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Your 3rd & 4th favourite semigroups

We will talk about these two semigroups:

e Sq - the symmetric group on a set ;

e Q% - the full transformation semigroup on Q.
Throughout, © will be infinite.

The sub(semi)group lattice of a (semi)group is just the sub(semi)groups
ordered by inclusion where

AV B=(AB) and ANB=ANB.
The sub(semi)group lattice of a (semi)group is an algebraic lattice:

complete: the supremum \/ A and infimum A A of any subset A exists;

compact: every sub(semi)group is a supremum of f.g. sub(semi)groups.
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Complete answers are unlikely

Let 2 be any infinite set. Then there are 22! subsemigroups of Qf and
subgroups of Sq.

Theorem (Pinsker 2005)

IF|Q| = Ro and A = max{|a, o}, then there are 22" subsemigroups of
Q% containing Sq.

The algebraic lattices with 2* compact elements are, up to isomorphism,
the subalgebra lattices of algebras whose domain has 2* elements.

Theorem (Pinsker and Shelah 2011)

The complete sublattices of the lattice of submonoids of Q are, up to
isomorphism, the algebraic lattices with at most 219 compact elements.
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Maximal sub(semi)groups

Let S be a (semi)group and let T be a proper sub(semigroup) of S. Then
T is maximal if it is not contained in any other proper sub(semi)group.

Theorem (Baumgartner, Shelah, Thomas '93)

It is consistent and independent of ZFC that 3G < Sy not contained in
any maximal subgroup.

Theorem (Zorn's Lemma)

Let G be any (semi)group and let H < G such that 3K C G with |K| < oo
and (H,K) = G. Then H is contained in a maximal sub(semi)group of G.

Theorem (Macpherson, Praeger '90)

Let G < Sy such that G is not highly transitive, or |G| < Wo. Then G is
contained in a maximal subgroup.
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Maximal subgroups of Sq

Theorem (Ball '66)

The setwise stabiliser of a finite set in Sq is a maximal subgroup of Sq.
Moiety: a subset ¥ of Q such that |X| = |Q\ X|(= |Q]).
Finite partition: a partition P of Q into moieties X1,..., 2.
Stabiliser: Stab(P) = {f € Sq : Vi 3j (X)) =X, }.
Almost equal: ~ ~T if |[Z\T|+ |\ X| < |9
Almost stabiliser: AStab(P) = {f € Sq : Vi 3j (X;))f = X, }.

Theorem (Ball '66)

AStab(P) is maximal for all n > 2.
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More (a lot more) maximal subgroups of Sq: ultrafilters

If Ais a family of subsets of Q, then the stabiliser of A in Sq is
S{A}:{fESQ : (VAQQ)(AEA(—)f(A)EA)}

Theorem (Richman '67)

If F is an ultrafilter on QQ, then:
(i) SyFy has two orbits on moieties of €2;
(i) Sgry is @ maximal subgroup of Sq;
(i) Sgry ={f € Sq : fix(f) e F }.

Corollary

There are 22 non-conjugate maximal subgroups of Sq.
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Maximal subsemigroups of Q% ... containing Sg

If f € Q2 then a transversal of f is any ¥ C Q such that f|x is injective
and Xf = Qf.

d(f)y = |Q\f(Q) (defect)
c(f) = |2\ X| where ¥ is any transversal of f (collapse)
k(f,u) = {aeQ: |fYa)>u} where p© < Q).

Theorem (Heindorf '02 & Pinsker '05)

If |Q| is regular, then the maximal subsemigroups of Q containing Sq are:
{FeQ®: c(f)<pord(f)>p} for some Ny < 1 < |Q;
{feQ®: c(f)=0ord(f)>0};

{FeQ?: c(f)>pord(f) < u} for some Ny < p < |Q;
{feQ?: c(f)>0o0rd(f)=0}
{FeQ?: k(f,|Q]) <|Q}.
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Maximal subsemigroups of Q% ... containing AStab(P)

Let P ={X1,%,,...,X,} where n > 2 be a finite partition of Q and let
f € Q% Then define

pr={(ij) : [F(Z) N T =1Q]} and prt = { (1)) : (i) € pr }-
A binary relation o is total if Vi 3j such that (/,j) € o.
Theorem (East, Mitchell, P '11)

The maximal subsemigroups of Q% containing Stab(P) but not Sq are:
{fe 0 . pf € Sp or pr is not total }
{feQ®: preS,orpstis not total }.
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Theorem (East, Mitchell, P '11)

The maximal subsemigroups of Q% containing Stab(P) but not Sq are:

{fe 02 - pf € Sp or pr is not total }
{fe Q% preS,or p;l is not total }.

Proof. Let Stab(P) < M < Q% but M is not contained in any of the
semigroups in the above or previous theorem.

e Jf, g € M such that ps and pgfl are total and pr, pg & Sym(n)
e dt € M such that py =nxn
e df', g’ € M such that f’ is injective, g’ is surjective, and
d(f') = c(g’) =19
e Sym(Q) is contained in M and so M = Q.
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. containing stabilisers of finite sets

Theorem (East, Mitchell, P '11)

Let ' be a non-empty finite subset of Q). Then the maximal subsemigroups
of Q% containing the pointwise stabiliser of I but not Sq are:

{feQ?: (FYS)=Xandc(f)<p)ord(f)>por™ g f(Q}UF
{feQ?: (f(X)=Xandd(f)<v) orc(f)>vor|f(X) < |Z[}UF

where ) X CT, No < p,v < |QF

,and if |X| =1, thenv = |Q|T.
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. containing stabilisers of singleton sets

Corollary

Let a € Q. Then the maximal subsemigroups of Q* containing the
stabiliser of {a} but not Sq are:

{feQ®: (c(f)<pandf(a)=a)ord(f)>porad f(Q)}IUF
where No < p < Q7| and
{feQ®: fla)=a}uUF

The stabiliser of the singleton {a} is identical to the stabiliser of the
corresponding principal ultrafilter { AC Q : a € A} for some fixed a € A.
So the above corollary deals with stabilisers of principal ultrafilters.
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. containing stabilisers of non-principal ultrafilters

Theorem (East, Mitchell, P '11)

Let F be a non-principal ultrafilter on Q) and let k be the least cardinality
of an element of F. Then the maximal subsemigroups of Q% containing
the stabiliser of F but not Sq are

o Ui(F,p):= all f € Q2 satisfying any of:
o X ¢ F forall X ¢ F and c(f) < u
o d(f)>p
o f(Q)&F

o Us(F,p) := all f € Q% satisfying any of:
e Y e FforallX € F andd(f) < p
e c(f)=>p
o c(flg) >0 forall X € F

where k < p < Q.
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. containing stabilisers of uniform ultrafilters

A filter is uniform if every set in the filter has the same cardinality. Every
non-principal ultrafilter on a countable set is uniform.

Corollary

Let F be a uniform ultrafilter on Q. Then the maximal subsemigroups of
Q% containing the stabiliser of F but not Sq are

Ui(F)={feQ®: (f(X£) ¢ F)(VE & F) } and

Up(F)={feQ?: (f(X) € F)(VZ € F) or (c(f|z) > 0)(VZ € F) }.
Corollary

Q B o .
There are 22 non-conjugate maximal subsemigroups of Q2.
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Maximal subsemigroups of the symmetric group

We have classified the maximal subsemigroups of Q containing:
e the symmetric group;
e the stabilizer of a finite partition;
o the pointwise stabilizer of a finite set;
o the stabilizer of an ultrafilter.

The known maximal subsemigroups M of Q satisfy M N Sq is a maximal
subsemigroup.

Is M N Sq a maximal subsemigroup of Sq if M is maximal in Q%?

Can M N Sq be trivial?
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The man who wasn't there

NN is a Polish semigroup - a complete, separable, topological semigroup
(i.e. the map (x,y) — xy is continuous)

Sy is a Polish group - a complete, separable, topological group
(i.e. the maps x — x~! and (x, y) ~ xy is continuous)

Theorem (Folklore)

A subgroup of Sy is closed if and only if it is the group of automorphisms
of a first-order structure.

A submonoid of NN js closed if and only if it is the monoid of
endomorphisms of a first-order structure.

For example, G could be the automorphisms of (Q, <), the random graph,
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Bergman and Shelah’s Theorem

If U,V C Sy, then U < V if J countable C C Sy such that
uc(v,Cc).

We write U~ VifU<Vand Vg U.

Theorem (Bergman and Shelah '06)

Let G be a closed subgroup of Sy. Then:
(i) G(xy has an infinite orbit for all finite ™ C N and G =~ Sy;

(i) G(xy has only finite orbits for some finite ™ C N, G(ry has orbits of
unbounded length for all finite T C N, and G =~ Sy X S3 X S4 X ---;

iii) G(sy has orbits of bounded length for some finite * C N and
(x)
GrSy xSy x---;

(iv) G ~ {1x}.
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A simpler question we also cannot solve

Consider the analogue of Bergman & Shelah’s relations for Q:
If U,V C NN, then U~ V if there is a countable C C NN such that

UC(V,C) and VC(UC).

Zak considering < on NN
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The relations < and ~ on NV

Theorem (Z. Mesyan '07)

The following subsemigroups of NN are not ~-equivalent.
o Fi={fecNN : |f(N)|=i} forieN
* §=UenSi
Sox={feNN: f(x)€{0,x} forall x e N}
S={feNV: f({2n,2n+1}) = {2n,2n+ 1} }
ng{fGQQ : f(x) < x forallx e N}
o NN
In fact,

D<Fa<Fz3< " <F<S0=<S5 <Sc <NV,

Could §> be minimal?
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The Cantor-Bendix theorem

Is it maybe true that 2 < S for every uncountable subsemigroup S?

Theorem

Let X be a perfect Polish space. Then there exists an embedding of the
Cantor set 2V into X.

Theorem (Cantor-Bendixon)

Let X be a Polish space. Then X can be written uniquely as X = PU C
where P is perfect and C is countable and open.

A closed subsemigroup of NV is a Polish space and so if it has cardinality
2% then S contains a copy of the Cantor set 2V,
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A minimal class of subsemigroups?

Lemma
Let S be a closed subsemigroup of N with |S| = 2%, Then there exist

UCS and f € 2N such that U is homeomorphic to 2Nand \: U — 2N
defined by \(g) = fog for all g € U is a homeomorphism from U to A(U).

Theorem

Let S be a closed subsemigroup of NN of cardinality 2%°. Then there exists
a closed subsemigroup T of 2 with | T| = 2% such that T < S.

Proof.

A(U), being homeomorphic to 2V, is compact.
NN is Hausdorff = A(U) C 2V is closed.

let T:=(\U),(01))

T <2Vis closed, | T| = 2%, and T ~ A(V).
AMU)={fog:gecU}C(U,f)andso

T=ANU)C(U,fy=UCS. O
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The lost monoid
If Ais a subset of N, then define sy € NN by

(n) n ifneA
SaAln) =
A 0 ifngA.

If A C P(N), then we define Sy = {sa € N¥ : Ac A} and we say that
A almost disjoint if

AN B| < oo for all A, B € A.

The subset Sy is closed if and only if A is closed in 2.

Theorem

If A is an almost disjoint family of cardinality 2%, then S 4 is
incomparable under < to § and §,, for all n > 2.

There exists T < Sy such that ) < T < §> andso T # §».
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Theorem

There exists a chain, having length X1, of ~-classes containing (not
necessarily closed) subsemigroups of 2.

Theorem
The following are equivalent:
(i) Ny = 2%,

(ii) there exists a subsemigroup S of NN such that S ~ NN and for all
subsemigroups T of S either T ~ NN or T ~ {1y}.

Theorem

For all i € N, there exist i distinct closed subsemigroups contained in §
that are mutually incomparable under <.
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The key message

Thank you for listening!
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