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1. Transformation Semigroups

Let

n be a positive integer

n = {1, . . . , n}

Tn = {functions n→ n} — transformation semigroup

E (Tn) =
{
α ∈ Tn : α2 = α

}
— idempotents of Tn

What are the idempotents and what can we do with them?

James East Brauer Project: Enumeration of E(Pn)



1. Transformation Semigroups

Let

n be a positive integer

n = {1, . . . , n}

Tn = {functions n→ n} — transformation semigroup

E (Tn) =
{
α ∈ Tn : α2 = α

}
— idempotents of Tn

What are the idempotents and what can we do with them?

James East Brauer Project: Enumeration of E(Pn)



1. Transformation Semigroups

Let

n be a positive integer

n = {1, . . . , n}

Tn = {functions n→ n} — transformation semigroup

E (Tn) =
{
α ∈ Tn : α2 = α

}
— idempotents of Tn

What are the idempotents and what can we do with them?

James East Brauer Project: Enumeration of E(Pn)



1. Transformation Semigroups

Let

n be a positive integer

n = {1, . . . , n}

Tn = {functions n→ n} — transformation semigroup

E (Tn) =
{
α ∈ Tn : α2 = α

}
— idempotents of Tn

What are the idempotents and what can we do with them?

James East Brauer Project: Enumeration of E(Pn)



1. Transformation Semigroups

Let

n be a positive integer

n = {1, . . . , n}

Tn = {functions n→ n} — transformation semigroup

E (Tn) =
{
α ∈ Tn : α2 = α

}
— idempotents of Tn

What are the idempotents and what can we do with them?

James East Brauer Project: Enumeration of E(Pn)



1. Transformation Semigroups

Theorem

α ∈ E (Tn) iff α|im(α) = idim(α)

α
{ 1 2 3 4 5 6 7 8 9 10

α
{ 6=

}
α

1 2 3 4 5 6 7 8 9 10
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1. Transformation Semigroups

Theorem

α ∈ E (Tn) iff α|im(α) = idim(α)

|E (Tn)| =
n∑

k=1

(
n

k

)
kn−k

1 2 3 4 5 6 7 8 9 10

For fixed k ∈ n, choose an image of size k —
(n
k

)
.

Map the remaining points into the image — kn−k .

Sum over k.
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1. Transformation Semigroups

Theorem (Howie, 1966)

E (Tn) is not a subsemigroup of Tn.

〈E (Tn)〉 = (Tn \ Sn) ∪ {1}.

Tn \ Sn = 〈eij , eji : 1 ≤ i < j ≤ n〉.

i j1 n

eij =

i j1 n

eji =

Theorem (Howie, 1978)

rank(Tn \ Sn) = idrank(Tn \ Sn) =
(n

2

)
= n(n−1)

2 .
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1. Transformation Semigroups

Minimal idempotent generating sets classified (Howie, 1978).
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1. Transformation Semigroups

Minimal idempotent generating sets classified (Howie, 1978).

1

2

34

5

T5 \ S5 6= 〈e12, e13, e14, e15, e23, e24, e25, e34, e35, e45〉.
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1. Transformation Semigroups

Minimal idempotent generating sets classified (Howie, 1978).

1

2

34

5

T5 \ S5 = 〈e12, e13, e14, e51, e23, e24, e25, e34, e35, e45〉.
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1. Transformation Semigroups

Minimal idempotent generating sets classified (Howie, 1978).

Minimal generating sets (Ayik, Ayik, Bugay, Kelekci, 2013).
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1. Transformation Semigroups

Minimal idempotent generating sets classified (Howie, 1978).

Minimal generating sets (Ayik, Ayik, Bugay, Kelekci, 2013).

(Idempotent) rank of all ideals (Howie and McFadden, 1990).

Theorem

rank(Ir (Tn)) = idrank(Ir (Tn)) = S(n, r) if 2 ≤ r ≤ n − 1.
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1. Transformation Semigroups

Minimal idempotent generating sets classified (Howie, 1978).

Minimal generating sets (Ayik, Ayik, Bugay, Kelekci, 2013).

(Idempotent) rank of all ideals (Howie and McFadden, 1990).

Defining relations (E, 2010, 2013).

Theorem

(E1) e2
ij = eij = ejieij

(E2) eijekl = ekleij

(E3) eikejk = eik

(E4) eijeik = eikeij = ejkeij

(E5) ekieijejk = eikekjejieik

(E6) ekieijejkekl = eikeklelieijejl
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1. Transformation Semigroups

Minimal idempotent generating sets classified (Howie, 1978).

Minimal generating sets (Ayik, Ayik, Bugay, Kelekci, 2013).

(Idempotent) rank of all ideals (Howie and McFadden, 1990).

Defining relations (E, 2010, 2013).

〈E (TX )〉 for infinite X (Howie, 1966).

Theorem

〈E (TX )〉 = {1} ∪ (T fin
X \ Sfin

X )

∪ {α ∈ TX : s(α) = d(α) = c(α) ≥ ℵ0}
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1. Transformation Semigroups

Minimal idempotent generating sets classified (Howie, 1978).

Minimal generating sets (Ayik, Ayik, Bugay, Kelekci, 2013).

(Idempotent) rank of all ideals (Howie and McFadden, 1990).

Defining relations (E, 2010, 2013).

〈E (TX )〉 for infinite X (Howie, 1966).

Matrix semigroups (Erdos 1967).

Theorem

Every non-invertible square matrix over a field is a product of
idempotent matrices.
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1. Transformation Semigroups

Minimal idempotent generating sets classified (Howie, 1978).

Minimal generating sets (Ayik, Ayik, Bugay, Kelekci, 2013).

(Idempotent) rank of all ideals (Howie and McFadden, 1990).

Defining relations (E, 2010, 2013).

〈E (TX )〉 for infinite X (Howie, 1966).

Matrix semigroups (Erdos 1967).

Endomorphism monoids of independence algebras (Fountain
and Lewin, 1992, 1993).

Reductive linear algebraic monoids (Putcha, 2006).

Diagram semigroups. . .
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2. Partition Monoids

Let n = {1, . . . , n} and n′ = {1′, . . . , n′}.

The partition monoid on n is

Pn =
{

set partitions of n ∪ n′
}

≡
{

graphs on vertex set n ∪ n′
}

.

Eg: α =
{
, , , ,

}
∈ P6

1 2 3 4 5 6

1′ 2′ 3′ 4′ 5′ 6′

}
n

}
n′
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2. Partition Monoids — Product in Pn

Let α, β ∈ Pn. To calculate αβ:

(1) connect bottom of α to top of β,

(2) remove middle vertices and floating components,

(3) smooth out resulting graph to obtain αβ.

α

{

β

{ 1 2

}
αβ

3

The operation is associative, so Pn is a semigroup (monoid, etc).

What can we say about idempotents (etc) of Pn?
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2. Partition Monoids — Submonoids of Pn

Bn = {α ∈ Pn : blocks of α have size 2} — Brauer monoid

∈ B5

Jn = {α ∈ Bn : α is planar} — Jones monoid

∈ J5

What can we say about idempotents (etc) of Pn? Bn? Jn?
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2. Partition Monoids

Theorem (E, 2011)

E (Pn) is not a subsemigroup of Pn.

〈E (Pn)〉 = (Pn \ Sn) ∪ {1}.

Pn \ Sn = 〈tr , tij : 1 ≤ r ≤ n, 1 ≤ i < j ≤ n〉.

r1 n

tr =

i j1 n

tij =

rank(Pn \ Sn) = idrank(Pn \ Sn) =
(n+1

2

)
= n(n+1)

2 .
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2. Partition Monoids

Minimal (idempotent) generating sets (E and Gray, 2014).

1

2

34

5

12

1314

15

2324

25

34

3545

P5 \ S5 = 〈t12, t13, t15, t24, t34, t45, t4,

e41, f14, e23, f23, e35, f35, e52, f52〉.
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2. Partition Monoids

Minimal (idempotent) generating sets (E and Gray, 2014).

(Idempotent) rank of all ideals (E and Gray, 2014).

Theorem

rank(Ir (Pn)) = idrank(Ir (Pn)) =
n∑

j=r

(
n

j

)
S(j , r)Bn−j

if 0 ≤ r ≤ n − 1.
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2. Partition Monoids

Minimal (idempotent) generating sets (E and Gray, 2014).

(Idempotent) rank of all ideals (E and Gray, 2014).

Defining relations (E, 2011).

Theorem

(T0) t2
i = ti

(T3) ti tj = tj ti

(T1) t2
ij = tij

(T4) tij tkl = tkl tij

(T2) tij tktij = tij

(T5) tktij tk = tk

(T6) tij tjk = tjktki = tki tij (T7) tij tk = tktij

(T8) tktki ti tij tj tjktk = tktkj tj tji ti tiktk

(T9) tktki ti tij tj tjl tl tlktk = tktkl tl tli ti tij tj tjktk
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2. Partition Monoids

Minimal (idempotent) generating sets (E and Gray, 2014).

(Idempotent) rank of all ideals (E and Gray, 2014).

Defining relations (E, 2011).

〈E (PX )〉 for infinite X (E and FitzGerald, 2012).

Theorem

〈E (PX )〉 = {1} ∪ (Pfin
X \ Sfin

X )

∪{α ∈ PX : sing(α) = cosing(α) ≥ max(sh(α),ℵ0)}

What about E (Pn) itself??
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2. Partition Monoids — history from JE’s perspective
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2. Partition Monoids — history from JE’s perspective

26/04/11 — E gives talk about 〈E (PX )〉 at St Andrews.

28/04/11 — Email from Max Neunhoffer.

n=1 partitions=2 idempots=2

n=2 partitions=15 idempots=12

n=3 partitions=203 idempots=114

n=4 partitions=4140 idempots=1512

n=5 partitions=115975 idempots=25826

n=6 partitions=4213597 idempots=541254

n=7 partitions=190899322 idempots=13479500
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2. Partition Monoids — history from JE’s perspective

26/04/11 — E gives talk about 〈E (PX )〉 at St Andrews.

28/04/11 — Email from Max Neunhoffer.

27/07/13 — James Mitchell (OEIS).

for i in [2..8] do

Print(NrIdempotents(PartitionMonoid(i)), n);

od;!

2 12 114 1512 25826 541254 13479500 389855014
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Meanwhile. . . E and Des FitzGerald trying “easier” E (Jn). . .

James East Brauer Project: Enumeration of E(Pn)



2. Partition Monoids — history from JE’s perspective

26/04/11 — E gives talk about 〈E (PX )〉 at St Andrews.

28/04/11 — Email from Max Neunhoffer.

27/07/13 — James Mitchell (OEIS).

Meanwhile. . . E and Des FitzGerald trying “easier” E (Jn). . .

18/12/13 — E, F, Nick Ham — E (Bn).

James East Brauer Project: Enumeration of E(Pn)



2. Partition Monoids — history from JE’s perspective

26/04/11 — E gives talk about 〈E (PX )〉 at St Andrews.

28/04/11 — Email from Max Neunhoffer.

27/07/13 — James Mitchell (OEIS).

Meanwhile. . . E and Des FitzGerald trying “easier” E (Jn). . .

18/12/13 — E, F, Nick Ham — E (Bn).

31/01/14 — Igor Dolinka — E (Bn).

James East Brauer Project: Enumeration of E(Pn)



2. Partition Monoids — history from JE’s perspective

26/04/11 — E gives talk about 〈E (PX )〉 at St Andrews.

28/04/11 — Email from Max Neunhoffer.

27/07/13 — James Mitchell (OEIS).

Meanwhile. . . E and Des FitzGerald trying “easier” E (Jn). . .
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3. Brauer Monoids

Bn = {α ∈ Pn : blocks of α have size 2} — Brauer monoid

α
{ 1 2 3 4 5 6 7

α
{ =

}
α

1 2 3 4 5 6 7

β
{
β
{ =

}
β

γ
{
γ
{ =

}
γ
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3. Brauer Monoids

Bn = {α ∈ Pn : blocks of α have size 2} — Brauer monoid

γ
{ 1 2 3 4 5 6 7

1 2 3 4 5 6 7

γ
{ =

}
γ

1 2 3 4 5 6 7

1 2 3 4 5 6 7
γ
{
γ
{ =

}
γ

γ
{γ
{ 1 2 3 4 5 6 7

1 2 3 4 5 6 7

=
}
γ

γ
{γ
{ 1 23 45 67

1 3 5 2 4 7 6

=
}
γ
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3. Brauer Monoids

Theorem (DEEFHHL)

A Brauer diagram α ∈ Bn is idempotent iff it is a “direct sum” of
“irreducible factors” of the form:

(1) (2)

6 20 14 19 13 7 2 23 18 1 3 17 11 5 12 16 4 9 15 22 8 21 10

=
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3. Brauer Monoids

Theorem (DEEFHHL)

|E (Bn)| =
∑
µ`n

n!

µ1! · µ2! · · ·µn! · 2µ2 · 4µ4 · · · (2k)µ2k

where

k = bn/2c — i.e., n = 2k or 2k + 1,

µ = (m1,m2, . . . ,mk) = (1µ1 , 2µ2 , . . . , nµn) ` n is an integer
partition of n. i.e.,

m1,m2, . . . ,mk ∈ Z+,

m1 ≥ m2 ≥ · · · ≥ mk ,

m1 + m2 + · · ·+ mk = n,

µi = # {j : mj = i}.
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3. Brauer Monoids

Idea of proof:

1 Choose sizes of irreducible components:

µ = (m1,m2, . . . ,mk) = (1µ1 , 2µ2 , . . . , nµn) ` n.

2 Choose irreducible components X1,X2, . . . ,Xm of these sizes.

3 Choose labelings in each component.

mi ! choices if mi is odd,

(mi − 1)! choices if mi is even.

|E (Bn)| =
∑
µ`n

n! ·
µ1! · µ2! · · ·µn! · (1!)µ1 · (2!)µ2 · · · (n!)µn

=
∑
µ`n

n! · 1

µ1! · µ2! · · ·µn! · 2µ2 · 4µ4 · · · (2k)µ2k
. �
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3. Brauer Monoids

Theorem (DEEFHHL)

The numbers en = |E (Bn)| satisfy

e0 = 1,

en = a1en−1 + a2en−2 + · · ·+ ane0

where a2i =
(
n−1
2i−1

)
(2i − 1)! and a2i+1 =

(
n−1

2i

)
(2i + 1)!.
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4. Partition Monoids

Consider an idempotent from Pn:

α
{
α
{ }

α=

1 2 6 8 103 4 5 7 9

α
{
α
{ }

α=

1 2 6 8 10 3 4 5 7 9

1 2 6 8 10 3 4 5 7 9

So α is the direct sum of two irreducible components.

“Irreducible” means the middle row of dots is connected.

An irreducible partition is idempotent iff it has rank 0 or 1.
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4. Partition Monoids

Theorem (DEEFHHL)

A partition α ∈ Pn is idempotent iff it is a direct sum of irreducible
partitions of rank 0 or 1.

Theorem (DEEFHHL)

|E (Pn)| = n! ·
∑
µ`n

c(1)µ1 · · · c(n)µn

µ1! · · ·µn! · (1!)µ1 · · · (n!)µn

where c(k) = # of irreducible partitions of rank 0 or 1 from Pk .
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4. Partition Monoids

Consider an irreducible idempotent partition α ∈ Pn.

“Irreducible” means that when we form the product α2, the
middle row is connected, whether rank(α) = 0 or 1.

Let ε [resp., η] be the equivalence relation determined by the
connections between the upper [resp., lower] vertices of α.

“Irreducible” means that ε ∨ η = n× n.

1 2 3 4 5 6 7 8

α
{

α
{ 1 2 3 4 5 6 7 8

=
}
α
}ε

}η

Let c(n, r , s) = #
{

(ε, η) : ε ∨ η = n× n, |n/ε| = r , |n/η| = s
}

.

Then c(n) =
n∑

r ,s=1

(1 + rs)c(n, r , s).
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4. Partition Monoids

Theorem (DEEFHHL)

|E (Pn)| = n! ·
∑
µ`n

c(1)µ1 · · · c(n)µn

µ1! · · ·µn! · (1!)µ1 · · · (n!)µn
, where

c(k) =
k∑

r ,s=1

(1 + rs)c(k, r , s), and

c(n, r, 1) = S(n, r)

c(n, 1, s) = S(n, s)

c(n, r, s) = s · c(n − 1, r − 1, s) + r · c(n − 1, r, s − 1) + rs · c(n − 1, r, s)

+

n−2∑
m=1

(
n − 2

m

) r−1∑
a=1

s−1∑
b=1

(
a(s − b) + b(r − a)

)
c(m, a, b)c(n − m − 1, r − a, s − b).

if r, s ≥ 2.
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5. Diagram Algebras

Let ξ ∈ C.

The partition algebra Pξn is the C-vector space with basis Pn
and product ? determined by:

α ? β = ξm(α,β)(αβ),

where m(α, β) = number of “floating components” deleted in
the middle row when forming the product αβ ∈ Pn.

m(α, β) +m(αβ, γ) = m(α, βγ) +m(β, γ) so ? is associative.

Pξn plays an important role in statistical mechanics and
Schur-Weyl duality.

James East Brauer Project: Enumeration of E(Pn)



5. Diagram Algebras

Let ξ ∈ C.

The partition algebra Pξn is the C-vector space with basis Pn
and product ? determined by:

α ? β = ξm(α,β)(αβ),

where m(α, β) = number of “floating components” deleted in
the middle row when forming the product αβ ∈ Pn.

m(α, β) +m(αβ, γ) = m(α, βγ) +m(β, γ) so ? is associative.

Pξn plays an important role in statistical mechanics and
Schur-Weyl duality.

James East Brauer Project: Enumeration of E(Pn)



5. Diagram Algebras

Let ξ ∈ C.

The partition algebra Pξn is the C-vector space with basis Pn
and product ? determined by:

α ? β = ξm(α,β)(αβ),

where m(α, β) = number of “floating components” deleted in
the middle row when forming the product αβ ∈ Pn.

m(α, β) +m(αβ, γ) = m(α, βγ) +m(β, γ) so ? is associative.

Pξn plays an important role in statistical mechanics and
Schur-Weyl duality.

James East Brauer Project: Enumeration of E(Pn)



5. Diagram Algebras

Let ξ ∈ C.

The partition algebra Pξn is the C-vector space with basis Pn
and product ? determined by:

α ? β = ξm(α,β)(αβ),

where m(α, β) = number of “floating components” deleted in
the middle row when forming the product αβ ∈ Pn.

m(α, β) +m(αβ, γ) = m(α, βγ) +m(β, γ) so ? is associative.

Pξn plays an important role in statistical mechanics and
Schur-Weyl duality.

James East Brauer Project: Enumeration of E(Pn)



5. Diagram Algebras

Let ξ ∈ C.

The partition algebra Pξn is the C-vector space with basis Pn
and product ? determined by:

α ? β = ξm(α,β)(αβ),

where m(α, β) = number of “floating components” deleted in
the middle row when forming the product αβ ∈ Pn.

m(α, β) +m(αβ, γ) = m(α, βγ) +m(β, γ) so ? is associative.

Pξn plays an important role in statistical mechanics and
Schur-Weyl duality.

James East Brauer Project: Enumeration of E(Pn)



5. Diagram Algebras

Let ξ ∈ C.

The partition algebra Pξn is the C-vector space with basis Pn
and product ? determined by:

α ? β = ξm(α,β)(αβ),

where m(α, β) = number of “floating components” deleted in
the middle row when forming the product αβ ∈ Pn.

m(α, β) +m(αβ, γ) = m(α, βγ) +m(β, γ) so ? is associative.

Pξn plays an important role in statistical mechanics and
Schur-Weyl duality.

James East Brauer Project: Enumeration of E(Pn)



5. Diagram Algebras

α
{ 1 2 3 4 5 6 7

α
{

→
}
α

1 2 3 4 5 6 7

β
{
β
{ →

}
β

γ
{
γ
{ →

}
γ

α ? α = ξ2α β ? β = ξβ γ ? γ = γ

James East Brauer Project: Enumeration of E(Pn)



5. Diagram Algebras

α
{ 1 2 3 4 5 6 7

α
{ →

}
α

1 2 3 4 5 6 7

β
{
β
{ →

}
β

γ
{
γ
{ →

}
γ

α ? α = ξ2α β ? β = ξβ γ ? γ = γ

James East Brauer Project: Enumeration of E(Pn)



5. Diagram Algebras

α
{ 1 2 3 4 5 6 7

α
{ →

}
α

1 2 3 4 5 6 7

β
{
β
{ →

}
β

γ
{
γ
{ →

}
γ

α ? α = ξ2α

β ? β = ξβ γ ? γ = γ

James East Brauer Project: Enumeration of E(Pn)



5. Diagram Algebras

α
{ 1 2 3 4 5 6 7

α
{ →

}
α

1 2 3 4 5 6 7

β
{
β
{ →

}
β

γ
{
γ
{ →

}
γ

α ? α = ξ2α β ? β = ξβ

γ ? γ = γ

James East Brauer Project: Enumeration of E(Pn)



5. Diagram Algebras

α
{ 1 2 3 4 5 6 7

α
{ →

}
α

1 2 3 4 5 6 7

β
{
β
{ →

}
β

γ
{
γ
{ →

}
γ

α ? α = ξ2α β ? β = ξβ γ ? γ = γ

James East Brauer Project: Enumeration of E(Pn)



5. Diagram algebras

Theorem (DEEFHHL)

The number of idempotent basis elements of Pξn is equal to

= n! ·
∑
µ`n

c ′(1)µ1 · · · c ′(n)µn

µ1! · · ·µn! · (1!)µ1 · · · (n!)µn
,

where

c ′(k) =
k∑

r ,s=1

rs · c(k , r , s), and

ξ is not an Mth root of unity with M ≤ n.

(Similar statements exist when ξ is an Mth root of unity.)
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µ

n!

µ1!µ3! · · ·µ2k+1!
,

where

k = bn−1
2 c,

the sum is over all integer partitions µ = (1µ1 , . . . , nµn) ` n
with µ2i = 0 for i = 0, 1, . . . , bn2c, and

ξ is not an Mth root of unity with M ≤ n.

(Similar statements exist when ξ is an Mth root of unity.)

James East Brauer Project: Enumeration of E(Pn)



6. What else?

Other submonoids — PBn, Tn, In, I∗n :

|E (Tn)| =
∑
µ`n

n!

µ1! · · ·µn! · 0!µ1 · · · (n − 1)!µn

=
n∑

k=1

(
n

k

)
kn−k

|E (T0)| = 1, |E (Tn)| =
n∑

m=1

(
n − 1

m − 1

)
·m · |E (Tn−m)|

Bn+1 =
n∑

k=0

(
n

k

)
Bk — from considering E (I∗n )

2n+1 = 2 · 2n — from considering E (In)

|E (BX )| = |E (PX )| = 2|X | if X is infinite
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7. What next?

We can’t yet enumerate E (Jn).

Elements of E (Jn) are still direct sums of irreducible
components (and these give “meander numbers”).

But planarity is tricky. . .

We know |E (Jn)| up to about n = 22.

Athanasios on Facebook:

“Of the permutations of n with tableaux (via the RS
algorithm) having at most two rows, the number with odd
cycle count equal to 2×[length of first row]−n is equal to
|E (Jn)| for n = 0, 1, . . . , 7.”

Des: “*!?”

THANK YOU!
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