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: A collection of af’se\oras

E wibh alven ope rations

:  ond sctisfying certain .
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ExAMPLES

e A sem: roup (s a set
S tOSQ't\ver with a
binqtj Q‘:R\'o.t‘bh

'p,;- SxS —>3S
Such that

r(a, p(bﬁ)) = /L[ ,‘( a,b),c).

e A wovoid -has

in addihon a O-arg

o?eto.l:\'on
A qnt — S



such that
’L(a.,'t) =a=puM,a)

or G WoYIol
o ;::aet sci sr.st’ '
whth a X A ]
wno.vﬁ e??:;
tor Cach o e 2 =
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0.(0. () =
foc 0@ o,b ef);b(x)
P-‘(;c) = X ’ ard
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steveture operations

o the Qo\\ewms =¥vuctoreg
can vetk Ye cnterpf‘etecl
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A function
f- R — S

‘:e.then twg ofsebra.s
(“-*’e&\ the same operations

or 7S sna.tu.fe“ )
is cabled a 'e\omomorpe\ism
if =for eacth (n- mj) o‘ggro,tim\
'L LWe HfAave -

¥{ ('L(aq,...,a.,)) =’L($(a..), .oy $@D)



For exaomle, £ 0 o
homomorghism if and onsea 2
£ =4
2 (od) = £ (L)
(@) = $@*
The wnction of /’ﬁomor‘::ﬂis@\ dees

not AQPenA on the Qq\LoJ:( onal Cawyg y
= WQD o the s‘:sﬂo.tu\'g '

2. ReTracTs & ORETRACTS

let A be an aeseb\"a :

A suba.fgebm B<cA (¢
caed a retract (f
there (¢ a tiomomo rfﬁ«’.Sm

RN B (e )

7 ceyackion”



@@ NS DIV rl & = S w‘

be B

waegorc'cof re{ormupa,\:ion :
0 retract s a mor?&;gw

L: B —A
that Ras a feft inverse.

(roi =iB)

Ex cmdes :

@ I# Vl‘S.Q Vec"’orance,}
ond WV s a subsPace,

then WV g afwa.as o
(etrack .

(This depends on the
axiom of choice ! )

@ LEt G be a Sr‘ouP
with subsme HeG.

TP HCG s a vetrack
with vetcackon v: G — H



then G ¢ @ semidirect
product : G = kee(«) > H.
“T™he inclusion

Zh2 — Yz
O =0
1 —> 2

S not a retrack.
QLuestion : is the (nterseckion of
retracts o.aain a vetract ?

Question : f ;B —A s a
vetrackt, then is the retrackion

“The C‘vesh'cns d,epcr-cl both on the
W%Ofs of a(’szbms and on the

a.(sebra. A whose retracks we are
studyo' n3 .

Example: Let V=R i the
cateqory of IR -vector spaces .
nm‘a:ui’ inclusion of He x-axis



R < R*
has multc'(:le retrackions
R — R
(!,3) — (x ,O)

(x,4) > (%4—3,0)
(x,9) Y3 (x+24,°)

Dually, a quofient
r- A—p

s colled a coretract

(f there s a morpism
(:B— A

suckh that r.i=1g,.

In this cose,
. s calleol a sed'.on)

$or r.

“The concept is the same,

but v & the center of aften(’\on
vrather than (¢



Remark : f r: A—B
(S an sur()‘edive Inomomoreﬁ—i.sm ,
then"there s an equivalence
refation p on A, that s
Compatible with the algebra.

OPera,h'onS i.e. Jor each operation -
(Vie’li,.-,n} a;~b; >
= Mas,-,2)~ 1 (e,..8,)
and. such that
BEAL
with r:A— B corresponding
to the quckient map

A——’A/(p.
a = {d)

So it makes sense bo call
Surjections "c‘uoh'ents‘ ,

An equvalence rebation e that
i (ompcu:ib(z With the operations
(S called a mnsmence.



For two congruences ¢, and @,
there (s a smallest congruence

P“ va
that contains both.

Quuestion. # Afp, and Ap,
are m,;etragbs , thenn s
their d‘oin: A/Pe"Pz aaain
a coretract ?

Question: ¥ r: A—PB
is a orelract, then does
(b have a unique section ¢

Exam ée : the projech'on
R — R
("oé) - X
has multiple sections, e.g.



R — IR™

X 3> (%x,0)
X = (x,%)
X —> (x,2%)

3. Fil’zGERALD‘s QUESTYON

GAIA 2043
NCS 2048

Quuestion ( FitzGerald) -

Let A be an algebra
sa.('isE&ins the 7@0“0\05'\8_
four properties :

(R1) The interseckion of two
retracks of A i aaa.ér\
Q vetract.

(wR) Ea, retrack has a
unique: left inverse /retrachion
(RT*) The Join of +wo covetracdy
of A S acgm'u o
Coretract.
taa*yN Eocl. cocobtrecl hae a



 wuique section/ right
wvevse .
Then does the monowd, of
endomorpliisms of A fave

commutbin 9 idempotents ¢

Nﬁj would there be a refation
with idempotents
i e Girst place !

Suppose that (: B—A
is a retract, with retraction

v A-—)B)
SO r0b=1B.
“Then (er-l.r = (dlge
= (ol

So L-r (s an )dempotent !

We wrile e = Ler



Taen e(A)= (B) and as o
resubt e(A) = A (s a retract
somorphic to (: BB—A.

COnVCrSc(cj, £or eper!j ldCMPdw
e: A=A we Rave
that e(hdc A (s a retract.

SULPPQSQ. that Ceor = ceor?,
Then because L (s injective,
we aleo have r=r’.

So for (B — A there ig
a bo’edi ve correspono!enu A

retvack: OD
of

!

idempctents e:A—A
Such that elp)=ilw)




Dually, for a map
rir A—=B

there is a bijective correspondence
bebuween. seztions (B — A

and idempolents e A— A
with B = A/Pe and such that

r: A= B corresponos to
the quotient map A—> A/F‘.

Here ¢, is the Grofuence
3&\«&-&4 ba e(ad ~ a )
for all aeA.

Now suppote thak idempotents
Commube , So for e,f ¢ End(N)

idempdtent ) we gek that ef-Le.
Then (E[A) < e(A) n £(n).

Put also if e(aV=a and {a)=a



then ef(o) = ela) = a, So
e(AYn E(A) = ef (A).

Tt follows thot pmperta (RL)
holdls | Tn fact, FitzGevafd
showed ¢hat :

End.(AY hos commuti nq
vdempotents

=y A sakisties properties
(RL), (LR), (RT*), (UR*),

His question was then whether
the converse wplication holds.

4. CountereExampLE

“Take the wonoid

e,
S=LKetq: ot , 1%:3; , fef=gzche)
*=q - o :



Then S = 34,¢e,€,¢t,fe, 3}
has exad-)b siX elements,

In particubar, cb+ fe.

To Jdo:

4. Find an bra A that hac
S asS monoid of endomerphisms,

2. Show thak A sabisfies the
four P Pt rties (RY),(UR)Y, @v),( Uw,.
Reswrd'ma step i P there ¥ a
canonical such daebro..'

Consider the set S itse€¥f,

seen as @ right S=set under
multiplication . CGall this A

Each endomorphism A — A
s of the Corm

A =3 A
a r—> sSa
for some €S, so End(A)=S

what are the retracts of A 2



The idempotents n S are
{1,e,£,%}

So the retracts are

1(AY= A

e(A) = %e,ce, %k

*(R) = 32,?2.0%}

QCA) = 2q1
To each retract corcesponds a
wnique dempotent , so- (UR) holds !

Further, e(AYn f(A) = q(R).
So (RL) holde as well.

“The coretracts are
A/P" = A
A/p. = farve, tneh, fe«»g}
A/eg = {4~f,e~fe,€£~%}
A/PS = {4~e~f~d~fe~%§

“o QGLB\ cocercact Covees povuo\s Q
wnique idempotent, So (UR*) heMs!

Further .



So GV O = €a-
As a vesuft , (RT) holds !

5. FurtHerR RrRemarks

“Thwe co\mterexa\m?k above is not
AifCicult. The brick i€ ko lock ab
nlsebras with onl unary operakions,
such as S-geke ?ara monovd S,

Most olsebros arising wumua
have \p'marb opesations
- Woneids /wa?s

° f“‘\sg
- Va&kices



Con we find a set A with a
biv\ars operakion suchh that

Exd(A) =S
With € the monoid drom the
Counterexampfe ?

T8 #A=6, there ave alreadoé
6* x 40*
possible binarj operattons
fo: AxA — A .

So this is wiok Scm\d-k{v\s VO
can cfeck with a comSuter,

At the mowenk, e do wet
have o counterexample to
FitaGevald’s Question ‘eor which
the alsebfq A has at Least one
operation M that is wn-ary

€or N3 2 (na nowntrivial wots.

Bubt we do kviow it exisis |
For example, there exists a ring A

such that (RY), (OR); (RI1%), (UR*)



hold and such that End(A)= S
with S the monoid fcem our
counterexample.

We o(vst don't know what it
looks Cike !

Sl:ralzes% befrind. the procf :

(@) Establsh an equivalence
of cateqories between refracts
of A and retradc of S ag
a right S-set.

Here e(A) correcponds o e(S).
Kesworcl : Caud\s completion.

Tt then €ollows that bot\
(uR) and (UR*) depend
Ohly ©n £ and not on A



(> The equivalence above
extends to a functor

X = X?A

for vight S-sets X .

Use this Lunctor o show
that A satisbies (RV*)
i€ and Oh‘b $F S as "‘S‘\t
S-set satisfies (RI*).

we Quess that the last

property , (R1) ©
dePQ"“é’ only :»\ S and
hot on A .

Bub this is qu_gl

Forl:w'\dee:, Wt i brue
that A alwaus satisfies
(RY) as Soon as for each
two idewmpotents €,£ € C
there is an n sudh vhak
(ef)" = (§)".

This it the e Yor the

monoid S from our oriawf
Counterexample .



Conclusion ® e,\lers a!gebrq
A with End(N) =S,

With £ the 6-efement
wonoid Ccom Cthe Ofisiﬂﬂ'(

ounterexomeplg |, s
o Counterexample !

@ Show that there is
a h’\r\% A sSuch thak
End(A) =S

for S ac above. Buk

thic i &lread:) w the

Literakbure !

K d- ( ‘oraically )
eymerd (o et
If a variky € s
u.n:ue_rsa?, then for eacl
monocdd M we can find

on alaebro; AinT
Sucth that End(A)=M.,

Exomples of wiversal
vasiekies :
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