o o
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3. Brauer Monoids

Theorem (DEEFHHL)

A Brauer diagram «a € B, is idempotent iff it is a “direct sum" of
“irreducible factors” of the form:

(1)U s (2)U L
¢« ¢ ¢ & "SRR

6 20 14 19 13 7 2 23 18 1 3 17 11 5 12 16 4 15 22 8 21 10

AU U R U ¢ L P

o & v & ¢ ¢ o o 6 o 6 o 66 06 o o

® ©
®
L]
®
°
L]

AU U U ¢ IUUUU L 0

o & o & ¢ 6 o o 6 o 6 o 66 06 o o
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3. Brauer Monoids

Theorem (DEEFHHL)

n!
] ‘E(Bn)’ = ; ) e ol ) - 202 - Apa ..(2k)u2k
pkEn
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3. Brauer Monoids

Theorem (DEEFHHL)

n!
e |[E(B,)| =
‘ ( n)’ %Ml!.uz[...un!.2#2.4#4...(2k)u2k

where

e k=1[n/2] — ie,n=2kor2k+1,
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3. Brauer Monoids

Theorem (DEEFHHL)

n!
o |[E(B)| =
‘ ( n)’ %M1|M2|Mnl2ﬂ24u4(2k)ﬂ2k

where
e k=1[n/2] — ie,n=2kor2k+1,

o u=(my,my,....,mg)=(1F1,2M2 . . nt) F nis an integer
partition of n.
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3. Brauer Monoids

Theorem (DEEFHHL)

n!
o |[E(B)| =
‘ ( n)’ %M1|M2|Mnl2ﬂ24u4(2k)ﬂ2k

where
e k=1[n/2] — ie,n=2kor2k+1,

o u=(my,my,....,mg)=(1F1,2M2 . . nt) F nis an integer
partition of n. i.e.,

° m17m27...,mk€Z+,
e my = mp > > my,

@ my+my—+---+ mg=n,
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3. Brauer Monoids

Theorem (DEEFHHL)

n!
o |[E(B)| =
‘ ( n)’ %M1|M2|Mnl2ﬂ24u4(2k)ﬂ2k

where
e k=1[n/2] — ie,n=2kor2k+1,

o u=(my,my,....,mg)=(1F1,2M2 . . nt) F nis an integer
partition of n. i.e.,

° m17m27...,mk€Z+,
e my = mp > > my,

@ my+my—+---+ mg=n,

o pi=H#{j:mj=i}.

James East Brauer Project: Enumeration of E(Pp)



3. Brauer Monoids

Idea of proof:
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3. Brauer Monoids

Idea of proof:

@ Choose sizes of irreducible components:

p=(my,my,....,mg) = (1,22 . nk") | n.

E(B) =Y

pEn
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3. Brauer Monoids

Idea of proof:

@ Choose sizes of irreducible components:
p=(my,my,....,mg) = (1,22 . nk") | n.

@ Choose irreducible components X1, Xo, ..., X, of these sizes.

1
|E(Bn)| = _nt- ! - ol il - (LD)F - (212 - - (nl)en

pEn
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3. Brauer Monoids

Idea of proof:

@ Choose sizes of irreducible components:
p=(my,my,....,mg) = (1,22 . nk") | n.

@ Choose irreducible components X1, Xo, ..., X, of these sizes.
© Choose labelings in each component.
e m;! choices if m; is odd,

o (m; — 1)! choices if m; is even.

— IIm odd‘”i!Hm- even(”’i— 1)!
E Bn = I . ! i
‘ ( )’ § n iz

win i) (L) (20 K2 o () )Ha
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3. Brauer Monoids

Idea of proof:

@ Choose sizes of irreducible components:
p=(my,my,....,mg) = (1,22 . nk") | n.

@ Choose irreducible components X1, Xo, ..., X, of these sizes.
© Choose labelings in each component.

e m;! choices if m; is odd,

o (m; — 1)! choices if m; is even.

1|)u1 S(11)H2 - (31)H3 - (3l)He
’_Z"' Lo il (10 - (202 - (plyn

pEn
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3. Brauer Monoids

Idea of proof:

@ Choose sizes of irreducible components:
p=(my,my,....,mg) = (1,22 . nk") | n.

@ Choose irreducible components X1, Xo, ..., X, of these sizes.
© Choose labelings in each component.

e m;! choices if m; is odd,

o (m; — 1)! choices if m; is even.

1|)u1 S(11)H2 - (31)H3 - (3l)He
’_Z"' Lo il (10 - (202 - (plyn

pEn

1
— .
;n ...,un!.QMz.4#4...(2k)/12k' H
o
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3. Brauer Monoids

Theorem (DEEFHHL)

The numbers e, = |E(B,)| satisfy
@ € = 1,
@ ep = a1ep—1 taxen_2+ -+ ane

where ay; = (2",__11) (2i — 1)V and a1 = ("2_’.1) (2i + 1)L
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3. Brauer Monoids

Theorem (DEEFHHL)

n!
ppl - gl g - 2H2 - 4 (2k)ﬂ2k

E(D:B)) = >

pkn
p1tpge=r
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3. Brauer Monoids

E@BY) = 3 "

o M1|M2|Mn|2ﬂ24ﬂ4(2k)ﬂ2k

p1tpgzte=r

Theorem (DEEFHHL)

The numbers e,, = |E(D,(B,))| satisfy

(n—1)112 if nis even
@ €&np = 1: €n0 = . .
0 if nis odd,

@ & = ad16n—-1,r-1 + axen_2r + a3én-3,r—-1 + a4€n—ar S oee

where ay; = (2",__11) (2i —1)! and aj41 = (”;1)(2/' + 1)L
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4. Partition Monoids
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4. Partition Monoids

Consider an idempotent from P,:

1 2 3 4 5 6 7 8 9 10

a{u e .
N E R R
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4. Partition Monoids

Consider an idempotent from P,:

1 2 3 4 5 6 7 8 9 10
L]

of TAT— N

f
R R R
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4. Partition Monoids

Consider an idempotent from P,:

1 2 3 4 5 6 7 8 9 10
L]

[OIEETT e
a{[kgm %ﬁjﬂ\}

T e b
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4. Partition Monoids

Consider an idempotent from P,:

12345678910
{ 1 2 3 4 5 6 7 8 9 10

{’7@@\ R ey
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4. Partition Monoids

Consider an idempotent from P,:

1 2 3 4 5 6 7 8 9 10
L]

[OIEETT e
a{[kgm %ﬁjﬂ\}

T e b
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4. Partition Monoids

Consider an idempotent from P,:

1 2 3 4 5 6 7 8 9 10
{ 1 2 3 4 5 6 7 8 9 10

(e - jo

«
«
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4. Partition Monoids

Consider an idempotent from P,:

1 2 3 4 5 6 7 8 9 10
® 6 ¢ ¢ 6 o o o o o
1 2 3 45 6 7 8 9 10

Z}-J@\ - Jo

James East Brauer Project: Enumeration of E(Pp)



4. Partition Monoids

Consider an idempotent from P,:

1 2 3 4 5 6 7 8 9 10
[ ]
1 2 3 4 5 6 7 8 9 10

Nl RTINS
JOED = e

e ¥ T ¥ o e
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4. Partition Monoids

Consider an idempotent from P,:

1 2 3 4 5 6 7 8 9 10
[ ] [ ]
2 3 5 6 7 8 9 10

a{u L NEERSETE .a
a{}mﬁ e

e ¥ T ¥ o e

126810345

1 2 6 8 10 3 4 5 7 9
?_I'QU'?}
- (0]
@ e
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4. Partition Monoids

Consider an idempotent from P,:

1 2 3 4 5 6 7 8 9 10
[ ]

s o s .
a{ﬁ\. B L; 3 .\-; 6189w
a{ﬁm\ e mﬁwﬁ\}a

126810345
1 2 6 8 10 3 4 5 7 9
?_I'QU'?}
- (0]
@ e

So « is the direct sum of two irreducible components.
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4. Partition Monoids

Consider an idempotent from P,:

1 2 3 4 5 6 7 8 9 10

{UU. ° 1 2 3 4 5 6 7 8 9 10
a LS A L U A U/ ®
'Y

N
of e v ) e

U .’\U./‘ 1 2 6 8 10 3 4 5 7 9
{ ?_I'QU'?}
- (0]

F¥> e

So « is the direct sum of two irreducible components.

@ “lrreducible” means the middle row of dots is connected.
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4. Partition Monoids

Consider an idempotent from P,:

1 2 3 4 5 6 7 8 9 10
[ ]

s o s .
a{ﬁ\. B L; 3 .\-; 6189w
a{ﬁm\ e mﬁwﬁ\}a

1 2 6 8 10 3 4 5
1 2 6 8 10 3 4 5 7 9
?_I e L e ?}
= o
@ e
So « is the direct sum of two irreducible components.
@ ‘“Irreducible” means the middle row of dots is connected.
@ An irreducible partition is idempotent iff it has rank 0 or 1.
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4. Partition Monoids

Theorem (DEEFHHL)

A partition a € P, is idempotent iff it is a direct sum of irreducible
partitions of rank 0 or 1.
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4. Partition Monoids

Theorem (DEEFHHL)

A partition a € P, is idempotent iff it is a direct sum of irreducible
partitions of rank 0 or 1.

Theorem (DEEFHHL)

(1) - .. c(n)bn
[E(Pa)l = n!- ) - '(':Nn! : (1!)21 (nly

pEn
where c(k) = # of irreducible partitions of rank 0 or 1 from Pj.
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4. Partition Monoids

Consider an irreducible idempotent partition a € P,,.

James East Brauer Project: Enumeration of E(P)



4. Partition Monoids

Consider an irreducible idempotent partition a € P,,.
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4. Partition Monoids

Consider an irreducible idempotent partition a € P,,.
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4. Partition Monoids

Consider an irreducible idempotent partition a € P,,.

@ “Irreducible” means that when we form the product a?, the
middle row is connected
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4. Partition Monoids

Consider an irreducible idempotent partition a € P,,.

@ “Irreducible” means that when we form the product a?, the
middle row is connected, whether rank(«) = 0 or 1.
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4. Partition Monoids

Consider an irreducible idempotent partition a € P,,.

@ “Irreducible” means that when we form the product a?, the
middle row is connected, whether rank(«) = 0 or 1.

@ Let ¢ [resp., n] be the equivalence relation determined by the
connections between the upper [resp., lower] vertices of a.

L]
.\M} 1 2 3 4 5 6

: 143 78}5

rﬁ\m}n

James East Brauer Project: Enumeration of E(Pp)



4. Partition Monoids

Consider an irreducible idempotent partition a € P,,.

@ “Irreducible” means that when we form the product a?, the
middle row is connected, whether rank(«) = 0 or 1.

@ Let ¢ [resp., n] be the equivalence relation determined by the
connections between the upper [resp., lower] vertices of a.

@ “Irreducible” means that e V7 =n x n.

1 2 3 4 5 6 7 8
L]
\ij‘ 1 2 3 4 5 6

1 143 78}5

rﬁ\m}n
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4. Partition Monoids

Consider an irreducible idempotent partition a € P,,.

@ “Irreducible” means that when we form the product a?, the
middle row is connected, whether rank(«) = 0 or 1.

@ Let ¢ [resp., n] be the equivalence relation determined by the
connections between the upper [resp., lower] vertices of a.

@ “Irreducible” means that e V7 =n x n.

1 2 3 4 5 6 7 8

L]
\ij‘ 1 2 3 4 5 6

1 143 78}5

rﬁ\m}n

o Let c(n,r,s)=#{(e,n):eVn=nxn,|n/e|=r, [n/n| =s}.
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4. Partition Monoids

Consider an irreducible idempotent partition a € P,,.

@ “Irreducible” means that when we form the product a?, the
middle row is connected, whether rank(«) = 0 or 1.

@ Let ¢ [resp., n] be the equivalence relation determined by the
connections between the upper [resp., lower] vertices of a.

@ “Irreducible” means that e V7 =n x n.

1 2 3 4 5 6 7 8
L]
P 1 2 3 4 5 6 7 8

a{ ot e e
¥ e SN Iy

o Let c(n,r,s)=#{(e,n):eVn=nxn,|n/e|=r, [n/n| =s}.
@ Then ¢(n) = i (L1 +rs)c(n,r,s).

r,s=1
James East Brauer Project: Enumeration of E(Pp)



4. Partition Monoids

Consider an irreducible idempotent partition a € P,,.

@ “Irreducible” means that when we form the product a?, the
middle row is connected, whether rank(«) = 0 or 1.

@ Let ¢ [resp., n] be the equivalence relation determined by the
connections between the upper [resp., lower] vertices of a.

@ “Irreducible” means that e V7 =n x n.

1 2 3 45 6 7 8
L G 4

1 2 3 4 5 6 7 8
}e

= e

o Let c(n,r,s)=#{(e,n):eVn=nxn,|n/e|=r, [n/n| =s}.
@ Then ¢(n) = i (L1 +rs)c(n,r,s).

r,s=1
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4. Partition Monoids

Theorem (DEEFHHL)

(1) - - c(n)kn

pal e pp! - (1N)F - (pl)pn? where

[E(Pa)l = n!-

pkEn

k

o c(k)= Y (1+rs)c(k,r,s), and

r,s=1

@ c(n,r,1)=S(n,r)
c(n,1,s) = S(n, s)
c(n,rys)=s-cn—1,r—1,s)+r-c(n—1,r,s —1)+rs-c(n—1,r,s)
r—1s—1

+2(n—2>22 (a(s — b) + b(r — a))c(m, a, b)c(n — m — 1,r — a,s — b).

a=1 b=1
ifr,s > 2.
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5. Diagram Algebras
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5. Diagram Algebras

o Let £ € C.
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5. Diagram Algebras

o Let £ € C.

@ The partition algebra PS is the C-vector space with basis P,
and product x determined by:

axf=m@A(ap),
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5. Diagram Algebras

o Let £ € C.

@ The partition algebra PS is the C-vector space with basis P,
and product x determined by:

axf=m@A(ap),

where m(a, 3) = number of “floating components” deleted in
the middle row when forming the product a8 € P,,.
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5. Diagram Algebras

o Let £ € C.

@ The partition algebra PS is the C-vector space with basis P,
and product x determined by:

axf=m@A(ap),

where m(a, 3) = number of “floating components” deleted in
the middle row when forming the product a8 € P,,.

o m(a, B)+ m(ap,v) = m(a, Bv)+ m(53,7) so * is associative.
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5. Diagram Algebras

o Let £ € C.

@ The partition algebra PS is the C-vector space with basis P,
and product x determined by:

axf=m@A(ap),

where m(a, 3) = number of “floating components” deleted in
the middle row when forming the product a8 € P,,.

o m(a, B)+ m(ap,v) = m(a, Bv)+ m(53,7) so * is associative.

o PS plays an important role in statistical mechanics and
Schur-Weyl duality.
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5. Diagram Algebras

o
~

D0 C

L 2N}
* W

o o lex
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5. Diagram Algebras

123 4567

{'\"') A 123456 7

o L v (4
GO o I fa

Oé{ § o o » "ERY
o o o «
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5. Diagram Algebras

123 4567

{'\"') A 123456 7

o L v (4
GO o I fa

Oé{ § o o » "ERY
o o o «

° axa =&
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5. Diagram Algebras

1‘2'3'4567
ATTTTT B G
a{(““) o7 (.»‘o[f\}a
R ¢«
(T g,
5{(*\ _ A la

o axa=Ea @ BxpB=¢EB
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5. Diagram Algebras

L 2N}
* W
o
~

)

T A

oa*azfza o BxB=¢&0 @YXy =7

i\ ;SU 123 456 7

@ L2y N4
{(»»){O — I }a
a P R N
{(»n\ ¢«
(T e,
/8{.,“7'\. — (..“.lﬂ
{

{

5

2
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5. Diagram algebras

Theorem (DEEFHHL)

The number of idempotent basis elements of 73,5 is equal to

—n-y c'(1)k .- c(n)kn

o ,LL1| .. Mn| . (1')”1 .o (n!)un’

where

k
o (k)= Z rs - c(k,r,s), and

r,s=1

@ £ is not an Mth root of unity with M < n.

(Similar statements exist when £ is an Mth root of unity.)
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5. Diagram algebras

Theorem (DEEFHHL)

The number of idempotent basis elements of B,E, is equal to

Z n!

palps!l - pokgr!’

m
where
_ | n=1
o k=[5,
@ the sum is over all integer partitions = (1#1,... n#") F n

with pp; =0 for i =0,1,...,[5], and
@ ¢ is not an Mth root of unity with M < n.

(Similar statements exist when £ is an Mth root of unity.)
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6. What else?
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e Other submonoids — PB,, T,, Z,, I;:
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6. What else?

e Other submonoids — PB,, T,, Z,, I;:

o ET) =Y e

pro u1| .. un| . O!,ul . ..(n_ ]_)!,un
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6. What else?

e Other submonoids — PB,, T,, Z,, I;:

o ET) =Y e

pro u1| .. un| . O!,ul . ..(n_ ]_)!,un

_ S n knfk
%)
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6. What else?

e Other submonoids — PB,, T,, Z,, I;:

o |E(Ta)l = Z fial - gl - Ol (= 1)len

pkn

" n
_ knfk
(+)
k=1

o |E(T) = 1, |E(T)| = ("1)-m-|E(frn_m>|
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6. What else?

e Other submonoids — PB,, T,, Z,, I;:

o |E(Ta)l = Z TN E 0!;11. oo (n = 1)l

pkn

" n
_ knfk
(+)
k=1

o |E(T) = 1, |E(T)| = ("1)-m-|E(frn_m>|

m-—1
m=1

k

o By = Z (n> Bx — from considering E(Z})
k=0
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6. What else?

e Other submonoids — PB,, T,, Z,, I;:

o |E(Ta)l = Z TN E 0!;11. oo (n = 1)l

pkn

" n
_ knfk
(+)
k=1

o |E(T) = 1, |E(T)| = ("1)-m-|E(frn_m>|

m-—1
m=1

k

o By = Z (n> Bx — from considering E(Z})
k=0

o 21 =2.2" — from considering E(Z,)
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6. What else?

e Other submonoids — PB,, T,, Z,, I;:

o |E(Ty)| :Zm!_

pkn

" n
_ knfk
(+)
k=1

o |E(T) = 1, |E(T)| = (

m=1

c il - Ol# - (p — 1)1

n—1
m—1

) m €T

n

o By = kz_;) (:) Bx — from considering E(Z})
o 21 =2.2" — from considering E(Z,)
o |E(Bx)| = |[E(Px)| = 2X1if X is infinite
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e We can't yet enumerate E(7,).
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e We can't yet enumerate E(7,).

e Elements of E(7,) are still direct sums of irreducible
components (and these give “meander numbers").
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e We can't yet enumerate E(7,).

e Elements of E(7,) are still direct sums of irreducible
components (and these give “meander numbers").

@ But planarity is tricky. ..
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e We can't yet enumerate E(7,).

e Elements of E(7,) are still direct sums of irreducible
components (and these give “meander numbers").

@ But planarity is tricky. ..

e We know |E(J,)| up to about n = 22.
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e We can't yet enumerate E(7,).

e Elements of E(7,) are still direct sums of irreducible
components (and these give “meander numbers").

@ But planarity is tricky. ..

e We know |E(J,)| up to about n = 22.
@ Athanasios on Facebook:

“Of the permutations of n with tableaux (via the RS
algorithm) having at most two rows, the number with odd
cycle count equal to 2x[length of first row]—n is equal to
|E(Jn)| for n=0,1,...,7."
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e We can't yet enumerate E(7,).

e Elements of E(7,) are still direct sums of irreducible
components (and these give “meander numbers").

But planarity is tricky. ..

We know |E(J,)| up to about n = 22.

Athanasios on Facebook:

“Of the permutations of n with tableaux (via the RS
algorithm) having at most two rows, the number with odd
cycle count equal to 2x[length of first row]—n is equal to
|E(Jn)| for n=0,1,...,7."

@ Des: “x17?"
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e We can't yet enumerate E(7,).

e Elements of E(7,) are still direct sums of irreducible
components (and these give “meander numbers").

But planarity is tricky. ..

We know |E(J,)| up to about n = 22.

Athanasios on Facebook:

“Of the permutations of n with tableaux (via the RS
algorithm) having at most two rows, the number with odd
cycle count equal to 2x[length of first row]—n is equal to
|E(Jn)| for n=0,1,...,7."

@ Des: “x17?"

e THAN" YOU!
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