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What is the height of the (left/right) congruence lattice of a
semigroup?
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We'd like to understand these!
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Congruences of semigroups

» Transformation semigroups:

n 1 23 4 5 6 7 8
Ht(Cong(7,) |1 4 7 11 14 17 20 23
Ht(NSub(S,)) |1 2 3 4 3 3 3 3

Theorem (follows from Mal'cev's classification)

> Ht(Cong(Tn)) =1+ > Ht(NSub(Sy)) for n > 2.
k=1

» Ht(Cong(7,)) =3n—1 for n > 4.

» Similar results for P7,, Z,, Pn. Bn, TLh
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Right/left-congruences of groups
» Congruences <+ normal subgroups: Cong(G) = NSub(G).
» o [1],, N~ {(g,h):gh™* e N} ={(g,h):g the N}.
» Right congruences <> subgroups: RCong(G) = Sub(G).
» o [1],, Hw~ {(g,h):gh™* € H}.
» Left congruences <+ subgroups: LCong(G) = Sub(G).
> o [, He {(g,h): g the H).
» So Ht(RCong(G)) = Ht(LCong(G)) = Ht(Sub(G)).

» Another story: Ht(Sub(S5))......

» Cameron, Gadouleau, Mitchell, Péresse, 2017.
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Right/left-congruences of groups

» Symmetric groups:
n ‘ 1
Ht(Sub(S)) | 1

7 8
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Theorem (Cameron, Solomon, Turull, 1989)

» Ht(Sub(S,)) = [37”] — b(n), where

> b(n) = number of 1s in binary expansion of n.

> e.g., Ht(Sub(Ss)) =[] — b(5) =6.

> OEIS: A007238 (+1)

» Height = number of vertices or edges?
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Right/left-congruences of inverse semigroups

> If S is inverse, then RCong(S) = LCong(5).
» So Ht(RCong(S)) = Ht(LCong(S)).
» There is a kernel-trace approach (Brookes).

» Symmetric inverse semigroups:

n 012 3 4 5 6 7
Ht(RCong(Z,)) |1 2 5 13 34 87 215 513
Ht(Sub(S,)) |1 1 2 3 5 6 7 8

> Ht(RCong(Z,)) = (Z) Ht(Sub(Sk)).
k=0
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Right/left-congruences of inverse semigroups

» If S is a finite inverse semigroup, then

k
Ht(RCong(S)) = > m; Ht(Sub(Gy)).
i=1

Original strategy

» If I is an ideal of S, then Ht(S) = Ht(/) + Ht(S//) — 1.
> So HY(S) = —k + X2k, Ht(D}).
> Ht(Bm(G)) = m- Ht(G) + 1.

» Eventually generalised to more general classes of regular
semigroups via right ideals and acts.



Acts



Acts

» Fix a semigroup S.



Acts

» Fix a semigroup S.

» A (right) S-act is a set A with a right action of S



Acts

» Fix a semigroup S.
» A (right) S-act is a set A with a right action of S:

» AxS—A:(a,s)—a-s,



Acts

» Fix a semigroup S.
» A (right) S-act is a set A with a right action of S:
» AxS—A:(a,s)—a-s,

» (a-s)-t=a-(st).



Acts

» Fix a semigroup S.

» A (right) S-act is a set A with a right action of S:
» AxS—A:(a,s)—a-s,
» (a-s)-t=a-(st).

» Formally, A is an algebra with |S| unary operations ps (s € S):



Acts

» Fix a semigroup S.
» A (right) S-act is a set A with a right action of S:
» AxS—A:(a,s)—a-s,
» (a-s)-t=a-(st).
» Formally, A is an algebra with |S| unary operations ps (s € S):

> aps=a-s,



Acts

» Fix a semigroup S.

» A (right) S-act is a set A with a right action of S:
» AxS—A:(a,s)—a-s,
» (a-s)-t=a-(st).

» Formally, A is an algebra with |S| unary operations ps (s € S):
> aps =a-s,

> Ps O pr = pPst.



Acts

v

Fix a semigroup S.

v

A (right) S-act is a set A with a right action of S:
» AxS—A:(a,s)—a-s,

» (a-s)-t=a-(st).

v

Formally, A is an algebra with |S| unary operations ps (s € S):
> aps =a-s,
> Ps O Pt = Pst-

An (S-act) congruence of A is an equiv. o respecting each ps:

v

» (a,b)co = (a-s,b-s)eco.



Acts

v

Fix a semigroup S.

v

A (right) S-act is a set A with a right action of S:
» AxS—A:(a,s)—a-s,

» (a-s)-t=a-(st).

v

Formally, A is an algebra with |S| unary operations ps (s € S):
> aps =a-s,
> Ps O Pt = Pst-

An (S-act) congruence of A is an equiv. o respecting each ps:

v

» (a,b)co = (a-s,b-s)eco.

Congruence lattice: Cong®(A) = {S-act congruences of A}.

v



Acts

v

Fix a semigroup S.

v

A (right) S-act is a set A with a right action of S:
» AxS—A:(a,s)—a-s,

» (a-s)-t=a-(st).

v

Formally, A is an algebra with |S| unary operations ps (s € S):
> aps =a-s,
> Ps O Pt = Pst-

An (S-act) congruence of A is an equiv. o respecting each ps:

v

» (a,b)co = (a-s,b-s)eco.

Congruence lattice: Cong®(A) = {S-act congruences of A}.

v

v

Key example: S is an S-act, where a- s = as.



Acts

v

Fix a semigroup S.

v

A (right) S-act is a set A with a right action of S:
» AxS—A:(a,s)—a-s,

» (a-s)-t=a-(st).

v

Formally, A is an algebra with |S| unary operations ps (s € S):
> aps =a-s,
> Ps O Pt = Pst-

An (S-act) congruence of A is an equiv. o respecting each ps:

v

» (a,b)co = (a-s,b-s)eco.

Congruence lattice: Cong®(A) = {S-act congruences of A}.

v

v

Key example: S is an S-act, where a- s = as.
» Cong®(S) = RCong(S)!



Acts

v

Fix a semigroup S.

v

A (right) S-act is a set A with a right action of S:
» AxS—A:(a,s)—a-s,

» (a-s)-t=a-(st).

v

Formally, A is an algebra with |S| unary operations ps (s € S):
> aps =a-s,
> Ps O Pt = Pst-

An (S-act) congruence of A is an equiv. o respecting each ps:

v

» (a,b)co = (a-s,b-s)eco.

Congruence lattice: Cong®(A) = {S-act congruences of A}.

v

v

Key example: S is an S-act, where a- s = as.
» Cong®(S) = RCong(S)!

» So maybe now we want to compute Ht(Cong®(A))?
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Key Proposition

If B is a sub-act of A, then

Ht(A) = Ht(B) + Ht(A/B) — 1.

> Here A/B = A/pg, where

» pg = Vg UAy, is the Rees congruence.

» Proved by separately showing:

» LHS > RHS and LHS < RHS.
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> Cong(B) = [An, pg] and Cong(A/B) = [pg, Val.

» Fix maximum-length chains:
» Ap=01C---Co,=ppin[Agpsl

> pg=71C-- C7y=Vain[pg, Val].

» Join to give a chain in Cong>(A):

> AAIO':[C"‘CO'U:Tlc"'CTv:VA-
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Acts

If B is a sub-act of A, then

Ht(A) < Ht(B) + Ht(A/B) — 1.

» Fix a maximum-length chain in Cong®(A):
» Ap=01C - Cox=Va.
» This gives a chain in Cong®(B) x Cong>(A/B):

> (UlfB,O'l/B)<-" <(0'krB,Uk/B) ............ magic!



Acts

If B is a sub-act of A, then

Ht(A) < Ht(B) + Ht(A/B) — 1.

» Fix a maximum-length chain in Cong®(A):
» Ap=01C - Cox=Va.
» This gives a chain in Cong®(B) x Cong>(A/B):
» (o1lg,01/B) < --- < (oklg,0k/B)ccccc.. . L magic!
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Acts

If B is a sub-act of A, then

Ht(A) < Ht(B) + Ht(A/B) — 1.

» Fix a maximum-length chain in Cong®(A):
» Ap=01C - Cox=Va.
» This gives a chain in Cong®(B) x Cong>(A/B):
» (o1lg,01/B) < --- < (oklg,0k/B)ccccc.. . L magic!
> So k < Ht (Cong®(B) x Cong®(A/B))
= Ht(Cong®(B)) + Ht(Cong>(A/B)) — 1.



Acts

Let B < A and 0,0’ € Cong>(A). If

» 0 C o,
» oNpg=o0c'Npg,
» oVpg=0dVpsg,

then ¢ = o’
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If S is a finite semigroup with Z-classes Ry, ..., Rk, then

k
Ht(RCong(S)) = —k + > _ Ht(Cong®(RY)),
i=1

where the R = R; U {0} are the principal factors.

» WLOG, assume each /[; = Ry U--- U R; is a right ideal of S.
» Sub-acts: =< h<---<lh_1<l=S5.
» Ht(S) = Ht(/)



Right congruences of finite semigroups

If S is a finite semigroup with Z-classes Ry, ..., Rk, then

k
Ht(RCong(S)) = —k + > _ Ht(Cong®(RY)),
i=1

where the R = R; U {0} are the principal factors.

» WLOG, assume each /[; = Ry U--- U R; is a right ideal of S.
» Sub-acts: I =h<h<--- <1 <Ilg=S.
> Ht(S) = Ht(lk) = Ht(/k_l) + Ht(/k/lk_l) -1



Right congruences of finite semigroups

If S is a finite semigroup with Z-classes Ry, ..., Rk, then

k
Ht(RCong(S)) = —k + > _ Ht(Cong®(RY)),
i=1

where the R = R; U {0} are the principal factors.

» WLOG, assume each /[; = Ry U--- U R; is a right ideal of S.
» Sub-acts: =< h<---<lh_1<l=S5.
» Ht(S) = Ht(/k) = Ht(fk—1) + Ht(lk/lIk-1) — 1

= Ht(fk—1) + Ht(R;) — 1



Right congruences of finite semigroups

If S is a finite semigroup with Z-classes Ry, ..., Rk, then

k
Ht(RCong(S)) = —k + > _ Ht(Cong®(RY)),
i=1

where the R = R; U {0} are the principal factors.

» WLOG, assume each /[; = Ry U--- U R; is a right ideal of S.
» Sub-acts: =< h<---<lh_1<l=S5.
» Ht(S) = Ht(/k) = Ht(fk—1) + Ht(lk/lIk-1) — 1

= Ht(fk—1) + Ht(R;) — 1

= Ht(fk—2) + Ht(R;_;) + Ht(R;) — 2, ‘etc’.
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If S is a finite semigroup with Z-classes Ry, ..., Rk, then
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Right congruences of finite semigroups

If S is a finite semigroup with Z-classes Ry, ..., Rk, then

K
Ht(RCong(S)) = —k + Z Ht(Cong>(RY)),
i=1

where the R¥ = R; U {0} are the principal factors.

» So the problem reduces to understanding Ht(Cong>(R*)).
» Note that these depend on R and S!
> e.g., let R = {constant mappings} C S = T,.

» Then Cong®(R) = €q(R) but Cong®(R) = {Ag, Vr}!



Right congruences of finite semigroups

If S is a finite semigroup with Z-classes Ry, ..., Rk, then

k
Ht(RCong(S)) = —k + > _ Ht(Cong(R})),
=1

where the R = R; U {0} are the principal factors.

Lemma

If R1, R> are contained in the same Z-class, then

» Cong®(R}) = Cong>(R}).



Right congruences of finite semigroups

If S is a finite semigroup with Z-classes Ry, ..., Rk, then

k
Ht(RCong(S)) = —k + > _ Ht(Cong(R})),
=1

where the R = R; U {0} are the principal factors.

Lemma

If R1, R> are contained in the same Z-class, then

» Cong®(R}) = Cong>(R}).

» Follows from Green's Lemma.



Right congruences of finite semigroups

» If S is a finite semigroup with:

» 9-classes Dy, ..., Dy,
> fixed #-classes R; C D;,
> |Di/Z| = m;,

> then Ht(RCong(S)) Zm, (Ht(Cong®(RF)) — 1).
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Right congruences of finite semigroups

» Let D be a Z-class of a finite semigroup S.
> Let the Z-, Z- and #-classes in D be:

>R,‘(i€/), >Lj(j€./), >H,'J'=R,'ﬂLj.
» Define the {0, 1}-matrix M(D) = (mj;), where
» mj =1 < Hj contains an idempotent.

» Say D is column-faithful if the columns of M(D) are distinct.
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> Let D be a regular, column-faithful Z-class of a finite
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Right congruences of finite semigroups

> Let D be a regular, column-faithful Z-class of a finite
semigroup S.

» Let R be an #-class in D, and G a group ##-class in D.
Then

» Cong®(R*) = Sub(G) U {T},

» Ht(Cong®(R*)) = Ht(Sub(G)) + 1.



Right congruences of finite semigroups
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» If S is a finite regular semigroup with:

» PD-classes D1, ..., Dy, all column-faithful (e.g., S inverse),
» maximal subgroups G; C D;,

> |Di/%| = m;,

k
> then Ht(RCong(S)) = ) _ m; Ht(Sub(G;)).

i=1

> Ht(RCong(5)) = 3°; m; - (Ht(Cong®(R?)) — 1)



Right congruences of finite semigroups

» If S is a finite regular semigroup with:

» PD-classes D1, ..., Dy, all column-faithful (e.g., S inverse),
» maximal subgroups G; C D;,

> |Di/%| = m;,

k
> then Ht(RCong(S)) = ) _ m; Ht(Sub(G;)).

i=1

> Ht(RCong(5)) = 3°; m; - (Ht(Cong®(R?)) — 1)
= Zi m; Ht(Sub(G,))
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Full transformation semigroups

Ta

Daq

53[53
S5 [Ss
53[Ss
B B Ds
S5 [Ss
55[S;

S2|  [S2[S2

S2! S| | Do
So|  [S2]Sa|  [S2

Dy

» D ={f € T, :rank(f) = k}.

> |Dy/Z%| = S(n, k), a Stirling number.
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Full transformation semigroups

Ta » Dy ={f € T : rank(f) = k}.

Da » Column-faithful < k > 2.

\

o > |Dy/%#| = S(n, k), a Stirling number.
153/S3! D .
el > Ht(RCong(7y)) = >4y S(n, k) - (Ht(Rg) —
S53(S3

S2|  [S2[S2

So|  [S2|S2| | Sa!

Dy

1)



Full transformation semigroups

T4

53|53
1S3 [S3
153/S3!
S3 S3
S3| |S3
S3|S3

S2|  [S2

S2|  [S2|S2

SER

Dy

D3

D,

» Dy ={f € T : rank(f) = k}.

» Column-faithful & k> 2.

> ’Dk/%‘ :S(H,k

> Ht(RCong(Ty)) =

), a Stirling number.

> k=1 S(n, k) - (Ht(Ry) —
=2+ 32", 5(n, k) Ht(Sk)

1)



Full transformation semigroups

Ta » Dy ={f € T : rank(f) = k}.
v > Column-faithful & k > 2.
5 > |Dx/Z| = S(n, k), a Stirling number.
1S3|S3 D .
Ss > Ht(RCong(7h)) = >_k=1 S(n, k) - (Ht(RZ) — 1)
53|53
| =24 30, S(n, k) He(Sk)
528252522 = 1 + ZZ:I S(n’ k) Ht(Sk)
qu q“;;;; D>
So|  [S2|S2| | Sa!
S2|S2 S2|S2

Dy



Full transformation semigroups

Ta > ={f € T, : rank(f) = k}.
b > Column-faithful < k> 2.
o > |Dy/%#| = S(n, k), a Stirling number.
153/S3! D .
el > Ht(RCong(75)) = > 24—y S(n, k) - (Ht(Rg) — 1)
S53(S3
| =24+ 37, S(n, k) Ht(S)
5282525232 = 1 + ZZ:]_ S(n’ k) Ht(Sk)
s > Similarly:
S2|S2 SAA

— Ht(LCong(7n)) = >"k—1 (i) Ht(Sk)-

» Every Dy is row-faithful!
Dy
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Partition monoids

> Ht(Pn) = D 7o Mk - (HE(R}) — 1)

= &) =2mpo + 22:1 Mpk Ht(Sk)

S S| S

S S2 S

R
R
Le

S| S S| S S

Si|8 |8 S| S|S|S s

81 S Si|S S| &S St
S| S| Si|Si|Si|S S| S

Si S| 81 |Si|Su|Si|Si|8|S|S

St S St S| S| 8|S

S| S S S| 8|S &

\
S|S0 | S0 | S| S
So | So|So|So|So
So|s||s|s| Dy
So| S0 | S0 | S| S
So | So | So|So|So




Partition monoids

> Ht(Pn) = D 7o Mk - (HE(R}) — 1)

5 s s - 2mn0 + ZZ:]_ mpk Ht(Sk)

S S| S

sls| |= = Mpo + ZZZO Mpk Ht(Sk)

R
R
Le

S| s S| S S

Si|8 |8 S| S|S|S s

St S Si|S S| &S St
Si|Si|s|s|& |8 S| S

Si[Si |8 |8 |Si|8|8 |8 |8 |8

S S St S S| S| S

S| & S8 |S| 8|S

\
S|S0 | S0 | S| S
So | So|So|So|So
So|s||s|s| Dy
So| S0 | S0 | S| S
So | So | So|So|So




Partition monoids

S

[e

S

S8

S

S

S| S

St

S| &

81

S| &

Si|s|s

S| s

S

Lo e|e|e| —
L& &|&|e

Do

> Ht(Pn) = >"k—o Mnk - (Ht(R) — 1)
=2mpo + ZZ:I Mpk Ht(Sk)
= Mpo + ZZ:O Mnk Ht(Sk)

» Note:

» RCong(P,) = LCong(Pn).



Partition monoids

> Ht(Pn) = D 7o Mk - (HE(R}) — 1)

n
5 s[5 = 2mn0 + E :k:1 Mmpk Ht(Sk)
s| || |=
5| |s]s n
AR = Mmpo + >4 Mnk Ht(Sk).
S S S
s, 5
> Note:
S S1 S S [ S
s |8 s|s| [s > RCO”g(Pn) o Lcong(’])n)
S1 [ 81| S Si[Si |8 |8 |S&
S| S |S| s St n . J
S| [ss|s|s]s 5 > Mpg = Zj:k 5(”?])([()'
S| Si|S |8 |8 | S S| S
Si[S1 |81 |81 |Si|Si|Si |8 |S|S
S| s S| s ]s[s|s
S| S S|Si|S |8 |8
S|S|S|S|[S|S|S
S [So ]S
S| [ |5|s
S| % |5 %S| Dy
So | So | So | So | So
S| [50|5 |




Partition monoids

> Ht(Pn) = D 7o Mk - (HE(R}) — 1)

n
B sl =2mp + Zk:l mpk Ht(Sk)
S2 S S
BERE n
s|s| [s = Mpo —+ Zk:O Mpk Ht(Sk)
S S S
L=]=] | [=]
» Note:
S St S| &
S| & S| & St
RIEIE si|s|s s |8 > RCOHg(Pn) = LCOHg(Pn)
S |S| S| S S n . .
s| Js|s|s]s]s s > My = Zj:k 5(”,])({()
S| S| Si|Si|Si|S S| &
slalsls/s/s/s[s]|s]s » mpo = B(n), a Bell number.
S S S1 Si|Si| S| S
S| & S8 |S| 8|S
S |S|S|S S| |
|
So | So | So|So| S0
S| [ |5|s
sls[s|s[s| D,
So | So | So | So | So
So | So | So|So| S0




Partition monoids

> Ht(Pn) = Zzzo Mpg - (Ht(R;) - 1)
S S| s = 2mn0 + ZZ:]_ mnk Ht(Sk)

sls| |= = Mpo + ZZZO Mpk Ht(Sk)

» Note:

L B » RCong(P,) = LCong(Pn).

Si|8 |8 S| S|S|S s

S| [s|s|a|s|s|s] s > Mpk = Z;:k 5(”,]) ({()

S| S| Si|Si|Si|S S| S

si|o s |s|a]s]s]s|a]s > Mpyg = B(n)v a Bell number.

S| S S S| 8|S &

» Analogous results for B,, TL,, etc.

Do

&

&
Lo e|e|e| —
L& &|&|e

&
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» Similar results exist for Ht(Cong(S)).
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> SCong®(D¥) =2 NSub(G;) U {T} when D; is regular + faithful.
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(Two-sided) congruences

» Similar results exist for Ht(Cong(S)).

Ht(Cong(S)) = —k + Y_1_; Ht(Cong®(D;)).

SCong®(D}) = NSub(G;) U {T} when D; is regular + faithful.
Ht(Cong(S)) = >, Ht(NSub(G;)) when S is regular + faithful.

» Previous holds when S is inverse.

v

v

v

v

Ht(Cong(S)) = |S/ 2| when S is regular + faithful + 7 -trivial.

7

'/l
e/

-

1/7]

2/
RL

SAN:

N

PN
X



Thanks for listening :




