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Ample semigroups

The ample semigroupis a specialtype (type A) of adequate semigroups.

The definition of adequate semigroups depends heavily on the generalized
Green’srelations; L, R, H and D" where

a L* b if and only if (Vs, t € S') as = at & bs = bt,
a R*b if and only if (Vs, ¢t € S!) sa =ta © sb = tb.

and H*=L*NR*,D"=L"VR"



The adequate semigroup S is the one in which every L™ - class and every R™ - class contains an
Idempotent,and the set E (= E (S)) of the idempotentsof S is a semilattice.

In this case,
every L™ - class and every R™ - class containsa unique idempotent.

Denote the idempotentin L™, by a” and the idempotentin R*, by a.

Lemma [5] Let a, b be elements of an adequate semigroup S. Then:
 (laL*bifandonlyifa*=b*andaR*bif and onlyif af = bT.

* (ii) (ab)*= (a*b)* and (ab)" = (ab");

e (iii) (ab)*b* = (ab)*and af (ab)™ = (ab)".



An adequate semigroup S is called ample if foranyae Sande € E:

ea=a(ea)* and ae=(ae)fa.
From now on, unless otherwise stated, S is an ample semigroup and E(S) = E.
The aim is to extend results concerning congruences on inverse semigroups to ample semigroups.
We adopt trace - kernel approach.
If p is a congruence on S, trace of p (tr p) = p|.

Kernel of p (kerp)={a€S:(a,e) epforsomeecE}
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Admissible Congruences

A congruence p on an adequate semigroup S is admissible if :
aspat=a*spa*tand sa pta = sa’ pta’ forany a € Sand s,t € S

Not every congruence on an adequate semigroup 1s admussible.

Lemma [1] If p 1s an admissible congruence on the adequate semigroup S and if a, b
are elements of S such thata p b, then a* pb* and af pb'.

The converse 1s not true.



We remark that if p is an admissible congruence on S, then S/p is an ample semigroup when * and f are defined
on S/p by putting

(ap)*=a*pand (ap)f =afp

Moreover, (see [3]), if Xp is an idempotent in S/p, then there exists an idempotent e in S such that (x, e) € p.
E (S/p)={ep:e€E}

The natural homomorphism from S onto S/p is an admissible homomorphism in the following sense.
A homomorphism 6 : S — T of adequate semigroups is admissible if
aL*(S)bimpliesa6L® (T)bo6andaR" (S)bimpliesa 6 R*(T) be.



The congruence

Let S be an adequate semigroup and E = E (S).
Define p as follows:
(a, b) e if and only if (ea)* =(eb)* and (ae)’ =(be)' for all e € E.

In [5] it is shown that p is the maximum congruence contained in H*. From [3] we conclude that p is an
admissible congruence on any ample semigroup. It follows from [1] that p is the maximum idempotent-
separating admissible congruence on S.

In fact we have
Proposition [2] If p is an admissible congruence on S, then p is idempotent - separating if and only if p € H*.

Corollary: tr p = Ig.



The congruence o

The relation o on S is defined for any a, b € S by the following rule:
(a,b) € o ifand only if ae = be for some e € E.

In [8] it is shown that ¢ Is the minimum cancellative congruence on S.

As S is an ample semigroup, ea = a(ea)* and ae = (ae)’afor any a € S, e € E, then — alternatively - ¢
can be given as:

(a,b) e o if and only if fa = fb for some f € E.

tro=E xE.



Congruences with the same trace

Definition
A congruence m on E is said to be normal if forany e, f€ Eand a € S;
en fimplies (ea)*n(fa) and(ae)in(af).

Lemma Ifx isa normal congruence on E, then for any elements a, b in S, the following two statements are
equivalent:

(1) a* nb*, ae = be forsome e € E, e m a*;
(2) a'nbfa =fb forsomef€E, fral.

Theorem [1,7] For any normal congruence «t on E, the relation:

o,={(ab)eSxS:a"nh",ae=be forsomee eE, exa”}
Is the minimum congruence on S whose restrictionto E is w . Further, o, is an admissible congruence.
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Let = be a normal congruence on E.

Define p, on S by the following rule:
(a,b)ep ifandonlyif(ea)n(eb)*and (ae)’n (be)’ foranye € E.

The following Lemma gives an alternative description of p_ .

Lemma Let w be a normal congruence on E. Then for any elements a, b of S, the following statements are
equivalent:

() (ab) €,

(i) (ea)*n(fb)*and (ae) n (b f)f foranye, fe Ewithenf.

(i) (ao, bo,) € u(So,).

Theorem [1] The relation u, is the maximum admissible congruence on S whose restrictionto E is 7.
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Let p be an admissible congruence on S.

tr p is a normal congruence on E.

Oy P » Wy p are respectively the minimum and the maximum admissible congruence on S such that:

tr Gtrp =1r P =tr “"[I’p

Note: oy, S p S Uy -
We may put oy, =c, and p, =,
Where
o,={(a,b)€eSx§;a"ph",ae=beforsomee€a”pNE}.
={(a,b) e SxS;afpbf,fa=fbforsomefeapnE}

and

n={(a,b)eSxS;(ea)p(eb),and(ae)ip(be)iforalle€E}.

12



Theorem [1] The following statements concerning admissible congruencesp andt
on the ample semigroup S are equivalent:
(i) trp=trr.

() p S ;5 W/p=(S/p).
(i) apuwS/p)bp &= atwS/h)br, (a,beS).
(ivyapH*(Slp)bp&=atH*(S/t)b, (a,b €S).

(V) p N 1|, ,and p N 1|, . are cancellative congruences, (e € E).

(vi) p/p N tand t/p N t are congruencescontained inH* (S/p N 1).

13



The Kernelof o

Proposition [1] If p is admissible congruence on S and a € ker p, then (af, a*) € tr p.

Proposition [1] For any admissible congruence p on S:
kerc, ={a € S: ae=eforsomee €a*pNE}.

={a€eS:ea=eforsomeeea’pNE}.
Corollary For any normal congruence = on E.
kero,={a€S:ae=eforsomeeeE,ena*}.

={a€eS:ea=eforsomeeeE,enal}.

Corollary

kerc={a€S:ae=eforsomee e E}.

Note: o =0,

14



The Kernel of

Proposition [1] Let p be an admissible congruence on S. Then:

keru, ={a€S:eapae, foralle e E }.
={aeS:(ea)pea*, foralleeE}.
={aeS:(ae)fpafe foralleeE}.

It follows that

Corollary For any normal congruence « on E.

keru,={a€S:(ea)nea*, foranyeekE }.
={a€eS:(ae)ina’e, foranye € E }.

Corollary
kerﬂzia €S :ae=cea,foranye €E}.
={a€eS:(ea)x=ea* foranye €E }.

Note: u = ;.



Congruences with the same kernel

Definition. A normal subsemigroup of S is a full subsemigroup N with the following conditions
(1) forany x,y€S,ne€N,xy € N together imply xny € N, and
(2) forany x,y € S,n € N,xny e N together imply; xnfy €N, xn*y € N.

Examples:

(1) Eis anormal subsemigroup of S.

(2) (Q,.)is anormal subsemigroup of (R,.).

(3) (Z,.) is nota normal subsemigroup of (Q,.).

(4) If Sis aninverse semigroup and N is a full subsemigroup of S which satisfies condition (1), then N is a normal subsemigroup.
(5) IfGis agroup, Nis asubgroup of G, then N is a normal subgroup if and only if forany X,y € S,n €N,

Xy € Nimplies xny €N

Every non-normal subgroup does not satisfy condition (1).

There exists a non-normal subgroup which satisfies condition (2).

16



Example, let:

x0|. ) 0x .
S—{[Oy}.x,yeR,xy;éO} andT—{[yO}.x,yeR,xy#O}.

Put G = SUT.Gis agroup (so it is an ample monoid) under the matrix multiplication

where H = {[(1)2} :0#x ER} is a subgroup. Since for any o = [(b)c(;i| inT,

0 »!

al = [a‘l 0 i| and if we take y = in H provided that x # 1 we find

10
0x

aya~l ¢ H. Then H is not normal. Leta, 8 € G, y € H ()/Jr = [(1)(1)] = y*).

Notice that:

wheno, € Sanday B € H,thena B € H,
whenao € Sand B € T,thenay 8 ¢ H,
whenoe € T and 8 € S,thenay B ¢ H,

wheno, B € T,thenay e Hif y =[

0c
b= dO
suchthata ¥ B € H, we geta B € H. Hence H satisfies condition (2).
In conclusion, conditions (1) and (2) are independent.

10

Oa
0 1] andad = 1, where a = |:b01| and

, and 1n this case ¢ B € H. Therefore, whenever o, 8 € Gand y € H
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Proposition The kernel of any admissible congruence y on S is a normal subsemigroup of S.

For any subset N of a semigroup S, the well known syntactic congruence 7, 0of N on S is defined as
follows:

m={(a,b)eSxS; forany x,yeSl,xayeNe=>xbyeN}.

Proposition Let N be a normal subsemigroup of S. Then the relation 7, is the maximumcongruence
on S whose kernel isN .

Example Consider the ample monoid of integers Z with its normal subsemigroup N = {-1, 0, 1}.
The syntactic congruence #, of N in Z is notadmissible.

18



Definition. A congruence p on S is said to be an idempotent-pure congruenceif ker p =E.
Corollary The relation

ne ={(a,b) e Sx S:foranyx,yeSt,xaye E& xbyekE}

IS the maximum idempotent-pure congruence on S.
The congruence ¢ is not necessarily admissible.

Example. Consider Z to be the ample monoid of integers with the semilattice of idempotents E = {0, 1}.
The maximum idempotent-pure congruence s on Z is not admissible.

19



Lemma
Let N be a normal subsemigroup of S and t be the relation on S defined by:
w={ (Xnyy,xn,y):x,yeStn,n,€N;nf=nf,}.
Then
(1) Ty Is reflexive, symmetric and compatible relation on S.
(2) N={a€eS:(ae)erforsomee eE}.

(3) ty is contained in any admissible congruence on S whose kernel is N.

Proposition [1]

Let Ay be the transitive closure of Ty ( Ay =ty ). Then Ay Is a congruence on S whose kernelis N and it is
contained in any admissible congruence on S whose kernel is N.

20



Combine the previous two propositionsin.

Corollary
If p isan admissible congruenceon S and N = ker p, then
N € p S ny and ker Ay =kerp =ker .

Corollary.

If p is an admissible consgurence on S and N = ker p, then the following congruences:
(1) The minimumadmissible congruenceon S containing iy,

(2) The minimumadmissiblecongruenceon S whose kernelis N,

existandthey are equal.

Denote thiscongruence by p, .

21



Congruence pairs

Definition. Let N be a normal subsemigroup of the ample semigroup S and = be a normal congruence
on E; (w, N) is a congruence pair for S if:

(1) foranyn e N; nfxn*.
(2) foranyx,ye€S,andanye,feE;xeye Nandenftogetherimply xfy e N.

Lemma
If p Is an admissible congruenceon S, then (tr p, ker p) iIs a congruence pair for S.
A congruence p on S is said to be associated with a congruence pair (z, N) if tr p =m and ker p = N.

22



Theorem [1],

Let p be an admissible congruence on S where ker p = N and tr p = z. Then

(1) Therelation ., N ny 1sa congruenceon S associated with the congruence pair (z, N).
(2) Therelationo, v 4y is a congruence on S associated with the congruence pair (z, N ).

(3) O-ﬂV)'ng glunﬂ FIN -

Example (contributed by J.B Fountain).

Let M = {a, b}* be the free monoid on the elements a and b. Let z be the universal relation and N = {1}.
Consider the congruence pair (w, N) for M. Let T = {c}* be the free monoid on the elementc. Let¢o :M — T

be the admissible homomorphism determined by; ap = ¢ = b and put p, = ¢ ° ¢ 1. Then p, is admissible
congruence, tr p; =m and ker p; =N. Let y : M — T be the admissible homomorphism determined by; a v =

¢, by =c?and put p, =y eyt Then p, is admissible congruence, tr p, = wand ker p, = N . So we can have
two different admissible congruences on M associated with the same congruence pair (r, N).

23



Certain minimum admissible congruences

Notations:

For any admissible congruence p on S,

The minimum admissible congruence on S whose restriction to E is tr p is denoted by p; .
The minimum admissible congruence on S whose kernel is ker p is denoted by py .

(1) o= o (o is the universal congruence onS)

(2) The relationn = {(xay,xby):a beS, x,yeSt aD*b} isthe minimum semilattice admissible congruence on S.
Proposition. n = oy .

(3) The relationn,={ (a, b) € Sx S: (a,b) €n, ae =be forsomeeecan NE}.

Is the minimum semilattice of cancellative monoids admissible congruence on S.

Mt = (-

(4) The minimum E — unitary admissible congruence on Sis (@) [ = ok ].

24



0 = Wt W =1
Cancellative Semilattice
M= (wk) (we)k = An
Semilattice of cancellative (N = kero)
monoids E-unitary
(An)e = ((we)r)e Bs = (@k))k = An
(M = kern)

A network of admissible congruences

25



The minimum admissible congruence of a kernel-class

Let y be an admissible congruence on S. The minimum admissible congruence on S whose trace is try is
denoted by v, .

We shall characterize the minimum admissible congruence on S whose kernel is ker vy, provided thaty
satisfies the following condition:

For some positive integer n,y "lpy"=y?2py. (forany y € S).
In this case vy Is called a P-congruence.

Notations. vy, =7, , Vo= (v, ¥a= (e e

v, andy; will be investigated under the assumption thaty is a P-congruence.

26



Lemma.
If v is a P-congruence on S, then:
(1) vy, isa P-congruence.

(2) v; is a P-congruence.

let v be a fixed but arbitrary P-congruence on S.

For any positive integer n, a congruence p on S isa Q,-congruence associated with vy if p satisfies the following condition:

(Qn) Forany x,y €S, xy™lpxy"n xyy=y?py.

We may write “ Q -congruence associated with y ” to indicate that:

“ Q, -congruence associated with vy for any positive integer n”.

27



Remark. vy, andy,are Q —congruencesassociated with 1.

vy, IS admissible, it is a Q-congruence associated with y . So then the minimum admissible Q-congruence
associated with y exists. Let y be such a congruence. Since vy, exists as an admissible congruence and y,
Is a Q-congruence associated with vy, then clearly w € y..

Therefore, ker w < Ker v,. By definition, any admissible congruence on S whose kernel is ker y,
containsy,. It suffices for =y, istoshow that: ker y, < ker y.

Recall that ker y, = ker y,. Leta € ker y,and e € E suchthatae=e,eya*(y; S y).
Notice that

eya =aeya=eya.
It is clear that:

(ae)T=e,ae=(ae)fa=-ea(Sisample),ea=-¢e andea™!=ea".

In particularea™!y ea", e y a. Since y is a Q-congruence associated with y, then a?y a and as v is
admissible, a € ker w. Hence v = y,

28



Theorem [2]

Let n be a positive integer. Then the relation vy, is the minimum admissible Q-congruence
associated with v.

Corollary
Any admissible congruence p on S such that y, € p € v is a Q- congruence associated with v.

Corollary

If p Is an admissible congruence on S and for some positive integer n, p is a Q,-congruence
associated with v, then p Is a P-congruence.

29



An assistant minimum congruence

Let T be an ample semigroup and F be its semilattice of idempotents.
Let 6 be a P-congruence on T satisfying the condition ( K ) where:
(K) Forany x, y € T and any positive integer n :

Xym™l=xyn xdy,ee F=>ey=ye.

The aim is to find an admissible congruence on T which is a Q-congruence associated with ¢ and could be used
to characterise vs.
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Foranye € F, let:

N, ={a €H) : fa= f forsome f € F, fée}.

PUtN = U, N,. Also let 5, = 6, and 6, = (&) -

Proposition. The relation
A={(xny,xmy):x,ye€T,n,meN, forsomeee F },

IS a congruence on S whose kernel is N and is contained in any admissible congruence whose kernel
IS N.

Corollary. The congruence X is contained in both H* and 4, .
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_—

Since 9, is an admissible congruence and A € 9,, then the minimum admissible congruence A on T containing A
exists. As L € A € 3, and ker A =N = ker 3, , then ker L = N. Also A is a congruence included in H* and the
relation x is the maximum congruence in H* [6]. Therefore A € u. But u itself is admissible on T (see [3]or [4]).

Hence A € u and A is an idempotent-separating congruence.

Lemma [2] For the admissible congruenceli on T the following statements hold.
(1)kerkr=NandAic<,.

(2) The relation A is an idempotent-separating congruence.

Theorem [2] The relation A is an admissible Q-congruence associated with .

Corollary [2] The admissible congruence’fis equaltod,onT.
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The minimum admissible congruence of a trace-class

A congruencep on S is called an R, - congruence associated with y for some positive integer n if p
satisfies for such positive integer n, the following condition.

(R, Foranyx,y €S,
Xy"™lpxy" xyy,e€eE=>eypye.

It seems the R,-congruence condition weakens the Q,-congruence condition.

We use the statement “R-congruence associated with y” to indicate that “R,-congruence associated
with y for any positive integer n”.
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Proposition.

If p isan admissible R,-congruence associated with y for some positive integer n, then p
ISa P-congruence.

Lemma
The relations: v, y,, v, andy, are admissible R-congruences associated withy .

The minimum admissible R-congruence 6 associated with y exists.

Corollary
The minimumadmissible R-congruence 6 associated with y isincluded invys.
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Lemma

If there exists an admissible Q-congruence g associated with y such thattr 8 = tr g, thentr 8 = tr y,.

In this case:

[ 1s an admissible R-congruence associated with y and 6 <.

As 6 is an admissible congruenceon S, S/6 Is an ample semigroup, 6 <y, .

Since y; Sy, thenwe have a well-defined congruence y/6 on S/6.
Let T=S/0and o = y/6.

The transitional objective is to determine a candidate for £.
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Lemma

The congruence relation ¢ is a P-congruence on T satisfying condition (K).

Consider - as before - foranye € E ( T), the set:
N, ={a € H(T) : fa = f forsome f € E(T), fde},

and form

N= ] N

ecE(T)

N is the kernel of 5, and the relation:
A={(xny,xmy):x,yeT,n,meN,forsomee e E(T) }!

Is a congruence whose kernel is N . The congruence A on T is contained in any admissible congruenceon T
whose kernel is N.
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Let 2 be the minimum admissible congruence on T containing A.

Define a relation p on S by the rule that forany x, y € S,

(x,y)Epifandonlyif (x0,y0) €.

Itis readily:

(1) pis acongruence,
(2) 6 < p, and

(3) A= p/b.

Moreover, we have:
(@) The relation p is an admissible Q-congruence associated withy .

D) trp=tro.
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Now, p satisfies the condition of 3
Therefore,

tro=try; and Y3 €0 but 6 < vy;.Hence,

Theorem [2]
The relation y; is the minimum admissible R-congruence associated with vy .

Proposition
If p is an admissible congruence on S such that p < y,, then the following statements are equivalent.
(1) Forany positive integer n, p satisfies (R,).
(2) There exists a positive integer n such that p satisfies (R,).
(3) S p.
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A min-network

Recall
Do =wx=0

where ¢ is the minimum cancellative congruenceon S ;

(2) L= =1
where 7 is the minimum semilattice congruence on S ;

(3) az=Bo)=m

where 7, is the minimum semilattice cancellative monoids admissible congruence on S;

(4) B2 = (0= n
wherejfN IS the minimum admissible congruence on S containing Ay ,

N = ker o and A, is the congruence on S whose kernel is N and it is contained in any admissible congruence on S

whose kernel is N.
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(5) az= (Bt = (}‘N )= (o) k),

which is the minimum E- unitary admissible congruence on S.

(6) Bs = (o) = Mo ) = }\'M
Which is the minimum admissible congruence on S containing 4,,, ( where M = ker #,).

(7) 04 = (B3)e = (M)

where its existence as an admissible congruence is based on the admissible congruence (n,), mentioned in (6).

Since (’7:,\, ); as written in (5)is also an existed admissible congruence,
put U = ker (XN ); and define A, as Ay in (4) whose kernel is U.

(8) B, will be the minimum admissible congruence containing A, .
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Proposition
The congruences in the following two sequences
I o =2 Bz =2 Ola 2.2 Oon+1 =2 BZn+2...,

1By 2 0 2P3 2-:2Pon+1 2 A 2nez -,
are existed admissible congruences where for any positive integern

on = (Bn-1)t, Bn = (@ -1)kand ag = o = By .

Since the universal relation o on S is P-congruence, then B, is P- congruence, the relations oy
congruences. The relation a, is P-congruence and o is P-congruence, so then inductively we

Corollary
All congruences of the two sequences | and Il are P —congruences.

B, are P-
have:

41



Let y be an admissible congruence on S. Recall that v; (= a, say) is admissible congruence on S. y, (= £, say) and £, = (o)
are admissible congruences. The process can be continued to have the following two sequences of admissible congruences:

(1) al Qﬂz 2...2 ﬁ2n2a2n+1 2"'

(2)p12a, 22 ayy 2 Popsr 2+

where ker g, = ker a,,_;, tr a, = tr f,_; for any positive integer n; og =y = fo.

y
> B CL="n V& = b1
On+1
" g = (ﬂl)ﬂ_ (Uil)k = _-*'/372
.3?1—|—2
az = (B2)t <<__ = (a2)k = B3
Qn+3<
o = (Bu1)i = T (ane1)k = B
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If v is P-congruence, then the relation g, is P-congruence and so are a4, £, .

The relation a, Is P-congruence and the relation a5 Is P -congruence, so then inductively all the
congruences in the sequences (1) and (2) are P-congruences.

For any positive integer n, (( 5, ) ¢ ) « IS the minimum Q-congruence associated with 3, where:

:Bn+2 = (an+1) k= ((ﬂn) t) k-

Hence we have

Proposition

For any positive integer n, the congruence ., is the minimum admissible Q-congruence associated
with £,
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Moreover,

B, is an admissible R-congruence associated with B, (for any positive integer n).

Let 6, be the minimum admissible R-congruence associated with ,. Consider the ample semigroup T, = S/6,,.
Let 6,=B,/0,. Foranye € E (T,),

let N, be as before. Construct N, = U,cgr,) Ne- Let:

AN, = {(xay,xby) : x,y € Ty, a,b € N, for some e € E(T,)}'.

AN, 1s a congruence on T, whose kernel is N, and it is contained in any admissible
congruence whose kernel is N,,. Let Ay, be the minimum admissible congruence on §
containing A, .

AN, is an admissible Q-congruence associated with &, . In this case:

00 = CC(Pn) 0) ke

Since ong = (Bns2) ¢ = ((@nsn)i) = (((Pn) ) )i, hence we have

Proposition

For any positive integer n, the congruence o,.3 IS the minimum admissible R-congruence associated with f3,, .
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Closing statements

(1) Enriching the topic of congruences on ample semigroups.

The approach presented in this seminar based on [9, 10]. Another approach might emerge
based on the new approach adopted in

Feng, Y. Y, Wang, L. M., Zhang, L., & Huang, H. Y. (2019). A new approach to a network
of congruences on an inverse semigroup. In Semigroup Forum (\Vol. 99, pp. 465 - 480).

As some results related to congruences on ample semigroups are also appear in [7]. The
research may continue from the same (or different) viewpoint to enrich the present results.

Do we have to stick with the conditions: P-congruence, Q-congruence and R-congruence?
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(2) Extending toward the congruences on restriction semigroups.

The properties of congruences on ample semigroups presented in this seminar might be extended to
classes of semigroups related to restrictions semigroups (weak type-A semigroups).

In fact, the process has already been started by

Gould, V. (2012). Restriction and Ehresmann semigroups. In Proceedings of the International
Conference on Algebra2010: Advancesin Algebraic Structures (pp. 265-288).

and continued by extending some results from [1] to restriction semigroups in

Zhang, Z., Guo, J., & Guo, X. Congruence-free restriction semigroups. ltalian Journal of Pure and
Applied Mathematics, 634.

We may also look at the congruences on Fountains semigroups. This has been started by,
El-Qallali, A, Congruences on Fountain semigroups. Preprint.
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Thank you.

The floor is open for questions and comments.
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